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PREFACE TO THIRD EDITION. 


In preparing the third edition of Engineering Mathematics, 
besides revision and correction of the previous text, considera- 
ble new matter has been added. 

The chain fraction has been recognized and discussed as a 
convenient method of numerical representation and approxi- 
mation; a paragraph has been devoted to the diophantice equa- 
tions, and a section added on engineering reports, discussing 
the different purposes for which engineering reports are made, 
and the corresponding character and nature of the report, in 
its bearing on the success and recognition of the engineer’s 
work. 


CHARLES Protsus STEINMETZ. 
Camp Monawk, 
September 1st, 1917. 
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PREFACE TO FIRST EDITION. 


THE following work embodies the subject-matter of a lecture 
course which I have given to the junior and senior electrical 
engineering students of Union University for a number of 
years. 

It is generally conceded that a fair knowledge of mathe- 
matics is necessary to the engineer, and especially the electrical 
engineer. For the latter, however, some branches of mathe- 
matics are of fundamental importance, as the algebra of the 
general number, the exponential and trigonometric series, etc., 
which are seldom adequately treated, and often not taught at 
all in the usual text-books of mathematics, or in the college 
course of analytic geometry and calculus given to the engineer- 
ing students, and, therefore, electrical engineers often possess 
little knowledge of these subjects. As the result, an electrical 
engineer, even if he possess a fair knowledge of mathematics, 
may often find difficulty in dealing with problems, through lack 
of familiarity with these branches of mathematics, which have 
become of importance in electrical engineering, and may also 
find difficulty in looking up information on these subjects. 

In the same way the college student, when beginning the 
study of electrical engineering theory, after completing his 
general course of mathematics, frequently finds himself sadly 
deficient in the knowledge of mathematical subjects, of which 
a complete familiarity is required for effective understanding 
of electrical engineering theory. It was this experience which 
led me some years ago to start the course of lectures which 
is reproduced in the following pages. I have thus attempted to 
bring together and discuss explicitly, with numerous practical 
applications, all those branches of mathematics which are of 
special importance to the electrical engineer. Added thereto 
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are a number of subjects which experience has shown me 
to be important for the effective and expeditious execution of 
electrical engineering calculations. Mere theoretical knowledge 
of mathematics is not sufficient for the engineer, but it must 
be accompanied by ability to apply it and derive results—to 
carry out numerical calculations. It is not sufficient to know 
how a phenomenon occurs, and how it may be calculated, but 
very often there is a wide gap between this knowledge and the 
ability to carry out the calculation; indeed, frequently an 
attempt to apply the theoretical knowledge to derive numerical 
results leads, even in simple problems, to apparently hopeless 
complication and almost endless calculation, so that all hope 
of getting reliable results vanishes. Thus considerable space 
has been devoted to the discussion of methods of calculation, 
the use of curves and their evaluation, and other kindred 
subjects requisite for effective engineering work. 

Thus the following work is not intended as a complete 
course in mathematics, but as supplementary to the general 
college course of mathematics, or to the general knowledge of 
mathematics which every engineer and really every educated 
man should possess. 

In illustrating the mathematical discussion, practical 
examples, usually taken from the field of electrical engineer- 
ing, have been given and discussed. These are sufficiently 
numerous that any example dealing with a phenomenon 
with which the reader is not yet familiar may be omitted and 
taken up at a later time. 

As appendix is given a descriptive outline of the intro- 
duction to the theory of functions, since the electrical engineer 
should be familiar with the general relations between the 
different functions which he meets. 

In relation to “ Theoretical Elements of Electrical Engineer- 
ing,” “Theory and Calculation of Alternating Current Phe- 
nomena,” and “ Theory and Calculation of Transient Electric 
Phenomena,” the following work is intended as an introduction 
and explanation of the mathematical side, and the most efficient 
method of study, appears to me, to start with “ Electrical 
Engineering Mathematics,” and after entering its third 
chapter, to take up the reading of the first section of ‘“‘ Theo- 
retical Elements,” and then parallel the study of ‘“ Electrical 
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Engineering Mathematics,” ‘“‘ Theoretical Elements of Electrical 
Engineering,’ and “Theory and-Calculation of Alternating 
Current Phenomena,” together with selected chapters from 
“Theory and Calculation of Transient Electric Phenomena,” 
and after this, once more systematically go through all four 
books. 


CHARLES P. STEINMETZ. 
Scuenecrapy, N. Y., 
December, 1910. 


PREFACE TO SECOND EDITION. 


In preparing the second edition of Engineering Mathe- 
matics, besides revision and correction of the previous text, 
considerable new matter has been added, more particularly 
with regard to periodic curves. In the former edition the 
study of the wave shapes produced by various harmonics, 
and the recognition of the harmonics from the wave shape, 
have not been treated, since a short discussion of wave shapes 
is given in “Alternating Current Phenomena.” Since, how- 
ever, the periodic functions are the most important in elec- 
trical engineering, it appears necessary to consider their shape 
more extensively, and this has been done in the new edition. 

The symbolism of the general number, as applied to alter- 
nating waves, has been changed in conformity to the decision 
of the International Electrical Congress of Turin, a discussion 
of the logarithmic and semi-logarithmic scale of curve plot- 
ting given, etc. 


CHARLES P. STEINMETZ. 
December, 1914. 
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ENGINEERING MATHEMATICS. 


CHAPTER I. 


THE GENERAL NUMBER. 


A. THE SYSTEM OF NUMBERS. 
Addition and Subtraction. 


1. From the operation of counting and measuring arose the 
art of figuring, arithmetic, algebra, and finally, more or less, 
the entire structure of mathematics. 

During the development of the human race throughout the 
ages, which is repeated by every child during the first years 
of life, the first conceptions of numerical values were vague 
and crude: many and few, big and little, large and small. 
Later the ability to count, that is, the knowledge of numbers, 
developed, and last of all the ability of measuring, and even 
up to-day, measuring is to a considerable extent done by count- 
ing: steps, knots, etc. 

From counting arose the simplest arithmetical operation— 
addition, Thus we may count a bunch of horses: 


its 2, 3, 2 5, 
and then count a second bunch of horses, 
12 pone 


now put the second bunch together with the first one, into one 
bunch, and count them. That is, after counting the horses 
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of the first bunch, we continue to count those of the second 
bunch, thus: 
12 34, Beh ipo 


which gives addition, 

5+3=8; 
or, in general, 

a+b=c. 


We may take away again the second bunch of horses, that 
means, we count the entire bunch of horses, and then count 
off those we take away thus: 


AD (4D) ON teat oie: 
which gives subtraction, 


or, in general, 


The reverse of putting a group of things together with 
another group is to take a group away, therefore subtraction 
is the reverse of addition. 

2. Immediately we notice an essential difference between 
addition and subtraction, which may be illustrated by the 
following examples: 


Addition: 5 horses+3 horses gives 8 horses, 
Subtraction: 5 horses —3 horses gives 2 horses, 
Addition: 5 horses +7 horses gives 12 horses, 
Subtraction: 5 horses —7 horses is impossible. 


From the above it follows that we can always add, but we 
cannot always subtract; subtraction is not always possible; 
it is not, when the number of things which we desire to sub- 
tract is greater than the number of things from which we 
desire to subtract. 

The same relation obtains in measuring; we may measure 
a distance from a starting point A (Fig. 1), for instance in steps, 
and then measure a second distance, and get the total distance 
from the starting point by addition: 5 steps. from A to B. 
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then 3 steps, from B to C, gives the distance from A to C, as 
8 steps. 


5 steps+3 steps=8 steps; 


Fie. 1. Addition. 


or, we may step off a distance, and then step back, that is, 
subtract another distance, for instance (Fig. 2), 


5 steps —3 steps=2 steps; 


that is, going 5 steps, from A to B, and then 3 steps back, 
from B to C, brings us to C, 2 steps away from A. 


Itc. 2. Subtraction. 


Trying the case of subtraction which was impossible, in the 
example with the horses, 5 steps —7 steps=?. We go from the 
starting point, A, 5 steps, to B, and then step back 7 steps; 
here we find that sometimes we can do it, sometimes we cannot 
do it; if back of the starting point A is a stone wall, we cannot 
step back 7 steps. If A is a chalk mark in the road, we may 
step back beyond it, and come to Cin Fig. 3. In the latter case, 


Peeler Ots ate 8 eR At OB 
—————_—$—_+—_ $+ _+—_+_ + 
Cc A B 


lic. 3. Subcraction, Negative Result. 


at C we are again 2 steps distant from the starting point, just 
as in Fig. 2. That is, 


In the case where we can subtract 7 from 5, we get the same 
distance from the starting point as when we subtract 3 from 5, 
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but the distance AC in Fig. 3, while the same, 2 steps, as 
in Fig. 2, is different in character, the one is toward the left, 
the other toward the right. That means, we have two kinds 
of distance units, those to the right and those to the left, and 
have to find some way to distinguish them. The distance 2 
in Fig. 3 is toward the left of the starting point A, that is, 
in that direction, in which we step when subtracting, and 
it thus appears natural to distinguish it from the distance 
2 in Fig. 2, by calling the former —2, while we call the distance 
AC in Fig. 2: +2, since it is in the direction from A, in which 
we step in adding. 

This leads to a subdivision of the system of absolute numbers, 


Lo ee 
into two classes, positive numbers, 
ths FP 2e AO os 
and negative numbers, 
=i Jo oes 


and by the introduction of negative numbers, we can always 
carry out the mathematical operation of subtraction: 


c—b=a, 


and, if b is greater than c, a merely becomes a negative number. 

3. We must therefore realize that the negative number and 
the negative unit, —1, is a mathematical fiction, and not in 
universal agreement with experience, as the absolute number 
found in the operation of counting, and the negative number 
does not always represent an existing condition in practical 
experience. 

In the application of numbers to the phenomena of nature, 
we sometimes find conditions where we can give the negative 
number a physical meaning, expressing a relation as the 
reverse to the positive number; in other cases we cannot do 
this. For instance, 5 horses—7 horses= -—2 horses has no 
physical meaning. There exist no negative horses, and at the 
best we could only express the relation by saying, 5 horses —7 
horses is impossible, 2 horses are missing. 
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In the same way, an illumination of 5 foot-candles, lowered 
by 3 foot-candles, gives an illumination of 2 foot-candles, thus, 


5 foot-candles —3 foot-candles=2 foot-candles. 


If it is tried to lower the illumination of 5 foot-candles by 7 
foot-candles, it will be found impossible; there cannot be a 
negative illumination of 2 foot-candles; the limit is zero illumina- 
tion, or darkness. 

From a string of 5 feet length, we can cut off 3 feet, leaving 
2 feet, but we cannot cut off 7 feet, leaving —2 feet of string. 

In these instances, the negative number is meaningless, 
a mere imaginary mathematical fiction. 

If the temperature is 5 deg. cent. above freezing, and falls 
3 deg., it will be 2 deg. cent. above freezing. If it falls 7 deg. 
it will be 2 deg. cent. below freezing. The one case is just as 
real physically, as the other, and in this instance we may 
express the relation thus: 


+5 deg. cent. —3 deg. cent. = +2 deg. cent., 
+5 deg. cent. —7 deg. cent. = —2 deg. cent.; 


that is, in temperature measurements by the conventional 
temperature scale, the negative numbers have just as much 
physical existence as the positive numbers. 

The same is the case with time, we may represent future 
time, from the present as starting point, by positive numbers, 
and past time then will be represented by negative numbers. 
But we may equally well represent past time by positive num- 
bers, and future times then appear as negative numbers. In 
this, and most other physical applications, the negative number 
thus appears equivalent with the positive number, and inter- 
changeable: we may choose any direction as positive, and 
the reverse direction then is negative. Mathematically, how- 
ever, a difference exists between the positive and the negative 
number; the positive unit, multiplied by itself, remains a pos- 
itive unit, but the negative unit, multiplied with itself, does 
not remain a negative unit, but becomes positive: 


(+1) x(4+)=(4)); 
(-—1)x(-—1) =(4)), and not =(—1). 


6 ENGINEERING MATHEMATICS. 


Starting from 5 deg. northern latitude and going 7 deg. 
south, brings us to 2 deg. southern latitude, which may be 
expresses thus, 


+5 deg. latitude —7 deg. latitude= —2 deg. latitude. 


Therefore, in all cases, where there are two opposite direc- 
tions, right and left on a line, north and south latitude, east 
and west longitude, future and past, assets and liabilities, etc., 
there may be application of the negative number; in other cases, 
where there is only one kind or direction, counting horses, 
measuring illumination, etc., there is no physical meaning 
which would be represented by a negative number. There 
are still other cases, where a meaning may sometimes be found 
and sometimes not; for instance, if we have 5 dollars in our 
pocket, we cannot take away 7 dollars; if we have 5 dollars 
in the bank, we may be able to draw out 7 dollars, or we may 
not, depending on our credit. In the first case, 5 dollars —7 
dollars is an impossibility, while the second case 5 dollars —7 
dollars =2 dollars overdraft. 

In any case, however, we must realize that the negative 
number is not a physical, but a mathematical conception, 
which may find a physical representation, or may not, depend- 
ing on the physical conditions to which it is applied. The 
negative number thus is Just as imaginary, and just as real, 
depending on the case to which it is applied, as the imaginary 
number V —1, and the only difference is, that we have become 
familiar with the negative number at an earlier age, where we 
were less critical, and thus have taken it for granted, become 
familiar with it by use, and usually do not realize that it is 
a mathematical conception, and not a physical reality. When 
we first learned it, however, it was quite a step to become 
accustomed to saying, 5—7=—2, and not simply, 5-7 is 
impossible. 


Multiplication and Division. 


4. If we have a bunch of 4 horses, and another bunch of 4 
horses, and still another bunch of 4 horses, and add together 
the three bunches of 4 horses each, we get, 


4 horses +4 horses +4 horses = 12 horses; 
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or, aS We express it, 
3X4 horses = 12 horses. 


The operation of multiple addition thus leads to the next 
operation, multiplication. Multiplication is multiple addi- 
tion, 

bXa=c, 


thus means 
ata+a+... (6 terms) =c. 


Just like addition, multiplication can always be carried 
out. 

. Three groups of 4 horses each, give 12 horses. Inversely, if 
we have 12 horses, and divide them into 3 equal groups, each 
group contains 4 horses. This gives us the reverse operation 
of multiplication, or division, which is written, thus: 


12 horses 
ean =4 horses; 
or, in general, 
oe 
pa: 


if we have a bunch of 12 horses, and divide it into two equal 
groups, we get 6 horses in each group, thus: 


h 
Me sn 6 horses, 
if we divide into 4 equal groups, 
12 horse 
— = horses. 


If now we attempt to divide the bunch of 12 horses into 5 equal 
groups, we find we cannot do it; if we have 2 horses in each 
group, 2 horses are left over; if we put 3 horses in each group, 
we do not have enough to make 5 groups; that is, 12 horses 
divided by 5 is impossible; or, as we usually say; 12 horses 
divided by 5 gives 2 horses and 2 horses left over, which is 
written, 


= = 2, remainder 2. 
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Thus it is seen that the reverse operation of multiplication, 
or division, cannot always he carried out. 

5. If we have 10 apples, and divide them into 3, we get 3 
apples in each group, and one apple left over. 


- =3, remainder 1, 
we may now cut the left-over apple into 3 equal parts, in which 
case, 


10 1 
Sera nee 


In the same manner, if we have 12 apples, we can divide 
into 5, by cutting 2 apples each into 5 equal pieces, and get 
in each of the 5 groups, 2 apples and 2 pieces. 


12 1 
BT at 2X5 = 28. 

To be able to carry the operation of division through for 
all numerical values, makes it necessary to introduce a new 
unit, smaller than the original unit, and derived as a part of it. 

Thus, if we divide a string of 10 feet length into 3 equal 
parts, each part contains 3 feet, and 1 foot is left over. One 
foot is made up of 12 inches, and 12 inches divided into 3 gives 
4 inches; hence, 10 feet divided by 3 gives 3 feet 4 inches. 

Division leads us to a new form of numbers: the fraction. 

The fraction, however, is just as much a mathematical con- 
ception, which sometimes may be applicable, and sometimes 
not, as the negative number. In the above instance of 12 
horses, divided into 5 groups, it is not applicable. 


12 horses = 
SS 


is impossible; we cannot have fractions of horses, and what 
we would get in this attempt would be-5 groups, each com- 
prising 2 horses and some pieces of carcass. 

Thus, the mathematical conception of the fraction is ap- 
plicable to those physical quantities which can be divided into 
smaller units, but is not applicable to those, which are indi- 
visible, or individuals, as we usually call them. 


22 
22 horses 
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Involution and Evolution. 


6. If we have a product of several equal factors, as, 


4x%4xX4=64,~ 
it is written as, 43 — 64; © 
or, in general, e=c- ¥ 


The operation of multiple multiplication of equal factors 
thus leads to the next algebraic operation—involution; just as 
the operation of multiple addition of equal terms leads to the 
operation of multiplication. 

The operation of involution, defined as multiple multiplica- 
tion, requires the exponent b to be an integer number; 0 is the 
number of factors. 

Thus 4-3 has no immediate meaning; it would b yy definition 
be 4 multiplied (—8) times with itself. “~/ as he 

Dividing continuously by 4, we get, 4°+4=45; 45+4=44" 
44+4—43;”etc., and if this successive division by 4 is carried 
still further, we get the following series: 


48 4x4x4 a 
ee oe ae 
eS Ty get 
= 4 
41 4 re. oEw, 
cu Aaa 
gL eee / =4-1 @ 
4 4 4 
aes UES ce SE er outa 4 
“ee ixt- 7 e 
2 % 1 

ah Sew = d =4-3=—,; / 
4 4 4x4~x4 48 
1 
or, in general, Oe / 
a®=1. / 


3 lee 
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Thus, powers with negative exponents, as a->, are the 


reciprocals of the same powers with positive exponents: = 2 
7. From the definition of involution then follows, 
a? Xa" =ab+n, y 
because a? means the product of b equal factors a, and a” the 


product of n equal factors a, and a? xa” thus is a product hav- 
ing b+n equal factors a. For instance, 


43 x42 = (4X4 X4) X (4X4) ee 


The question now arises, whether by multiple involution 
we can reach any further mathematical operation. For instance, 


(Sie 
may be written, 
(43)? = 43 x 48 
== (444) x (4X4 x4) 
—46. 


d 


und in the same manner, 
(are seas gn / 


that is, a power a? is raised to the n** power, by multiplying 
its exponent. Thus also, 


(a>)" =(a"); ‘ 


that is, the order of involution is immaterial. 

Therefore, multiple involution leads to no further algebraic 
operations, 

8. 43 — 64; 


that is, the product of 3 equal factors 4, gives 64. 

Inversely, the problem may be, to resolve 64 into a product 
of 3 equal factors. Each of the factors then will be 4. This 
reverse operation of involution is called evolution, and is written 
thus, 

/64=4; / 
Vena. 4 


or, more general, 
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Yc thus is defined as that number a, which, raised to the power 
b, gives c; or, in other words, 


(Yc)? <0. 


Involution thus far was defined only for integer positive 


and negative exponents, and the question arises, whether powers 
1 n 


with fractional exponents, as c> or ce, have any meaning. 
Writing, ; ; 
i 
cos X= 
ts i ea 
: (3) =c b=cl=¢, 
it is seen that c? is that number, which raised to the power b, 


1 a 
gives c; that is, c® is V/ c, and the operation of evolution thus 
can be expressed as involution with fractional exponent, 


ch =V¢e, 
and 
Baden) = (ve) " 
or, 
Bs a (as = Ven, we 
and 
vA 


Obviously then, 


1 n b 
by b nv 
re mae 
ga Shek Oi aes le 
c=c $= >= 


Irrational Numbers. 


9. Involution with integer exponents, as 47=64, can always 


be carried out. In many cases, evolution can also be carried 


out. For instance, ir 
¥64=4, “ 

Vb=2; v 
while, in other cases, it cannot be carried out. For instance, 


Arno! 


Cenrvrerr Stes 


Sogo 
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Attempting to calculate 42, we get, 
42 =1.4142135..., 


and find, no matter how far we carry the calculation, we never 
come to an end, but get an endless decimal fraction; that is, 
no number exists in our system of numbers, which can express 
42, but we can only approximate it, and carry the approxima- 
tion to any desired degree; some such numbers, as z, have been 
calculated up to several hundred decimals. 


Such numbers as 42, which cannot be expressed in any ra 


finite form, but merely approximated, are called irrational |" 
numbers. The name is just as wrong as the name negative 
number, or imaginary number. There is nothing irrational 
about 42. If we draw a square, with 1 foot as side, the length 
of the diagonal is #2 feet, and the length of the diagonal of 
a square obviously is just as rational as the length of the sides. 

Irrational numbers thus are those real and existing numbers, 
which cannot be expressed by an integer, or a fraction or finite 
decimal fraction, but give an endless decimal fraction, which 
does not repeat. 

Endless decimal fractions frequently are met when express- 


. ing common fractions as decimals. These decimal representa- 


tions of common fractions, however, are periodic decimals, 
that is, the numerical values periodically repeat, and in this 
respect are different from the irrational number, and can, due 
to their periodic nature, be converted into a finite common 
fraction. For instance, 2.1387387... 


Let 
Ge Nd LoS art ola aes 
then, 
1000z = 2138.7387387. . 
subtracting, 


9990 -2136,6 
Hence, [ 

2136.6 21366° 1187. 77 
=~999 ~ 9990 ~ 555 7 555° 


a 


ann Sitti 
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Quadrature Numbers. 
10. It is 


Vv +4=(+2), 
since, 
(42) x(49y=(44).7 
but it also is: 

W +4 =(-2),¢ 
since, 

(—2) x(—2)=(+4). v 


Therefore, “+4 has two values, (+2) and (—2), and-in 
evolution we thus first strike the interesting feature, that one 
and the same operation, with the same numerical values, gives 
several different results. 

Since all the positive and negative numbers are used up 
as the square roots of positive numbers, the question arises, 
What is the square root : a negative number? For instance, 
4/—4 cannot be —2,as —2 squa pe gives +4, nor can it be +2. 

¥—4= 44x(-1)=424-1,’and the question thus re- 
solves itself into: What is /—1? 

We have derived the absolute numbers from experience, 
for instance, by measuring distances on a line Fig. 4, from a 
starting point A. 


Ha etl th ast) Ce ee AS 
——S 
c A B 


Fic. 4. Negative and Positive Numbers. 


Then we have seen that we get the same distance from A, 
twice, once toward the right, once toward the left, and this 
has led to the subdivision of the numbers into positive and 
negative numbers. Choosing the positive toward the right, 
in Fig. 4, the negative number would be toward the left (or 
inversely, choosing the positive toward the left, would give 
the negative toward the right). 

If then we take a number, as +2, which represents a dis- 
tance AB, and multiply by (—1), we get the distance AC= —2 
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in opposite direction from A. Inversely, if we take AC= —2, 
and multiply by (—1), we get AB=+2; that is, multiplica- 
tion by (—1) reverses the direction, turns it through 180 deg. 

If we multiply +2 by V’—1, we get +2 —1, a quantity 
of which we do not yet know the meaning. Multiplying once 
more by “—1, we get +2x”—1XV—1=~—2; that is, 
multiplying a number +2, twice by V —1, gives a rotation of 
180 deg., and multiplication by V ‘—1 thus means rotation by 
half of 180 deg.; or, by 90 deg., and +2 —1 thus is the dis- 


Fie. 5. 


tance in the direction rotated 90 deg. from +2, or in quadrature 


direction AD in Fig. 5, and such numbers as +2 —1 thus 
are quadrature numbers, that is, represent direction not toward 
the right, as the positive, nor toward the left, as the negative 
numbers, but upward or downward. 

For convenience of writing, V —1 is usually denoted by 
the letter 7. 

11. Just as the operation of subtraction introduced in the 
negative numbers a new kind of numbers, having a direction 
180 deg. different, that is, in opposition to the positive num- 
bers, so the operation of evolution introduces ty the quadrature 
number, as 27, a new kind of number, having a direction 90 deg. 
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different; that is, at right angles to the positive and the negative 
numbers, as illustrated in Fig. 6. 

As seen, mathematically the quadrature number is just as 
real as the negative, physically sometimes the negative number 
has a meaning—if two opposite directions exist—; sometimes it 
has no meaning—where one direction only exists. Thus also 
the quadrature number sometimes has a physical meaning, in 
those cases where four directions exist, and has no meaning, 
in those physical problems where only two directions exist. 


La} 
Hig: 6: 


For instance, in problems dealing with plain geometry, as in 
electrical engineering when discussing alternating current 
vectors in the plane, the quadrature numbers represent the 
vertical, the ordinary numbers the horizontal direction, and then 
the one horizontal direction is positive, the other negative, and 
in the same manner the one vertical direction is positive, the 
other negative. Usually positive is chosen to the right and 
upward, negative to the left and downward, as indicated in 
Fig. 6. In other problems, as when dealing with time, which 
has only two directions, past and future, the quadrature num- 
bers are not applicable, but only the positive and negative 
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numbers. In still other problems, as when dealing with illumi- 
nation, or with individuals, the negative numbers are not 
applicable, but only the absolute or positive numbers. 

Just as multiplication by the negative unit (—1) means 
rotation by 180 deg., or reverse of direction, so multiplication 
by the quadrature unit, 7, means rotation by 90 deg., or change 
from the horizontal to the vertical direction, and inversely. 


General Numbers. 


12. By the positive and negative numbers, all the points of 
a line could be represented numerically as distances from a 
chosen point A. 


Fic. 7. Simple Vector Diagram. 


By the addition of the quadrature numbers, all points of 
the entire plane can now be represented as distances from 
chosen coordinate axes x and y, that is, any point P of the 
plane, Fig. 7, has a horizontal distance, OB= +8, and a 
vertical distance, BP= +27, and therefore is given by a 
combination of the distances, OB=+3 and BP=+2;. For 
convenience, the act of combining two such distances in quad- 
rature with each other can be expressed by the plus sign, 
and the result of combination thereby expressed by OB + BP 
=34+2). 
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Such a combination of an ordinary number and a quadra- 
ture number is called a general number or a complex quantity. 

The quadrature number jb thus enormously extends the 
field of usefulness of algebra, by affording a numerical repre- 
sentation of two-dimensional systems, as the plane, by the 
general number a+jb. They are especially useful and impor- 
tant in electrical engineering, as most problems of alternating 
currents lead to vector representations in the plane, and there- 
fore can be represented by the general number a+ 7b; that is, 
the combinaticn of the ordinary number or horizontal distance 
a, and the quadrature number or vertical distance 7). 


Fic. 8. Vector Diagram. 


Analytically, points in the plane are represented by their 
two coordinates: the horizontal coordinate, or abscissa x, and 
the vertical coordinate, or ordinate y. Algebraically, in the 
general number a+jb both coordinates are ‘combined, a being 
the x coordinate, 7b the y coordinate. 

Thus in Fig. 8, coordinates of the points are, 


Py: c=4+3, y=4+2 Po: g=343 y= —2, 
Poe ¢=—3, y= +2 Bae 3 Yee, 
and the points are located in the plane by the numbers: 


Py=3+2]) P2=3-27 Pg=—-3+27 Py= —-3—-2) 
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13. Since already the square root of negative numbers has — 
extended the system of numbers by giving the quadrature 
number, the question arises whether still further extensions 
of the system of numbers would result from higher roots of 
negative quantities. 

For instance, 

fie 


The meaning of #—1 we find in the same manner as that 
of AT 

A positive number a may be represented on the horizonta 
axis as P. 

Multiplying a by @—1 gives a4—1, whose meaning we do 
not yet know. Multiplying again and again by 4/—1, we get, after 
four multiplications, a(4/—1)4=—a; that is, in four steps we 
have been carried from a to —a, a rotation of 180 deg., and 


— ; 180 4 — 
4/—1 thus means a rotation of == 45 deg., therefore, a ¥—1 


is the point P, in Fig. 9, at distance a from the coordinate 
center, and under angle 45 deg., which has the coordinates, 


< 


a. 
=—-- and y=—=7; or, is represented by the general number 
3 y By: 5! p y & ’ 
ns 
es 


4/—1, however, may also mean a rotation by 135 deg. to Po, 
since this, repeated four times, gives 4X135=540 deg., 
or the same as 180 deg., or it may mean a rotation by 225 deg. 
or by 315 deg. Thus four points exist, which represent a 4—1; 
the points: 


+1+ Shae 

Py pee 
Ve, wD 

pitas! Sula soe as 
OM 


Therefore, “—1 is still a general number, consisting of an 
ordinary and a quadrature number, and thus does not extend 
our system of numbers any further. 
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In the same manner, */ +1 can be found; it i Js that number, 

which, multiplied n times with itself, gives a Thus it repre- 

360 : : 

sents a rotation by ane deg., or any multiple thereof; that is, 

| . eae 360 ¥. , 360 . 

the x coordinate is cos Sonam the y coordinate sin IX 
and, 


SE ct Goo in oO 
n n 


where q is any integer number. 


Fic, 9, Vector Diagram a¥—1. 


There are therefore n different values of a¥/ +1, which lie 
equidistant on a circle with radius 1, as shown for n=9 in 
Fig. 10. 

14. In the operation of addition, a+b=c, the problem is, 
a and b being given, to find c. 

The terms of addition, a and }, are interchangeable, or 
equivalent, thus: a+b=b+a, and addition therefore has only 
one reverse operation, subtraction; c and 6 being given, a is 
found, thus: a=c—b, and c and a being given, b is found, thus: 
b=c—a. Either leads to the same operation—subtraction. 

The same is the case in multiplication; axXb=c. The 
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factors a and 6 are interchangeable or equivalent; axb=b xa 
and the reverse operation, division, a= is the same as } =<, 

In involution, however, a’=c, the two numbers a and b 
are not interchangeable, and a? is not equal to b*. For instance 
43~ 64 and 34=81. 

Therefore, involution has two reverse cperations: _ 

(a) c and b given, a to be found, j 


= Ve: as 


or evolution, 


Fic. 10. Points Determined by V+i1. 


(b) cand a given, 6 to be found, , 


b=loga c; 
or, logarithmation. 


Logarithmation. 


15. Logarithmation thus is one of the reverse operations 
of involution, and the logarithm is the exponent of involution. 

Thus a logarithmic expression may be changed to an’ ex- 
ponential, and inversely, and the laws of logarithmation are 
the laws, which the exponents obey in involution. 

1. Powers of equal base are multiplied by adding the 
exponents: a’Xa"=a?*™, Therefore, the logarithm of a 


— 
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product is the sum of the logarithms of the factors, thus logs c Xd 
=loga c+loga d. ~ 

2. A a is raised t toa r by multiplying the exponents: 
(a?)"=a",/ Sey (a (ag™ oe: <. me y ee ; 

Therefore ee logarithm fe a power is the exponent times 
the logarithm of the base, or, the number under the logarithm ¥ ~ 
is raised to the power n, by multiplying the logarithm by n: 


loga c"=n logs ¢, « 


loga 1=0, because a®=1. If the base a >1, logs c is positive, 
if c>1, and is negative, if c<1, but >0. The reverse is the 
case, if a<1. Thus, the logarithm traverses all positive and §« | 
negative values for the positive values of c, and the logarithm 
of a negative number thus can be neither positive nor negative | 
loga (—c) =loga c+loga (— 1); and the question of finding 4, ae / Z 
the logarithms of negative numbers thus resolves itself into “ 
finding the value of logs (—1). 
There are two standard systems of logarithms one with 
the base «=2.71828...*, and the other with the base 10 is 
used, the former in algebraic, the latter in numerical calcula- 
tions. Logarithms of any base a can easily be reduced to any 
other base. 
For instance, to reduce b=loga c to the base 10: b=loga c 
means, in the form of involution : a’=c. Taking the logarithm 
hereof gives, b logio a=logio c, hence, 


logio Cw 
logio a’ 


‘ logio (6 sf 
= logio a 


r loga c= 


Thus, regarding the logarithms of negative numbers, we need 
to consider only degrm—-C=4)-0r log, (—1). 
7 If jx=log, (—1), then = Ss 
and since, as will be seen in Chapter IT, 
2 —cos r+] sin 2, 
it follows that, 


oe 4 
cos r+7 sin x = —l, 


* Regarding ¢, see Chapter II, p. 71. 
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Hence, z=n, or an odd multiple ~ we 
loge( —1) =jnx(2n+ 1), 
where n is any integer number. 


Thus logarithmation also leads to the quadrature number 
7, but to no further extension of the system of numbers. 


: / - 
Quaternions. OW F- Her iaer-24 


16. Addition and subtraction, multiplication and division, 
involution and evolution and logarithmation thus represent all 
the algebraic operations, and the system of numbers in which 
all these operations can be carried out under all conditions 
is that of the general number, a+ 7b, comprising the ordinary 
number a and the quadrature number jb. The number a as 
well as b may be positive or negative, may be integer, fraction 
or irrational. 

Since by the introduction of the quadrature number 7), 
the application of the system of numbers was extended from the 
line, or more general, one-dimensional quantity, to the plane, 
or the two-dimensional quantity, the question arises, whether 
the system of numbers could be still further extended, into 
three dimensions, so as to represent space geometry. While 
in electrical engineering most problems lead only to plain 
figures, vector diagrams in the plane, occasionally space figures 
would be advantageous if they could be expressed algebra- 
ically. Especially in mechanics this would be of importance 
when dealing with forces as vectors in space. 

In the quaternion calculus methods have been devised to 
deal with space problems. The quaternion calculus, however, 
has not yet found an engineering application comparable with 
that of the general number, or, as it is frequently called, the 
complex quantity. The reason is that the quaternion is not 
an algebraic quantity, and the laws of algebra do not uniformly 


: apply to it. 


17. With the rectangular coordinate system in the plane, 
Fig. 11, the x axis may represent the ordinary numbers, the y 
axis the quadrature numbers, and multiplication by 7=V —1 
represents rotation by 90 deg. For instance, if P; is a point 
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alae +27, the point P2, 90 deg. away from P,, would 
e: 


4 ¥ ‘ 
Po=jP\=j(a+Jb) =7(3 +2)) = —2 +33,” 
_ To extend into space, we have to add the third or z axis, 
as shown in perspective in Fig. 12. Rotation in the plane zy, 
by 90 deg., in the direction +z to +y, then means multiplica- 
tion by 7. In the same manner, rotation in the yz plane, by 
90 deg., from +y to +z, would be represented by multiplica- 


=. 


Fre. 11. Vectors in a Plane. 


tion with h, and rotation by 90 deg. in the zx plane, from +z 
to +2 would be presented:by k, as indicated in Fig. 12. 

All three of these rotors, 7, h, k, would be V —1, since each, 
applied twice, reverses the direction, that is, represents multi- 
plication by (—1). 

As seen in Fig. 12, starting from +2, and going to +y, 
then to +z, and then to +, means successive multiplication 
by j, 2 and k, and since we come back to the starting point, the 
total operation produces no change, that is, represents mul- 
tiplication by (+1). Hence, it must be, 


jhk= +1. / 
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Algebraically this is not possible, since each of the three quan- 
tities is V—1, and V-1XV—-1xV—1=—V-—1, and not 
(+1). 


ty 


aA 
Fic. 12. Vectors in Space, jhk= +1. 
If we now proceed again from z, in positive rotation, but 


first turn in the xz plane, we reach by multiplication with k 
the negative z axis, —z, as seen in Fig. 138. Further multiplica- 


+y 


Fia. 13. Vectors in Space, khj= —1. 


tion by h brings us to +y, and multiplication by 7 to —z, and 
in this case the result of the three successive rotations by 
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90 deg., in the same direction as in Fig. 12, but in a different 
order, is a reverse; that is, represents (—1). Therefore, 


khj= —15 ‘We & -/-7 
jhk= —kkhj.\ 


_ Thus, in vector analysis of space, we see that the fundamental 
law of algebra, 


and hence, 


axb=bxXa, 


not immaterial, but by changing the order of the factors of the 
product jhk, its sign was reversed. Thus common factors can- 
not be canceled as in algebra; for instance, if in the correct ex- 


does not apply, and the order of the factors of a product “| r 


pression, jhk = —khj, we should cancel by j, h and k, as could pee 4, 
done in algebra, we would get +1= —1,which is obviously wrong. (pé\ } 2. 

For this reason all the mechanisms devised for vector gusta ; A 
in space have proven more difficult in their application, and | "fe yo ( 
have not yet been used to any great extent in engineering / bel 
practice. 


B. ALGEBRA OF THE GENERAL NUMBER, OR COMPLEX 
QUANTITY. 


Rectangular and Polar Coordinates. 


18. The general number, or complex quantity, @+ 76, is 
the most general expression to which the laws of algebra apply. 
It therefore can be handled in the same manner and under 
the same rules as the ordinary number of elementary arithmetic. 
The only feature which must be kept in mind is that 7?= —1, and 
where in multiplication or other operations 7? occurs, it is re- 
placed by its value, -1. Thus, for instance, 

(a+ 9b) (c+ jd) = de +jdd-+jbe-+jbd 
=ac+jad+jbe—bd “ 
= (ac —bd) +j(ad +be)f 
Herefrom it follows that all the higher powers of 7 can be 
eliminated, thus: F | y 
ease (n= pies aod tt 
p= +i, f= cae ei eel 
Pati! .. ete. 


va 
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In distinction from the general number or complex quantity, 
the ordinary numbers, +a and —a, are occasionally called 
scalars, or real numbers. The general number thus consists 
of the combination of a scalar or real number and a quadrature 
number, or imaginary number. 

Since a quadrature number cannot be equal to an ordinary 
number it follows that, if two general numbers are equal, 
their real components or ordinary numbers, as well as their 
quadrature numbers or imaginary components must be equal, 
thus, if 

a+jb=c+)d, 
then, 
a=c and b=d. / 


Every equation with general numbers thus can be resolved 
into two equations, one containing only the ordinary numbers, 
the other only the quadrature numbers. For instance, if 


xr+jy=5 —3), 
then, 
x=5 and ae 


19. The best way of getting a conception of the general 
number, and the algebraic operations with it, is to consider 
the pearl number as representing a point in the plane. Thus 
the general number a+jo= 6+2.57 may be considered as 
representing a point P, in Fig. 14, which has the horizontal 
distance from the y AXIS, | OA=BP=a=6, and the vertices: 
distance from the x axis, OB=AP=b=2.5. 

The total distance of the point P from the coordinate center 
O then is 


OP =VOA2 + AP? 
= Va? +02 = V6? $2.52 =6.5! 


-and the angle, which this distance OP makes with the x axis, 


is given by 
tan gn AF : 
OA 
b 2.5 
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Instead of representing the general number by the two. 
components, a and b, in the form a+jb, it can also be repre- 
sented by the two quantities: the distance of the point P from 
the center O, 


c= Va2 +02; / 


and the angle between this distance and the z axis, 


tan 6 ar [ 
a 


¥ia. 14, Rectangular and Polar Coordinates. 


Then referring to Fig. 14, 


\ 
a=ccos@ and b=csin6@, 


and the general number a+ 7b thus can also be written in the 


form, ; 
c(cos 6 +7 sin @). v 


The form a+jb expresses the general number by its 
rectangular components a and 6, and corresponds to the rect- 
angular coordinates of analytic geometry; a is the x coordinate, 
b the y coordinate. 

The form c(cos@+ 7 sin @) expresses the general number by 
what may be called its polar components, the radius c and the 


* ae 


5 
g 
? Wat 
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/ 
angle 6, and corresponds to the polar/coordinates of analytic 
geometry. c is frequently called the radius vector or scalar, 
# the phase ange of the general number. 

While usually the rectangular form a+ jb is more con- 
venient, sometimes the polar form c(cos @ +] sin @) is preferable, 
and transformation from one form to the other therefore fre- 
quently applied. 


Addition and Subtraction. 


20. If a,+jb;=6+2.5 7 is represented by the point Py; 
this point is reached by going the horizontal distance a,;=6 
and the vertical distance 6; =2.5. If a2+7b2=3+4)7 is repre- 
sented by the point P2, this point is reached by going the 
horizontal distance a2=3 and the vertical distance b2=4. 

The sum of the two general numbers (a; +701) + (a2 +7b2) = 
(6 +2.57) + (8 +47), then is given by point Po, which is reached 
by going a horizontal distance equal to the sum of the hor- 
izontal distances of P, and Pe: agp=a,+a2=64+3=9, and a 
vertical distance equal to the sum of the vertical distances of 
P, and Po: bo =b; +b2=2.5+4=6.5, hence, is given by the 
general number 


ao + 7bo = (ay + a2) +7(by +be) wv 
=9+6.57. / 


Geometrically, point Po is derived from points P; and Po, 
by the diagonal OP of the parallelogram OP,PoP2, constructed 
with OP, and OP, as sides, as seen in Fig. 15. 

Herefrom it follows that addition of general numbers 

| represents geometrical combination by the parallelogram law. 

Inversely, if Po represents the number 


ao + jbo =9 + 6.57, 
and P, represents the number 
a, +76) =6+2.5), 


the difference of these numbers will be represented by a point 
P», which is reached by going the difference of the horizontal 
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distances and of the vertical distances of the points Po and 
P;. Pz thus is represented by 


2 =a —a, =9 —6=3, “ 
and 
Sh Sear ee 


Therefore, the difference of the two general numbers (ao +7bo) 
and (a; +7;) is given by the general number: 


ao + yb2 = (do —a,) +]7(bo —b,)” 
=o ao 
as seen in Fig. 15, 


Fic. 15. Addition and Subtraction of Vectors. 


This difference a:+jbz is represented by one side OP» of 
the parallelogram OP,PoP2, which has OP, as the other side, 


and OP» as the diagonal. 
Subtraction of general numbers thus geometrically represents 


the resolution of a vector OP» into two components OP; and 
OP3, by the parallelogram law. 

Herein lies the main advantage of the use of the general 
number in engineering calculation: If the vectors are represented 
by general numbers (complex quantities), combination and 
resolution of vectors by the parallelogram law is carried out by 
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simple addition or subtraction of their general numerical values, 
ous S by the simplest operation of algebra. 

. General numbers are usually denoted by capitals, and 
nee rectaneutet components, the ordinary number and the 
quadrature number, by small letters, thus: 


A=Q, + Jaz; 


the distance of the point which represents the general number A 
from the coordinate center is called the absolute value, radius 
or scalar of the general number or complex quantity. It is 
the vector a in the polar representation of the general number: 


A=a(cos 0+] sin 6),7 


and is given by a= Vay? +422. 

The absolute value, or scalar, of the general number is usually 
also denoted by small letters, but sometimes by capitals, and 
in the latter case it is distinguished from the general number by 
using a different type for the latter, or underlining or dotting 


it, thus: . fo 
j A 0a" 
No-A =a, +902} Me So a, +ja2; or A=a, +702 
or ¥° Aaa +92} or A=a +92 


a=Vay2+a2?; or A=V ai +a22, ; 
and /7- a,+ja2=a(cos 0+ sin 4); 
or a= +)a2=A(cos 0+] sin 8). 


22. The absolute value, or scalar, of a general number is 
always an absolute number, and positive, that is, the sign of the 
rectangular component is represented in the angle @. Thus 
referring to Fig. 16, 


A =a, +ja2=4 +3); 


vives, a= Vai +a? =5;3/ 
tan 6 =3 =0.75; 
6 =37 deg.;¥ 


and A=5 (cos 37 deg. +7 sin 37 deg).” 
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The expression 
A=a, +ja2=4-—3] 
gives 


@=V ay? +a2*=5; a 


= —37 deg.; or =180—37=148 deg. / 


Fic. 16. Representation of General Numbers. 


Which of the two values of @ is the correct one is seen from 
the condition aj=a.cos @. As a is positive, +4, it. follows 
that: cos @ must, be positive; cos (— 37 deg.) is positive, cos 143 
deg. is negative: hence the former value is correct: 


A = 5{cos( —37 deg.) +7 sin( —37 deg.)} 
= =5(cos 37 deg. —j sin 87 deg.). vy = 4-3/ 
'. Two such general numbers as (4+37) and (4—3)), or, 


in general, 
(a+jb) and (a—yjb), 


are called conjugate numbers. Their product is an ordinary 
and not a aan fumber, thus: (a+7jb)(a—7b)=a?+b2. vw 
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The expression 


A =a, + 7a2 =-4 +37 
gives 


a= Vay? +a:2=5; “ 
tan 6= = 077 


— —37 deg. or =180—37=143 deg.: 


but since a; =a cos 6 is negative, —4, cos 6 must be negative, 
hence, 0 =148 deg. is the correct value, and 


A=5(cos 143 deg. +j sin 143 deg.) “ 
=5(—cos 37 deg. +j sin 37 deg.) “ 


The expression 
A=a,+]Ja2= —4—3) 


gives 


= Vay? a2? =5; % 
6=37 deg.; or ~180 +37=217 deg.: 


but since a;=a cos @ is negative, —4, cos 6 must be negative, 
hence 6=217 deg. is the correct value, and, 


A=5 (cos 217 deg. +7 sin 217 deg.) ¢ 
=5(— cos 37 CBF —] sin 37 mee) d 
ac 


The four general numbers, +4 ae ie “3, —4+43)7, and 
—4-—37, have the same absolute value, 5, and in their repre- 
sentations as points in a plane have symmetceal locations in 
the four quadrants, as shown in Fig. 16. 

As the general number A=a;+ 7a finds its main use in 
representing vectors in the plane, it very frequently is called 
a vector quantity, and the algebra of the soe number is 
spoken of as vector analysis. 

Since the general numbers A= a, +42 can be made to 
represent the points of a’ plane, they also may be called plane 
numbers, while the positive and negative numbers, +a and —a, 
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may be called the linear numbers, as they represent the points 
of a line. 


Example: Steam Path in a Turbine. 


23. As an example of a simple operation with general num- 
bers one may calculate the steam path in a two-wheel stage 
of an impulse steam turbine. 


+y 


~)))))))) — 
CCC 
DY — 


Fig. 17. Path of Steam in a Two-wheel Stage of an Impulse Turbine. 


Let Fig. 17 represent diagrammatically a tangential section 
through the bucket rings of the turbine wheels. Wi and W2 
are the two revolving wheels, moving in the direction indicated 
by the arrows, with the velocity s=400 feet per sec. J are 
the stationary intermediate buckets, which turn the exhaust 
steam from the first bucket wheel W,, back into the direction 
required to impinge on the second bucket wheel Wz, The 
steam jet issues from the expansion nozzle at the speed sp =2200 


34 ENGINEERING MATHEMATICS. 


feet per sec., and under the angle 0). =20 deg., against the first 
bucket wheel W,. 

The exhaust angles of the three successive rows of buckets, 
W,, I, and Ws, are respectively 24 deg., 30 deg. and 45 deg. 
These angles are calculated from the section of the bucket 
exit required to pass the steam at its momentary velocity, 
and from the height of the passage required to give no steam 
eddies, in a manner which is of no interest here. 

As friction coefficient in the bucket passages may be siimen 
k,=0.12; that is, the exit velocity is 1—k,=0.88 of the entrance 
velocity of the steam in the buckets. 


Fia. 18. Vector Diagram of Velocities of Steam in Turbine, 


Choosing then as z-axis the direction of the tangential 
velocity of the turbine wheels, as y-axis the axial direction, 
the velocity of the steam supply from the expansion nozzle is 


represented in Fig. 18 by a vector OSo of length so=2200 feet 
per sec., making an angle 69=20 deg. with the z-axis; hence, 
can be expressed by the general number or vector quantity: 


So =8o (cos 09 +7 sin 80) * 
= 2200 (cos 20 deg. +7 sin 20 deg.)* 
= 2070 +750; ft. per sec.4 


The velocity of the turbine wheel W, is s = 400 feet per second, 


and represented in Fig. 18 by the vector OS, in horizontal 
direction. 
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The relative velocity with which the steam enters the bucket 
passage of the first turbine wheel W, thus is: 


S,= = So a9 J 
= (2070 +7507) —400 i. 
= 1670 +750] ft. per sec./ 


This vector is shown. as OS, in Fig. 18./ 
The angle @,, under which the steam enters the bucket 
passage thus is given by 


{ / : 
i 
1670 > 0.450, as 6,=24.3 deg. 


This angle thus has to be given to the front edge of the 
buckets of the turbine wheel W). 
The absolute value of the relative velocity of steam jet 
and turbine wheel W,, at the entrance into the bucket passage, 
is 


tan 0,= 


aN ee vf 
81 =V1670? +7502 = 1830 ft. per sec. 


In traversing the bucket passages the steam velocity des 
creases by friction etc., from the entrance value s; to the 
exit value : 


82 =81(1 —k,) = 1830 X0.88 =1610 ft. per sec., 


and since the exit angle of the bucket passage has been chosen 
as 02=24 deg., the relative velocity with which the steam 
leaves the first bucket wheel W, is represented by a vector 
O82 in Fig. 18, of length ss=1610, under angle 24 deg. The 
steam leaves the first wheel in backward direction, as seen in 
Fig. 17, and 24 deg. thus is the angle between the steam jet 
and tie negative x-axis; hence, 02=180 —24=156 ‘deg. is the 
vector angle. The relative steam velocity at the exit from 
wheel W, can thus be represented by the vector quantity 


S2=S2(cos 62 +7 sin 62)! 
=1610 (cos 156 deg. +7 sin 156 deg.) 
= —1470°+ 655 7.“ 


Since the velocity of the turbine wheel W, is s=400, the 
velocity of the steam in space, after leaving the first turbine 
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wheel, that is, the velocity with which the steam enters the 
intermediate J, is 


S3= Se Sg" 
=(—1470 +6557) +400" 
= —1070 +655), ” 


and is represented by vector OS3 in Fig. 18. 
The direction of this steam Jet is given by 


655" 


3 
F079 = ~0-613; 


tan 63= 


as Ji f 
63= —31.6 deg.; or, 180 —31.6=148.4 deg. 


The latter value is correct, as cos 63 is negative, and sin 63 is 
positive. 

The steam jet thus enters the intermediate under the angle 
of 148.4 deg.; that is, the angle 180 —148.4 =31.6 deg. in opposite 
direction. The buckets of the intermediate J thus must be 
curved in reverse direction to those of the wheel W,, and must 
be given the angle 31.6 deg. at their front edge. 

The absolute value of the entrance velocity into the inter- 
mediate J is 


rece 3: eke ¢ 
83 = V 1070? + 655? = 1255 ft. per sec. 


In passing through the bucket passages, this velocity de- 
creases by friction, to the value: 


vs 
84=83(1 —k,) = 1255 X0.88 = 1105 ft. per sec., 


and since the exit edge of the intermediate is given the angle: 
64=30 deg., the exit velocity of the steam from the intermediate 


is represented by the vector OS4 in Fig. 18, of length s4=1105,/ 
and angle 64 =30 deg., hence, 


S4= 1105 (cos 30 deg. +7 sin 30 deg. y! 
=955 5 +550; ft. per sec. 


This is the velocity with which the steam jet impinges 
on the second turbine wheel We, and as this wheel revolves 
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with velocity s=400, the relative velocity, that is, the velocity 
with which the steam enters the bucket passages of wheel Wa, is, 


Ss=S,—s 
= (955 + 5507) —400 
= 555 + 5507 ft. per sec.; / 


and is represented by vector OS; in Fig. 18. 
The direction of this steam jet is given by 


550 “ 
tan 0s=7--=0.990, as 05=44.8 deg. ~ 


Therefore, the entrance edge of the buckets of the second 
wheel W.2 must be shaped under angle 0; =44.8 deg. / 
The absolute value of the entrance velocity is 


85 = V555 +5502 =780 ft.’ per sec. 


In traversing the bucket passages, the velocity drops from 
the entrance value Ss5, to the exit value, 


86 =85(1 —k,) =780X 0.88 =690 ft. per sec. 


Since the exit angles of the buckets of wheel W2 has been 
chosen as 45 deg., and the exit is in backward direction, 05 = 
180 —45=135 deg., the steam jet velocity at the exit of the 
bucket passages of the last wheel is given by the general number 


Sg =s6(cos 06 +] sin 06) 
= 690 (cos 135 deg. +7 sin 135 deg.)” 
= —487+487] ft. per sec., 
and represented by vector OSs in Fig. 18. 

Since s=400 is the wheel velocity, the velocity of the 
steam after leaving the last wheel W2, that is, the “ lost”’ 
or ‘“ rejected ”’ velocity, is 

S7=Se+s 
= (—487 +4877) +400 
— —87 +487) ft. per sec., / 


and is represented by vector OS; in Fig. 18. 
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The direction of the exhaust steam is given by, 


487 4 re 
tan 07= mr Nos —5.6, as 07=180 —80=100 deg., 
and the absolute velocity is, 


JS 
87 = V 87? +4872 = 495 ft. per sec. 
Multiplication of General Numbers. 


24. If A=a;+ja, and B=b,+jb2, are two general, or 
plane numbers, their product is given by multiplication, thus: 
AB = (ay + a2) (b; +jb2) 
= 1b, + Jabs +72), +72a9b0,” 
and since j?= —1, 
AB = (ab; —@2b2) +7 (aib2 + aab),~ 
and the product can also be represented in the plane, by a point, 
C= C1 Jes, : 
where, 
Ci = 1b; —Ad2bs, ‘ 
and 
= aybe +a. 4 


For instance, A=2+j multiplied by B=1+1.57 gives 


¢y=2X1-1X1.5=0.5,/ 
cg=2X1.54+1X1=4; ! 
hence, ‘ 
1=0.5+4j, 


as shown in Fig. 19. 


25. The geometrical relation between the factors 4 and B 
and the product C is better shown by using the polar expression; 
hence, substituting, 


a,=a cos a) J b,=b cos B | | 
: nd ; 
a2=a sin a bo=b sin B}’ 
which gives 
a= ay? +>? ‘ b= b;? + bo? ; 


(op) and bo 
a Sty = — r/ 
an a a : tan # by 
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the quantities may be written thus: 


A=a(cos a+] sin a); * 
B=b(cos B+] sin f), * 
and then, 
C= AB=ab(cos a +7 sin «)(cos 8+ j sin B)~ 
=ab {(cos @ cos 8 —sin a sin 8) +7(cos a sin 8 +sin @ cos Bye 
=ab {cos (a +8) +7 sin (a+ f)};% 


Fie. 19. Multiplication of Vectors, 


that is, two general numbers are multiplied by multiplying their 
absolute values or vectors, a and b, and adding their phase angles 
a and ?. 

Thus, to multiply the vector quantity, A=, + ja2=a (cos 
a+j sin a)by B=b, +7b2=b (cos B+ 7 sin 8) the vector OA in Fig. jou “#p 2* 
19, which represents the general number 4A, is increased Jby the 
factor b= V/b;2 +b2?, and rotated by the angle 8, which is given 


b 
by tan = 
1 


JS 


Thus, a complex multiplier B turns the direction of the} 
multiplicand A, by the phase angle of the multiplier B, andj / 
multiplies the absolute value or vector of A, by the absolute 
value of B as factor. 
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The multiplier B is occasionally called an operator, as it 
carries out the operation of rotating the direction and changing 
the length of the multiplicand. 

26. In multiplication, division and other algebraic opera- 
tions with the representations of physical quantities (as alter- 
nating currents, voltages, impedances, etc.) by mathematical 
symbols, whether ordinary numbers or general numbers, it 
is necessary to consider whether the result of the algebraic 
operation, for instance, the product of two factors, has a 
physical meaning, and if it has a physical meaning, whether 
this meaning is such that the product can be represented in 
the same diagram as the factors. 

For instance, 3X4=12; but 3 horses x4 horses does not 
give 12 horses, nor 12 horses?, but is physically meaningless. 
However, 3 ft. x4 ft. =12 sq.ft. Thus, if the numbers represent 


Fie. 20. 


horses, multiplication has no physical meaning. If they repre- 
sent feet, the product of multiplication has a physical meaning, 
but a meaning which differs from that of the factors. Thus, 
if on the line in Fig. 20, OA=3 feet, OB =4 feet, the product, 
12 square feet, while it has a physical meaning, cannot be 
represented any more by a point on the same line; it is not 
the point OC=12, because, if we expressed the distances OA 
and OB in inches, 36 and 48 inches respectively, the product 


would be 36X48 =1728 sq.in., while the distance OC would be 
144 inches. 

27. In all mathematical operations with physical quantities 
it therefore is necessary to consider at every step of the mathe- 
matical operation, whether it still has a physical meaning, 
and, if graphical representation is resorted to, whether the 
nature of the physical meaning is such as to allow graphical 
representation in the same diagram, or not. 

An instance of this general limitation of the application of 
mathematics to physica: quantities occurs in the representation 
of alternating current phenomena by general numbers, or 
complex quantities. 
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An alternating current can be represented by a vector OJ 
in a polar diagram, Fig. 21, in which one complete revolution 
or 360 deg. represents the time of one complete period of the 
alternating current. This vector OJ can be represented by a 
general number, 

ah + ]t2, Yi 


where 2; is the horizontal, iz the vertical component of ‘the . 
current vector OJ. 


Fic. 21. Current, E.M.F. and Impedance Vector Diagram. 


In the same manner an alternating E.M.F. of the same fre- 


quency can be represented by a vector OF in the same Fig. 21, 
and denoted by a general number, 


E=e, +4e2./ 
An impedance can be represented by a general number, 
Z=r+72, ¢ 
where 7 is the resistance and zx the reactance. 
If now we have two impedances, OZ; and OZs, Z;=17149%1 


and Z2=re+ x2, their product Z; Z2 can be formed mathemat- 
ically, but it has no physical meaning. 
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If we have a current and a voltage, J=1+ ji2 and H =e; +e, 
_ the product of current and voltage is the power P of the alter- 
nating circuit. 

The product of the two general numbers J and E can be 
formed mathematically, JE, and would represent a point C 
in the vector plane Fig. 21. This point C, however, and the 
mathematical expression IE, which represents it, does not give 
the power P of the alternating circuit, since the power P is not 
of the same frequency as J and F, and therefore cannot be 
represented in the same polar diagram Fig. 21, which represents 
I and E. ; 

If we have a current J and an impedance Z, in Fig. 21; 
/ [= + fiz and Z=r+jz, their product is a voltage, and as the 
voltage is of the same frequency as the current, it can be repre- 
sented in the same polar diagram, Fig. 21, and thus is given by 
the mathematical product of J and Z, 


E=1Z=(t +712) (7 +72), 
= (ur 19k ) +] (ter +77). 


28. Commonly, in the denotation of graphical diagrams by 
general numbers, as the polar diagram of alternating currents, 
those quantities, which are vectors in the polar diagram, as the 
current, voltage, etc., are represented by dotted capitals: E, J, 
while those general numbers, as the impedance, admittance, etc.., 
which appear as operators, that is, as multipliers of one vector, 
for instance the current, to get another vector, the voltage, are 
represented algebraically by capitals without dot: Z=r+jr= 
impedance, etc. 

This limitation of calculation with the mathematical repre- 
sentation of physical quantities must constantly be kept in 
mind in all theoretical investigations. | 


Division of General Numbers. 

29. The division of two general numbers, A =a; +ja2 and 
B=b; +Jb2, gives, 
| cue ora 

eile by + 7b. 

This fraction contains the quadrature number in the numer- 

ator as well as in the denominator. The quadrature number 
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can be eliminated from the denominator by multiplying numer- 
ator and denominator by the conjugate quantity of the denom- 
inator, b;—jbe, which gives: 


_ (Q1+Ja2)(b1 —7b2) _ (aib1 +a2b2) +j(a2b1 —arbe) YW 
ST + 7b2)(b1 —jb2) an by? + be? 
ab, +@2b2  . dob; —aybe ; we 
Et bi? +b" ay bebe? 


for instance, 


ga 6425) 
Bie ody 
_ (6+2.5/)(8-47) ; 
(8 +47)(8 —47) 
28 — 16.57 v 
Pater ae 
= 1.12 —0.667. ” 


If desired, the quadrature number may be eliminated from 
the numerator and left in the denominator by multiplying with 
the conjugate number of the numerator, thus: 


A a+ 702 
¢ e: B % by + jbe 
(a1 + jaz) (a1 —jae) 
~ (b1 + jb2) (a1 —Ja2) 
ay? +2? ; 
~ (ayby,+ d2b2) +j(aib2 —a2b1)’ 
for instance, 
A 642.57 
Sa ane 


(6 +2.57) (6 —2.57) 
~ (3 +47) (6 —2.5)) 
42.25 
~ 28-+16.5) 


30. Just as in multiplication, the polar representation of 
the general number in division is more perspicuous than any 
other. 
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Let A=a(cos a+j sin a) be divided by B=b(cos 8+] sin £), 
thus: 
a(cos a+] sin @) 
b(cos +7 sin £) 
_ a(cos a+7 sin a)(cos 8 —j sin A) ‘i 
~ b(cos B+] sin 8)(cos # =] sin f) 
4 a{(cos a cos 8 +sin a sin £) + 7(sin a cos 8 —cos a sin #)}.¥ 
b(cos? 2 +sin? 8) 


=F eos (a — —f)+jsin (a —£)}.! 


A 
cae o 


their vectors or absolute values, a and b, and subtracting their 


That is, general numbers A and B are divided by dividing 
phases or angles a and ~. 


Involution and Evolution of General Numbers. 


31. Since involution is multiple multiplication, and evolu- 
tion-is involution with fractional exponents, both can be resolved 
into simple expressions by using the polar form of the general 
number. 

it | 

A=a, +ja2=a(cos a +] sin a),4 
then 
C= A™=a"(cos na +j sin na). / 
For instance, if 
A=3+4j=5(cos 33 deg. +7 sin 53 deg.);/ 
then, 

C= A* = 54(cos 4x53 deg. +] sin 453 deg.) 
= 625(cos 212 deg. +7 sin 212 deg.) 
=625( —cos 32 deg. —7 sin 38 deg.) 
= 625( —0.848 —0.530 7) 
= —§29 —331 7. 


If, A =a; +jaz=a (cos a+] sin a), then 
3 1 8 a a 
(= GA" =a*(cos “+ sin $) ¥ 


=Val(cos +) sin “\ 
. a n 
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32. If, in the polar expression of A, we increase the phase 
angle a by 2z, or by any multiple of 27: 2gz, where g is any 
integer number, we get the same value of A, thus: . 


A=a{cos(a +2qz) +] sin(a +2qz)}, V 


since the cosine and sine repeat after every 360 deg, or 2z. 
The nth root, however, is different: 


n n 2 as 
(= VA= Va (cos aE 3 sin at)» 


We hereby get n different values of C, for g=O, 1, 2...n—1; 
g=n gives again the same as g=O. Since it gives 
at+2nz «a 


ee le 
n n 


that is, an increase of the phase angle by 360 deg., which leaves 
cosine and sine unchanged. 

Thus, the nth root of any general number has n different }) 
values, and these values have the same vector or absolute 


n : : 2 
term ~/a, but differ from each other by the phase angle = and 


its multiples. 
For instance, let A= —529—331j=625 (cos 212 deg. + V 
7 sin 212 deg.) then, 


— 212+360¢ .., 212+360¢\ v 
C= 4A— 4625 (cos eG sin mee) 


= Bess 53 +7 sin 53) =34+4) A 
=5(cos 143 +7 sin 143) = 5(—cos 37 +7 sin 87) = —4+37 ~ 
= 5(cos 233'+j sin 233) =5(—cos 53-7 sin 53) = —3—4j v 
=5(cos 32347 sin 323) =5(cos 37 —7 sin 37) =4-37 + 
=5(cos 413+7 sin 413) =5(cos 53+ 7 sin 53) =3+47 7 


The n roots of a general number A=a(cos a+] sin a) differ 
2 
from each other by the phase angles = or 1/nth of 360 deg.” 


and since they have the same absolute value a, it follows, that 
they are represented by n equidistant points of a circle with 
radius ~/a, as shown in Fig. 22, for n=4, and in Fig. 23 for 
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n=9. Such a system of n equal vectors, differing in phase from 
each other by 1/nth of 360 deg., is called a polyphase system, or 
an n-phase system. The n roots of the general number thus 
give an n-phase system. 

33. For instance, */1=? 5 her 

If A=a (cos a+j sin a)=1. this means: a=1, es and 
hence, 


n 


n 2 ene 
4/1 =cos jin sv 


Fia. 22. Roots of a General Number, n=4. 


and the n roots of the unit are 


q=0 VI=1;¥ 
Sd eee eee 6,0 
q=l Gs) ———'t-) BI 
n n 
6 : 60 v 
q=2 cos en oo 
n n 
B00) > 60 VY 
g=n-1 cos (n—1) oye! sin n-1) =, - 


However, 
o” / 


7 


SOO. an: AD 360 .. 360 
COS Gre rd Bn gs cos fF ees 
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hence, the n roots of 1 are, 
6 - 36 
1 = (cos 20° sin oe ; 


where g may be any integer number. 
_ One of these roots is real, for g=0, and is= +1. ee 

If n is odd, all the other roots are general, or complex , - 
numbers. 


If m is an even number, a second root, for g= > is also real: 
cos 180 +] sin 180= —1. % 


Fia. 23. Roots of a General Number, n=9, 


If nis pee by 4, two pos are quadrature numbers, and 
J Wr” i, Re r- an / 
are Per for g= pp and — fot g= on. 


34. Using the Cae coordinate expression of the 
general number, A = @1 +742, the calculation of the roots becomes 
more complicated. For instance, given VA= ? 


Let C= VA =c; +je2} 
then, squaring, 
A=(e1 +jez)?; 
hence, ; 
ay +4@2 = (c1? —€2”) +27¢1c2. Y 
Since, if two general numbers are equal, their horizontal 
_ and their vertical components must be equal, it is: 


Q1=¢12 eal and = dg=2c\¢2. 
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Squaring both equations and adding them, gives, 


Q12 + a2? = (c;? +€?)2, "a 


Hence: 

C17 +€o2 = V ay? + G2”, vy 
and since C17 —C2? =; 
then, ce =4(V ay? Faz? +01), 
and C2? =4(V ay?-+ do? — 1). 

Thus 

a= HV aP2+a2%+a1}v 
and 

C2 = 3; Vay? +a22—a1}, ” 
and 


+f V 1? +2? +44} +7V a V a1? + de? —ay}, Ca 


which is a rather complicated expression. 

35. When representing physical quantities by general 
numbers, that is, complex quantities, at the end of the calcula- 
tion the final result usually appears also as a general number, 
or as a complex of general numbers, and then has to be reduced 
to the absolute value and the phase angle of the physical quan- 


tity. This is most conveniently done by reducing the general — 


numbers to their polar expressions. For instance, if the result 
of the calculation appears in the form, 
(a1 + jag) (bi + jb2)8V cr + jee 


R= —~ : — 
; (dy + jdz)?(e1 + ea) : 


by substituting 
a=Va;?+d2?; tana ees 


b=Vb,2+bo?; tan B=— 
and so on. 
ae a(cos a+7sin a)b3(cos 8 +7 sin B)8/e( c(cos y +7 sin ry)? ff 


d?(cos 0+ 7 sin 0)?e(cos ¢+7 sin «) 
ab?Vc 


ain {cos(a+38 + 7/2 —20 —«)+j sin (a+38+ 7/2 —26 —e)}. ; 


ae 
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Therefore, the absolute value of a fractional expression is 
the product of the absolute values of the factors of the numer- 
ator, divided by the product of the absolute values of the 
ee of the denominator. 

The phase angle of a fractional expression is the sum of 
the phase angles of the factors of the numerator, minus the sum \ 
of the phase angles of the factors of the denominator. 

For instance, 


_ B-4j)2(2 +2) -2.5 46; 
i 5(4 437/272 Y 
_25(cos307+7 sin 30%) 25/F(cos45-+jsin45) VE 5(cos114+7sin114)} 
125 (cos 37 +7 sin 37)? 2 


114 
=0.4V6. 3 {eos(2xs07 +4544 2x37)” 


ss 114 v 
+7 s1n (2 Ko01 +45 4-———2 x37) 


3 
= 0.4°/6.5{cos 263 +7 sin 263} 
= (.746{ —0.122 —0.9927} = —0.091 —0.74). 


36. As will be seen in Chapter II: 


uw ut v Sil 
€ altut ie tg rae é = o jar 
eel tO ae : y 
cos x=1 — 2 ae. Vey 
43 75 a we 4. 
sin 2=x —- B 7? esas 


Herefrom follows, by substituting, r=0, u=]6, 
cos 0+] sin 0= <"7,¥ 
and the polar expression of the complex quantity, 
A=a(cos a+] sin @), 
thus can also be written in the form, 


A=ade, ¥ 
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where e is the base of the natural logarithms, 


=1+1 : Lie 2b Sao 
&= + [2 Se [3 [4 nS ele ie 
Since any number a can be expressed as a power of any 
i 0 
other number, one can substitute, 6G wet ve 


ay v ‘ 
QG=e f we 


ie 
where ao=loge a= Te, fvand the general number thus can 
10 € 


also be written in the form, | 
Al = goodie: Vv = i= >. < ae az. ce ve 
that is the general number, or complex quantity, can be expressed 
in the forms, 
A=a,+]d2 ¥ 
=a(cos a+j sina) ~ 
a ptt ee ge tie, 


The last two, or exponential forms, are rarely used, as they 
are less convenient for algebraic operations. They are of 
importance, however, since solutions of differential equations 
frequently appear in this form, and then are reduced to the 
polar or the rectangular form. 

37- For instance, the differential equation of the distribu- 
tion of alternating current in a flat conductor, or of alternating 
magnetic flux in a flat sheet of iron, has the form: 


Q. 


2, 
y ; 
qe ICY: 
and is integrated by y= Ae— ie where, 
Va etme pes 
hence, 
ya Ayet er 4 Aye O—few V 5 


This expression, reduced to the polar form, is 


y=A,et*(cos cx —j sin cx) + Age (coscx +] sin cx)* 


nm 926 cook [iny')é¥ Oy aes 


a 


Ws 


THE GENERAL NUMBER. ol 


Logarithmation. 


38. In taking the logarithm of a general number, the ex- 
ponential expression is most convenient, thus: 


loge (a1 +ja2) =log. a(cos a+] sin a) ( 


=logeae™* { 
=log. a +loge e ¢ 
=logeatja; / 


or, if b=base of the logarithm, for instance, b=10, it is: 
log, (a1 +ja2) =log, abe =log, a+ja log, ¢; : 


or, if b unequal 10, reduced to logo; 


logio a 3 logio € nA tee 7 


log, (a1 + Jaa) = logio 6 INO e10 5: ptt 2] 


Nore. In mathematics, for quadrature unit V —1 is always 
chosen the symbol 7. Since, however, in engineering the symbol 7 
is universally used to represent electric current, for the quad- 
rature unit the symbol 7 has been chosen, as the letter nearest 
in appearance to 7, and j thus is always used in engineering 


calculations to denote the quadrature unit V —1. 


CHAPTER II. 
POTENTIAL SERIES AND EXPONENTIAL FUNCTION. 
A. GENERAL. 
39. An expression such as 
jae a 
represents a fraction; that is, the result of division, and like 


any fraction it can be calculated; that is, the fractional form 
eliminated, by dividing the numerator by the denominator, thus: 


l—zl=1l+x2+22+238+... 


l-z 
Sy; 
L— x? 
ee 
v2 — x2 
+23. 


Hence, the fraction (1) can also be expressed in the form: 


sl vf 
Yea = ba ee ee 
7 
This is an infinite series of successive powers of x, or a poten- 
tial series. 
In the same manner, by dividing through, the expression 


1 


can be reduced to the infinite series, 
1 
Yea Le a So ae ae ae 
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The infinite series (2) or (4) is another form of representa- 
tion of the expression (1) or (3), just as the periodic decimal 
fraction is another representation of the common fraction 
(for instance 0.6363. ...=7/11). 

40. As the series contains an infinite number of terms, 
in calculating numerical values from such a series perfect 
exactness can never be reached; since only a finite number of 
terms are calculated, the result can only be an approximation. 
By taking a sufficient number of terms of the series, however, 
the approximation can be made as close as desired; that is, 
numerical values may be calculated as exactly as necessary, 
so that for engineering purposes the infinite series (2) or (4) 
gives just as exact numerical values as calculation by a finite 
expression (1) or (2), provided a sufficient number of terms 
are used. In most engineering calculations, an exactness of 
- 0.1 per cent is sufficient; rarely is an exactness of 0.01 per cent 

or even greater required, as the unavoidable variations in the 
nature of the materials used in engineering structures, and the 
accuracy of the measuring instruments impose a limit on the 
exactness of the result. 
For the value x=0.5, the expression (1) gives Y= qe” 
while its representation by the series (2) gives 
y=1+4+0.5 +0.25 + 0.125 + 0.0625 +0.03125 +... (5) 


and the successive approximations of the numerical values of 
y then are: 


using one term: y=1 ; =I; error: —1 “ 
‘* twoterms: y=1+0.5 =1.5; = —0.5 ¥ 
‘« three terms: y=1+0.5+0.25 Slevtie ‘ 0:25 3 
‘¢ four terms: y=1+0.5+0:25+ 0.125 = 18705.) 2° O25 
“« five terms: y=1+0.5+0.25+ 0.1254 0.0625=1.9375 ‘‘ — 0.0625 


It is seen that the successive approximations come closer and 
closer to the correct value, y=2, but in this case always remain 
below it; that is, the series (2) approaches its limit from below, 
as shown in Fig. 24, in which the successive approximations 
are marked by crosses. 

For the value x=0.5, the approach of the successive 
approximations to the limit is rather slow, and to get an accuracy 
of 0.1 per cent, that is, bring the error down to less than 0.002, 
requires a considerable number of terms. 
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For x=0.1 the series (2) is 
y=14+0.140.01 +0.001+0.00014+.... . . (6) 
and the successive approximations thus are 
Liy=1; 2:y=1.1; 3:y=L11; 4:y=1.111; 5:y=11111; 


and as, by (1), the final or limiting value is 


1 10 
RN NN eee 
+ cus 
ea tie 
il a8 
2 
mn ey 
+; i 


Fic. 24. Convergent Series with One-sided Approach. 


the fourth approximation already brings the error well below 
0.1 per cent, and sufficient accuracy thus is reached for most 
engineering purposes by using four terms of the series. 

41. The expression (8) gives, for z=0.5, the value, 


{ 2 
ec ery ey = 0.6666 ~ 
Represented by series (4), it gives 
y=1—0.5 + 0.25 —0.125 + 0.0625 —0.03125+ —..... (7) 

the successive approximations are; 

Ist: y=1 =a error: +0.333... 

2d: y=1-0.5 =0.5; ‘c  — 0.1666... 

3d: y=1—0.5+ 0.25 =0.75; We + 0.0833... 

4th: y=-1—0.54 0.25—0.125 =0.625; ‘* —0.04166... 

5th: y=1—0.5+ 0.25—0.125+ 0.0625 =0. 6875; os + 0.020833... 


As seen, the successive approximations of this series come 
closer and closer to the correct value y=0.6666 ..., but in this 


case are alternately above and below the correct or limiting 


value, that is, the series (4) approaches its limit from both sides, 
as shown in Fig. 25, while the series (2) approached the limit 
from below, and still other series may approach their limit 
from above. 


TC  —— 
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With such alternating approach of the series to the limit, 
as exhibited by series (4), the limiting or final value is between 
any two successive approximations, that is, the error of any 
approximation is less than the difference Hoween this and the 
next following approximation. 

Such a series thus is preferable in engineering, as it gives 
information on the maximum possible error, while the series 
with one-sided approach does not do this without special in- 
vestigation, as the error is greater than the difference between 
successive approximations. 

42. Substituting +=2 into the expressions (1) and (2),- 
equation (1) gives 


1 ] 
Sse aS a —1; 
+4 

en 
: + 5 
Ht 
y 6 
+r 
2 


poe Wee, 
Y= The 
Fie. 25. Convergent Series with Alternating Approach. 


while the infinite series (2) gives 
y=1424+-44+84+16432+.°.; 
and the successive approximations of the latter thus are 
trite dee tc woh, *. Gos. P, 
that is, the successive approximations do not approach closer 
and closer to a final value, but, on the contrary, get further and 
further away from each other, and give entirely wrong results. 
They give increasing positive values, which apparently approach 
« for the entire series, while the correct value of the expression, 
by (1), is y= —1.° 
Therefore, for x=2, the series (2) gives unreasonable results, 
and thus cannot be teed for calculating numerical values. 
The same is the case with the representation (4) of the 
expression (3) for =2. The expression (3) gives 


——~ = 0.3333... ; 
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while the infinite series (4) gives 
y=1—24+4-8+4+16—32+ —..., 

and the successive approximations of the latter thus are 

Li gs RB Bs a ee a 
hence, while the successive values still are alternately above 
and below the correct or limiting value, they do not approach 
it with increasing closeness, but more and more diverge there- 
from. 

Such a series, in which the values derived by the calcula- 
tion of more and more terms do not approach a final value 
closer and closer, is called divergent, while a series is called 
convergent if the successive approximations approach a final 
value with increasing closeness. 

43. While a finite expression, as (1) or (3), holds good for 
all values of z, and numerical values of it can be calculated 
whatever may be the value of the independent variable x, an 
infinite series, as (2) and (4), frequently does not give a finite 
result for every value of x, but only for values within a certain 
range. For instance, in the above series, for —1 <x<+l, 
the series is convergent; while for values of x outside of this 
range the series is divergent and thus useless. 

When representing an expression by an infinite series, 
it thus is necessary to determine that the series is convergent; 
that is, approaches with increasing number of terms a finite 
limiting value, otherwise the series cannot be used. Where 
the series is convergent within a certain range of x, diver- 
gent outside of this range, it can be used only in the range of 
convergency, but outside of this range it cannot be used for 
deriving numerical values, but some other form of representa- 
tion has to be found which is convergent. 

This can frequently be done, and the expression thus repre- 


sented by one series in one range and by another series in 
: : 1 
another range. For instance, the expression (1), YT hp by 


1 ‘ 
substituting, t=", can be written in the form 


a 
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and then developed into a series by dividing the numerator 
by the denominator, which gives 
y=u—v +8 —utt.. 


or, resubstituting x, 


eee = 1: 
Creamers sad Peet hy, oe eS) 
which is convergent for x=2, and for x=2 it gives 
v. “A wv 
y=0°5 —0.35 +0.125 —0,0635+... (9) 


With the successive approximations: 
05; 0.55: 0.375; 0.3125..., 

which approach the final limiting value, 

| y =0.333. .. \ 


44. An infinite series can be used only if it is convergent. 
Mathemetical methods exist for determining whether a series 
is convergent or not, For engineering purposes, however, 
these methods usually are unnecessary; for practical use it 
is not sufficient that a series be convergent, but it must con- 
verge so rapidly—that is, the successive terms of the series 
must decrease at such a great rate—that accurate numerical 
results are derived by the calculation of only a very few terms; 
two or three, or perhaps three or four. This, for instance, 
is the case with the series (2) and (4) for x=0.1 or less. For 
x=0.5, the series (2) and (4) are still convergent, as seen in 
(5) and (7), but are useless for most engineering purposes, as 
the successive terms decrease so slowly that a large number 
of terms have to be calculated to get accurate results, and for 
such lengthy calculations there is no time in engineering work. 
If, however, the successive terms of a series decrease at such 
a rapid rate that all but the first few terms can be neglected, 
the series is certain to be convergent. 

In a series therefore, in which there is a question whether 
it is convergent or divergent, as for instance the series 

iy 295 ale tee a ‘ 


y=l+5 +3 re ea +... (divergent), 


AS thE |¢ fees) ¢fere t+ a 

re, arte ad i , o 

(e}t(sty) +(ste ti os 
ITte a a vi, PN 2 again ff 
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or 
Be er 
DS ee a cee 


the matter of convergency is of little importance for engineer- 
ing calculation, as the series is useless in any case; that is, does 
not give accurate numerical results with a reasonably moderate 
amount of calculation. 

A series, to be usable for engineering work, must have 
the successive terms decreasing at a very rapid rate, and if 
this is the case, the series is convergent, and the mathematical 
investigations of convergency thus usually becomes unnecessary 
in engineering work. 

45. It would rarely be advantageous to develop such simple 
expressions as (1) and (8) into infinite series, such as (2) and 
(4), since the calculation of numerical values from (1) and (3) 
is simpler than from the series (2) and (4), even though very 
few terms of the series need to be used. 

The use of the series (2) or (4) instead of the expressions 
(1) and (3) therefore is advantageous only if these series con- 
verge so rapidly that only the first two terms are required 
for numerical calculation, and the third term is negligible; 
that is, for very small values of x. Thus, for c=0.01, accord- 
ing to (2), L / 

y=1+0.01+0.0001+...=1+0.01, 


* Gaavernedoe 


as the next term, 0.0001, is already less than 0.01 per cent of 
the value of the eel expression. 
- For very small values of x, therefore, by (1) and (2), 
Se 


y= (10) 


ge 

| fees 
I 

faa 
+ 
& 


and by (3) and (4), 


1 
pagan ST ee 
ana tnese expressions (10) and (11) are useful and very com- 
monly used in engineering calculation for simplifying work. 
For instance, if 1 plus or minus a very small quantity appears 
as factor in the denominator of an expression, it can be replaced 
by 1 minus or plus the same small quantity as factor i in the 
numerator of the expression, and inversely. 
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For example, if a direct-current receiving circuit, of resist- 
ance r, is fed by a supply voltage eo over a line of low 
resistance 79, what is the voltage e at the receiving circuit? 


The total resistance is r+ro; hence, the current, 7 ae 
0 
and the voltage at the receiving circuit is 
Bord 
EFL Ty oat aes GaaMee a eos (12) 


If now 7 is small compared with r, it is 


e= == {1-2 ee, (13) 


2 
As the next term of the series would be (2) , the error 


2 
made by the simpler expression (138) is less than (*) . Thus, 


if ro is 3 per cent of r, which is a fair average in interior light- 
: ie aS 
ing circuits, (2) =(0.03?=0.0009, or less than 0.1 per cent; 
hence, is usually negligible. 
46. If an expression in its finite form is more complicated 
and thereby less convenient for numerical calculation, as for 
instance if it contains roots, development into an infinite series 
frequently simplifies the calculation. 
Very convenient for,development into an infinite series 
of powers or roots, is the binomial theorem, 


n(n —1)(n —2) ‘i / 


(itu ert ee B Bhs 


14 
where oe 


|m=1X2X3x. 5 <i: 


Thus, for instance, in an alternating-current circuit of 
resistance 7, reactance xz, and supply voltage e, the current is, 


eit © 


‘= —_—_. 
Vr2 + 22 


(15) 
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Tf this circuit is practically non-inductive, as an incandescent 
lighting circuit; that is, if 2 is small compared with r, (15) 
can be written in the form, 


1 
os 
pace Ses ="/1+(2)"| mare 
Tete be ; 


and the square root can be developed by the binomial (14), thus, 
y (2) oe Pee tae 
u=\—) ; n= —5, and gives 


21-3 Ate) eee oe 
[+(E)'} P13) +3) -eG) 4-0 


In this series (17), if z=0.1r or less; that is, the reactance 
is not more than 10 per cent of the resistance, the third term, 
3 
8 
series is approximated with sufficient exactness by the first 


two terms, 
1 
Gee) ||  D bfexe 
r+) | =1:3 (5) ho 


and equation (16) of the current then gives 


ifn 52) |, ig ee Se 


This expression is simpler for numerical calculations than 
the expression (15), as it contains no square root. 

47. Development into a series may become necessary, if 
further operations have to be carried out with an expression 
for which the expression is not suited, or at least not well suited. 
This is often the case where the expression has to be integrated, 


| since very few expressions can be integrated. 
Expressions under an integral sign therefore very commonly 
have to be developed into an infinite series to carry out the 
integration. 


4 
~)., is less than 0.01 per cent; hence, negligible, and the 
PS be gig 
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EXAMPLE 1. 
Of the equilateral hyperbola (Fig. 26), 


— 2 
SVN Ts 68 eee oe ee 


calculated. 


An element di of the are is the hypothenuse of aright ees 


with dz and dy as Gathetes. ._ It, therefore, is, 


— 


Bak Sar P- dx?+dy? ! 
—_ 


a 
I as haee 


eoeet 


Fia. 26.* Equilateral Hyperbola. 


PAA 


and from (20), 


Substituting (22) in (21) gives, 


“eee, 
a=fi+(4) dx; Bin aie 
is 


hence, the length LZ of the arc, from 2 to 22 is, 


wae a= { re) dx. ~ 


Pee oo 8 Fis 5 


ape” a 
, Pe ee 


PCO ap Ve ee 


4 fe 


a Sor 
ay 
ee ‘> > Sa. eas 
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/ 
Substituting = = v; that is, dx =adv, also substituting 
oa 
V1 == =2 and == =10, 


“a 


v2 i 
<ul, A fl mz aD: af 
V1 Vv 


The expression under the integral is inconvenient for integra- 
tion; it is preferably developed into an infinite series, by the 
binomial theorem (14). 


gives 


1 
Write u=—= and n=5, then 


twit Sota 
an e + [6p T2896 TT 


fe : 2 5 ee d . 
‘ i ‘8 -eatt 128y'6 ot a 


1 2 : 
a aa set 7X8Xv 1 x16 Xv ve 
i Go. ee |» 
| SK128xe fe 


oe (leas mes Ete ere Des, / 
<8) or) +o) oe arte) 
es a 
176 \p, pl ee 


and substituting the numerical values, 


L=a| (10—2) +5 (0.125—0.001) / 
ot 

5, (0.0078— 0) + zag(0.0001 -0)} 
= a{8 +0.0207 — 0.0001} Saar 


As seen, in this series, only the first two terms are appreciable 
in value, the third term less than 0.01 per cent of the total, 
and hence negligible, therefore the series converges very 
rapidly, and numerical values can easily be calculated by it. 
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For x1 <2 a; that is, v; <2, the series converges less rapidly, 
and becomes divergent for z1<a; or, v1<1. Thus this series 
(17) is convergent for v>1, but near this limit of convergency 
it is of no use for engineering calculation, as it does not converge 
with sufficient rapidity, and it becomes suitable for engineering 
calculation only when 7; approaches 2. 


EXAMPLE 2. 


48. log 1=0, and, therefore log (1+2z) is a small quantity 
if x is small. log (1+-) shall therefore be developed in such 
a series of powers of x, which permits its rapid calculation 
without using logarithm tables. 


It is 
d MY, 


then, substituting (1+<) for wu gives, 


o Vv 4 
log (1 +2) -( A Py . e (2 ) 
From equation (4) 


il 
ee 
hence, substituted into (24), 


Vv 
=l—74+7?—s4+.5", 


log (1 +2)= fil —x+a2—273+...)dx J 


ale Aes ube eafivide ts 


ao-S 45-5"; Rn a, ee eee 


2 
hence, if x is very small, = is negligible, and, therefore, all 


terms beyond the first are negligible, thus, 

log (1+2)=2;% 
while, if the second term is still appreciable in value, the more 
complete, but still fairly simple expression can be used, 


ot ee 4) j 
log (1 +2)=2-7=a(1-5 
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If instead of the natural logarithm, as used above, the 
decimal logarithm is required, the following relation may be 
applied : § 


* logio a=logioe loge a=0.4343 loge a, El 


logio a is expressed by loge a, and thus 9), (20) (21) assume 
the form, eee 


TER Nes des 


a? 2 xt ; we 


logio (1 +x) =0.4343 (« 
or, approximately, 
logio(1 +2) =0.434327; v 


or, more accurately, 


logio 1 +2) =0.43482( 1 =) 


B. DIFFERENTIAL EQUATIONS. 


49. The representation by an infinite series is of special 
value in those cases, in which no finite expression of the func- 
tion is known, as for instance, if the relation between x and y 
is given by a differential equation. 

Differential equations are solved by separating the variables, 
that is, bringing the terms containing the one variable, y, on 
one side of the equation, the terms with the other variable x 
on the other side of the equation, and then separately integrat- 
ing both sides of the equation. Very rarely, however, is it 
possible to separate the variables in this manner, and where 
it cannot be done, usually no systematic method of solving the 
differential equation exists, but this has to be done by trying 
different functions, until one is found which satisfies the 
equation. 

In electrical enginecring, currents and voltages are dealt 
with as functions of time. The current and e.m.f. giving the 
power lost in resistance are related to each other by Ohm’s 
law. Current also produces a magnetic field, and this magnetic 
field by its changes generates an e.m.f.—the e.m.f. of self- 
inductance. In this case, e.m.f. is related to the change of 
current; that is, the differential coefficient of the current, and 
thus also to the differential coefficient of e.m.f., since the e.m.f. 


a) 


z= 
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is related to the current by Ohm’s law. In a condenser, the 
current and therefore, by Ohm’s law, the e.m.f., depends upon 
and is proportional to the rate of change of the e.m.f. impressed 
upon the condenser; that is, it is proportional to the differential 
coefficient of e.m.f. 

Therefore, in circuits having resistance and inductance, 
or resistance and capacity, a relation exists between currents 
and e.m.fs., and their differential coefficients, and in circuits 
having resistance, inductance and capacity, a double relation 
of this kind exists; that is, a relation between current or e.m.f. 
and their first and second differential coefficients. 

The most common differential equations of electrical engineer- 
ing thus are the relations between the function and its differential 


coefficient, which in its simplest form is, tay fe he Po 
[w= Ae 
dy Ae 
ig ae oeceaae (26) 
or far . aldx-~ 783 ¢ 
dy _ ae A MR ‘ 
Wow . . . . ° . . 


and where the circuit has capacity as wel! as inductance, the 
second differential coefficient also enters, and the relation in 
its simplest form is, 


a 
= Sack) pM ra a eee eae yk 6272) 
or 3 
d* 
=e oa Ge ene ges Aolar memes Rew 1A") 


and the most general form of this most common differential 
equation of electrical engineering then is, 
d?y dy : 
— ie gl A/a oer ea) 
Gat 2eq, ty +6 0. (30) 
The differential equations (26) and (27) can easily be inte- 
grated by separating the variables, but not so with equations 
(28), (29) and (30); the latter are preferably solved by trial. — 
50. The general method of solution may be illustrated with ° 
the equation (26): 


SRA Gt a hg) Re AOD 


ole 
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To determine whether this equation can be integrated by an 
infinite series, choose such an infinite series, and then, by sub- 
stituting it into equation (26), ascertain whether it satisfies 
the equation (26); that is, makes the left side equal to the right 
side for every value of zx. 

Let, 

Y=Ao tax +G0r2 +agr3+agr*+... . . . (1) 


be an infinite series, of which the coefficients ao, a1, a2, a3... 

are still unknown, and by substituting (81) into the differential 

equation (26), determine whether such values of these coefficients 

can be found, which make the series (31) satisfy the equation (26). 
Differentiating (31) gives, 


d 
n= a1 + 2a2x Py ec oe ee 
The differential equation (26) transposed gives, 
dy ae 
Aegean ie i) ot a 


Substituting (31) and (82) into (83), and arranging the terms 
in the order of 2, gives, 


(ay — do) + (2a2—a1)x + (8a3—a2)x? 
ae (4a4— a3) a3 A (5a5— a4) x4 45, =e “A (34) 
If then the above series (31) is a solution of the differential 
equation (26), the expression (34) must be an identity; that is, 
must hold for every value of x. 


If, however, it holds for every value of x, it does so also 
for =O, and in this case, all the terms except the first vanish, 
and (34) becomes, 

a1—a0=0; Or, eon Cae is (35) 


To make (81) a solution of the differential equation (a1— ao) 
must therefore equal 0. This being the case, the term (a1— ao) 
can be dropped in (34), which then becomes, 

(2a2— Q1)x qe (8a3— ig )x? AF (4a4— a3) x3 at (5a5— a4)ac* Fiemme =(); 


or, 
X{(2a2— a) + (3a3—a2)e + (4a4—a3)a?2 +... .$ =0. J 
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Since this equation must hold for every value of z, the second 
factor of the equation must be zero, since the first factor, z, is 
not necessarily zero. This gives, 


(2a2— 1) + (8a3—a2)x + (4a,4—a3)x2 +... =0. 


As this equation holds for every value of x, it holds also for 
«=0. In this case, however, all terms except the first. vanish, 
and, 


pee ee © Ces it it at OO 
hence, 
a 
a-s, 
and from (35), 
a 
ae 


Continuing the same reasoning, 
v v 
3d3—ad2=0, 4as—a3=0, etc. 


Therefore, if an expression of successive powers of x, such as 
(34), 1s an identity, that is, holds for every value of x, then all 
the coefficients of all the powers of x must separately be zero.* 


Hence, , / 
fe: 
Q1—4=0; or a=; 


{ = 
2a2—a,=0; or a2—=5 ah 


: a2” Ay ¥ 
3a3—d2=0; or a3? Brea dk oleae) 
: ‘a3 ao 


ri 
4az—@3=0; or ome an 


etc., etc. 


* The ceader must realize the difference between an expression (34), as 
equation in x, and as substitution product of a function; that is, as an 
Sete ar ales of the values of the coefficients, an expression (34) as equation 
gives a number of separate values of x, the roots of the equation, which 
make the left side of (34) equal zero, that is, solve the equation. If, however, 
the infinite series (31) is a solution of the differential equation (26), then 
the expression (34), which is the result of substituting (31) into (26), must 
be correct not only for a limited number of values of x, which are the roots 
of the equation, but for all values of z, that is, no matter what value is 
chosen for x, the left side of (34) must always give the same result, 0, that 
is. it must not be changed by a change of z, or in other words, it must not 
contain z, hence all the coefficients of the powers of x must be zero. 
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Therefore, if the coefficients of the series (31) are chosen 
by equation (37), this series satisfies the differential equation 
(26); that is, 


2 73 yt Sf 
y=ay| L045 srs: go eae 


ine Ye tg 07 a5 8 
Ly? Ma a 1s the solution of the differential equation, 
+ x 
oe dy iv 
ba (Say Ae en dx 
51. In the same manner, the differential equation (27), 
dz 
Ape Mee Pe 
is solved by an infinite series, 
gs! “fs! 2=a9 +ayr+a2x? +agr+..., . . . . (40), 


and the coefficients of this series determined by substituting 
(40) into (39), in the same manner as done above. This gives, 


(a1 — ado) + (2a2—aa;)x a (3a3 — da2)x? y, 

+ (4a4—aa3)a?+...=0, . (41) 
and, as this equation must be an identity, all its coefficients 
must be zero; that is, 

ai:—aag=0; or a1=aa9; 
a2 


v 7 
2a2—aa;=0; or :ad2—a) hag 3° 


y a 

3a3—ad2=0; or Paella am 3: | ooh eee 
/ a 

4a4—aa3=0; or a4=a3 x 


etc., etc. 


and the solution of differential equation (89) is, 


ax? ax? atrt ai 


snag [Ltt 4S e+ (43) 


2 

52. These solutions, (38) and (43), of the differential equa- 
tions (26) and (39), are not single solutions, but each contains 
an infinite number of solutions, as it contains an arbitrary 


ar 
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constant ao; that is, a constant which may have any desired 
numerical value. 
This can easily be seen, since, if z is a solution of the dif- 
ferential equation, 
dz 
dx 


then, any multiple, or fraction of z, bz, also is a solution of the 


differential equation; F, 
| d(bz) Cag ee E 
7 thes a(bz), ~ aX 


= fod 
az, 


since the 6 cancels. 

Such a constant, ao, which is not determined by the coeffi- 
cients of the mathematical problem, but is left arbitrary, and 
requires for its determinations some further condition in 
addition to the differential equation, is called an integration 
constant. It usually is determined by some additional require- 
ments of the physical problem, which the differential equation 
represents; that is, by a so-called terminal condition, as, for 
instance, by having the value of y given for some particular 
value of x, usually for x=0, or r=@. 

The differential equation, 


dy 
Fae ce aeRO ce (44) 
thus, is solved by the function, 
Uf Sato; Ute Lira Ya) oe CEO) 
where, 
SS Ew | 
= —+— + \ 
talteis titi tess pe 7 BAe 
and the differential equation, 
© a2, Oe ee me ae ee 
is solved by the function, 
BENGE 0.” ind ome (aS) 
ea, 272 373 44 
UO Ot (49) 


SOE aire eam aan oe RS 
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yo and zo thus are the simplest forms of the solutions y and z 
of the differential equations (26) and (89). 

53. It is interesting now to determine the value of y*. To 
raise the infinite series (46), which represents yy, to the nth 
power, would obviously be a very complicated operation. 

However, 

dy” ee 
ete de : 


and since from (44) ay, eS og > ee 


(50) 


by substituting (51) into (50), 
se YR ae en ee 


the same equation as (47), but with y” instead of z. 
ence, if y is the solution of the differential equation, 


However, the solution of this differential equation from (47), 
(48), and (49), is 


2=A0z03 ¥ 


nx? nes 


%=lLinet—s-4 lea atzehe! eg 
that is, if 
i x? x3 
Yo= Bn sae rs 
then, 


Teme nae ot 
Zo = Yo” =Il+nt+—5- + Pape Re - 


therefore the series y is raised to the nth power by multiply- 
ing the variable z by n. aa 4 tm rer A Ferg am ¥ 
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Substituting now in equation (53) for n the value : gives 


i eer eeceel. { 
oe ee et eee a (54) 
that is, a constant numerical a This numerical value 


equals 2.7182818. . ., and is usually represented by the symbol «. 


Therefore, 
1 
Os f 
hence, 
ee ip 
Yo=e=l+zt5 aire ee ee aaa 
and 


272 373° 4rd 
oe ere in ee me x gl x te 
oer La 


therefore, the infinite series, which integrates above differential 
equation, is an exponential function with the base 


em OTISOSIR Kaj sot ee EO 
The solution of the differential equation, 
dy 
da? eee 9 iad ole ewe (58) 
thus is, j 
YUE) Toei. Ai) net #00) 
and the solution of the differential equation, 
dy 
Apo a gee ie wa) 
is, / 
Dene ty ie go ey OD 


where @p is an integration constant. 

The exponential function thus is one of the most common 
functions met in electrical engineering problems. 

The above described method of solving a problem, by assum- 
ing a solution in a form containing a number of unknown 
coefficients, dp, @1, @2..., substituting the solution in the problem 
and thereby determining the coefficients, is called the method 
of indeterminate coefficients. It is one of the most convenient 


ay ye DO) 


She 
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and most frequently used methods of solving engineering 
problems. 


EXAMPLE 1. 


54. In a 4-pole 500-volt 50-kw. direct-current shunt motor, 
the resistance of the field circuit, inclusive of field rheostat, is 
250 ohms. Each field pole contains 4000 turns, and produces 
at 500 volts impressed upon the field circuit, 8 megalines of 
magnetic flux per pole. 

What is the equation of the field current, and how much 
time after closing the field switch is required for the field cur- 
rent to reach 90 per cent of its final value? 

Let r be the resistance of the field circuit, Z the inductance 
of the field circuit, and 7 the field current, then the voltage 
consumed in resistance is, 


6, =Tt. 


In general, in an electric circuit, the current produces a 
magnetic field; that is, lines of magnetic flux surrounding the ~ 
conductor of the current; or, it is usually expressed, interlinked - 
with the current. This magnetic field changes with a change of 
the current, and usually is proportional thereto. A change. 
of the magnetic field surrounding a conductor, however, gen-- 
erates an e.m.f. in the conductor, and this e.m.f. is proportional 
to the rate of change of the magnetic field; hence, is pro- 
portional to the rate of change of the current, or to 
a with a proportionality factor L, which is called the induct- 
ance of the circuit. This counter-generated e.m.f. is in oppo- 


Are dt 
sition to the current, —L a and thus consumes an e.m./f., 


di 
+L Ft’ 
or inductance e.m.f. 

Therefore, by the inductance, J, of the field circuit, a voltage 
is consumed which is proportional to the rate of change of the 
field current, thus, 


which is called the e.m.f. consumed by self-inductance, 


di 


ec=L at 
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Since the supply voltage, and thus the total voltage consumed 
in the field circuit, is e=500 volts, 


iat el 
exit hs Ppa Paice reer Oe) 


or, rearranged, 


orale 
1 RSS 5 
Substituting herein, ye ae PF 2 tf 
Cu=e—t; is Bena (63) 
hence, 1/23) 
Milf. Cr ; 
2 ae ae 
dt * dt?~ 
gives, 
du ro 
= pagina Oe. av Oey Rohe hie Wei ihe ain (64) 
This is the same differential equation as (39), with resp eaae 
and therefore is integrated by the function, 
w=aoe, LE ; a 
therefore, resubstituting from (63), 
| Ta 
€—T1=ApE Le) : 
and 
ees af 
A Oe wD BAM: 


This solution (65), still contains the unknown quantity ao; 
or, the integration constant, and this is determined by know- 
ing the current 7 for some particular value of the time ¢. 

Before closing the field switch and thereby impressing the 
voltage on the field, the field current obviously is zero. In the 
moment of closing the field switch, the current thus is still 
zero; that is, 

i=0 for t=0. / . (66) 
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Substituting these values in (65) gives, 


v 
ena or do=+e, ~~ 
C2 
hence, 
Sts 
inf(1-< L 1 ot ae 


is the final solution of the differential equation (62); that is, 
it is the value of the field current, 7, as function of the time, ¢, 
after closing the field switch. 

After infinite time, t=00, the current 7 assumes the final 
value %, which is given by substituting t=oo into equation 
(67), thus, 


io=—=>>~=2 amperes; ... . (68) 


hence, by substituting (68) into (67), this equation can also be 
written, 


29. 51)’ . = 


where 79=2 is the final value assumed by the field current. 

The time ¢,, after which the field current 7 has reached 90 _ 
per cent of its final value 7), is given by substituting 7=0.92, 
into (69), thus, 


(Oren (ie ole 
and 


Taking the logarithm of both sides, 


r 


me. log «= —1;  s 


and 


a | 
Flog & 6! hans Se ee 
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55- The inductance L is calculated from the data given 
in the problem. Inductance is measured by the number of 
interlinkages of the electric circuit, with the magnetic flux 
produced by one absolute unit of current in the circuit; that 
is, it equals the product of magnetic flux and number of turns 
divided by the absolute current. 

A current of t)=2 amperes represents 0.2 absolute units, 
since the absolute unit of current is 10 amperes. The number 
of field turns per pole is 4000; hence, the total number of turns 
n=4X4000=16,000. The magnetic flux at full excitation, 
Or 1) =0.2 absolute units of current, is given as 0 =8X 108 lines 
of magnetic force. The inductance of ‘the field thus is: 


¥ 
L=—=——_.—— = 640 X109 absolute units = 640A, 
1 0.2 
the practical unit of inductance, or the henry (hk) being 109 
absolute units. 
Substituting 2=640 r=250 and e=500, into equation (67) 
and (70) gives 
§=2(1— 279.39), v 
and 


640 ¥ 


= 550 9<0 4349 O88 BCC: oe aah aa 78 


ty 


Therefore it takes about 6 sec. before the motor field has 
reached 90 per cent of its final value. 
The reader is advised to calculate and plot the numerical 


values of 7 from equation (71), for 
t=0, 0.1, 0.2, 0.4, 0.6, 0.8,-1.0, 1.5, 2.0, 3, 4, 5, 6, 8, 10 sec. 
This calculation is best made in the form of a table, thus; 


e—93% = N_ 0.39 log «,.¥ 


and, 
loge =0.4343;% 
hence, 
0.39t log, =0.1694t; % 
and, 


e 9.39 — N _ 0 1694. A 


w 
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The values of «~°3% can also be taken directly from the 
tables of the exponential function, at the end of the book. 


| —0.39¢ t= 


€ —0,39t 
t 0.1694t —0.1694! an = 
=N=0.1694t 2(1—2— 38) 
0.0 0 0 1 0 0 
0.1 0.0170 | 0.9830-1 0.962 0.038 0.076 
0.2 0.0339 | 0.9661-1 0.925 0.075 0.150 
0.4 0.0678 | 0.9322-1 0.855 0.145 0.290 
0.6 0.1016 | 0.8984—1 0.791 0.209 0.418 
0.8 0.1355 | 0.8645-1 0.732 0.268 0.536 
QUOT allie a isis dere's 1a [ic > case nus ease ciel alice eben a Phas pels oted sli no) cnet ee eal ee a 
EXAMPLE 2. 


56. A condenser of 20 mf. capacity, is charged to a potential 
of eg =10,000 volts, and then discharges through a resistance 
of 2 megohms. What is the equation of the discharge current, 
and after how long a time has 
the voltage at the condenser 
dropped to 0.1 its initial value? 

A condenser acts as a reser- 
voir of electric energy, similar 
to a tank as water reservoir. 
If in a water tank, Fig. 27, A 
is the sectional area of the tank, 
e, the height of water, or water 
pressure, and water flows out 
of the tank, then the height e 
decreases by the flow of water; 
that is the tank empties, and 
the current of water, 7, is proportional to the change of the 


Fic. 27. Water Reservoir. 


de 
water level or height of water, =f and to the area A of the 
tank; that is, it is, 
‘ de 
1=—A nee ser bes CAT et eS (72) 


The minus sign stands on the right-hand side, as for positive 
7; that is, out-flow, the height of the water decreases; that is, 
de is negative. 
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In an electric reservoir, the electric pressure or voltage e 
corresponds to the water pressure or height of the water, and 
to the storage capacity or sectional area A of the water tank 
corresponds the electric storage capacity of the condenser, 
called capacity C. The current or flow out of an electric 


condenser, thus is, 


The capacity of condenser is, 
C=20 mf =20 x 10-§ farads. 
The resistance of the discharge path is, 
f=2 10° ohms; 


hence, the current taken by the resistance, 7, is 


rae 
Dice 
r 
and thus 
oo aes 
= Olk Ip 
and 
de 
dt Cr 
Therefore, from (60) (61), 
t 
: e€= ap eran, 
and for t=0, e=e, =10,000 ~olts; hence 
10,000 =ap, 
and 
e=e,e Cr 


=10,000<— °°"! volts; . 


0.1 of the initial value: 
e=0.1é, 


is reached at: 


ty PELcunea, sec. 
log ¢ 


(73) 


(74) 


(75) 


78 ENGINEERING MATHEMATICS. 


The reader is advised to calculate and plot the numerical 
values of e, from equation (74), for 
t=0; 2; 4; 6; 8; 10; 15; 20; 30; 40; 60; 80; 100; 150; 200 sec. 


57. Wherever in an electric circuit, in addition to resistance, 
inductance and capacity both occur, the relations between 
currents and voltages lead to an equation containing the second 
differential coefficient, as discussed above. 


The simplest form of such equation ists 


To integrate this by the method of indeterminate coefficients, 
we assume as solution of the equation (76) the infinite series, 


Y =A tax +agr? +a3z3 tagztt+.~. 2 2. (77) 


in which the coefficients ao, a1, @2, a3, a4... are indeterminate. 
Differentiating (77) twice, gives 


pegs 2: : X 3a3x+3X 4a4x +4 5as5x mecha (78) 


and substituting (77) and (78) into (76) gives the identity, 


\ 
2a2 +2 X3a3x +3 X4a40? +4 X5agz3 +... { 
=A(do + ax + age? +a3a3 +... 2); 


or, arranged in order of 2, 


J i { 
(2a2— ado) +2(2 X3a3— aa) +2?(3 X 4a4— aaz2) 
+23(4X5a5—aas)+.1.=0.. a . Ween 


Since this equation (79) is an identity, the coefficients of 
all powers of « must individually equal zero. This gives for 
the determination of these hitherto indeterminate coefficients 
the equations, 

2a2— ado =0;+ 
2 X3a3—aa,=0; 
3 X4a4—aa2=0; 
4X 5a5—aaz=0, ete. ¥ 


i 


/ 
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Therefore v A 
aa ay. 
ar ge ee ee 
Nes ad2 _ aa? / on _ ue? a | 
3x4 [4 ? * 4Xb 5 
“A 
aa, aga? WA Gag a? 
as 67 TOS ies 
278 | (8+? " 8x9 [9 
etc., etc 


Substituting these oS im(77); 


wa 
y=a {1+ SE | 
= 0. ‘ es ar aa care e > 
2 /t [6 ve yy V pe 
eee a) 
© B iB ee 


In this case, two coefficients ao and a, thus remain inde- oh 
terminate, as was to be expected, as a differential equation 
of second order must have two integration constants in its 
most general form of solution. 

Substituting into this equation, 


b?= a; 
that is, / 
b=Va, * . (81) 
Tee J 
qe TOY - ee ee Se ee 
and 
i v v cd 
1m oe oe ] 
=a | —_—_— SS eine Sy, 
Pewee by y 
, b3x3 5x5 7x7 


a 
leet ge te tf Be 


0: cook Cy + Pew a 
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In this case, instead of the integration constants ao and a1, 
the two new integration constants A and B can be introduced 
by the equations 


@=A+B and 5 AB; 
hence, 
eye A “gene “ 
== and B= 


and, substituting phese into uses (83), gives, 


Oud hoe 33.6 4x4 
y=A Seo LAA EHC le 
ef Aone tes CP b373" b4x4 / 
+B | ek Gaia] hs gr eoais (84) 
The first series, however, from (56), for n=b is e*®, and 
the second series from (56), for n= —6 is e~™. 
Therefore, the infinite series (83) is, 


y= Ae SBR > re 


that is, it is the sum of two exponential functions, the one with 
a positive, the other with a negative exponent. 
Hence, the differential equation, 


d?y 
Ge ke 
is integrated by the function, Fy 
EW hace ed rime .(86) 
where, y- ge” reer 
ber/ace. Go eee 


However, if a is a negative quantity, b=Va is imaginary, * 
and can be represented by . 


baie. os SS oe 
where 


a= sat) oy ee 
In this case, equation (86) assumes, the form, ~ 


y=Actie +Be-t#; J (90) 
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that is, if in the differential equation (76) a is a positive quantity, 
= 4b this differential equation is integrated by the sum of 
the two exponential functions (86); if, however, a is a negative 
quantity, = —c?, the solution (86) appears in the form of exponen- 
tial functions with 1 imaginary exponents (90). y 

58. In the latter case, a form of the solution of differential . 
equation (76) can be Mevived which does not contain the 
imaginary appearance, by turning back to equation (80), and 
substituting therein a= —c?, which gives, 


d*y J 
qn ey are Gad oR ae, ts POD 
# J a. . 
Vv c2x2 ctxt (676 
os ee 
ay Coe r 
BS 8 | 
or, writing A= =) and B=—", 
C272 e474 88 
raise ee | / 
ere byt 
Os 9 
+B ex 3 J B + 1 (92) 


The solution then is given by the sum of two infinite series, 
thus, 


cr2 = c4xt (8 6 
———— 


u(ex) =1— 5 sO Sa ane ae 
and Mares (i) 
@r3  Sz5 
v(cx) =cx— ee rose 5 
eet j 
as 
Ua en) + Bolen). ie oe oe ee @ OD) 


In the w-series, a change of the sign of x'does not change / 
the value of u, 


u(—cx) =u(+ez). ie Oe eee ODN 


Such a function is called an even function. 


coe 


v6 


lr Bjecah Zx z 4-6 amd Ex 
= C cook (Ex x ~) 


\ 
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In the v-series, a change of the sign of x reverses the sign 
of v, as seen from (93): 


v(—cx) = —v(+cr). eine se (96) 


Such a function is called an odd function. 
It can be shown that 


u(cx) =cos a and (cv) = In c£5 os ae ee 


hence, 
y=A cos cx +B sin cz, oe 3 a: ee ee 


where A and B are the integration constants, which are to be 
determined by the terminal conditions of the physicai problem. 
Therefcre, the solution of the differential equation 


d?y 


Ae OS ae 


hag two different forms, an exponential and a trigonometric. 
If a is positive, 


ad’ 
sg ty, = OO) 
y= Act 4Be—, , we 1) 
If a is negative, 
dy 
ia c2y, (102) 
y= A cos ‘ce+B sin ev.» ss. . C108) 


In the latter case, the solution (101) would appear as ex- 
ponential function with i imaginary exponents; 


; : - 90 
y= Aerie + Beste s fee be cove ( 104) 


As (104) obviously must be the same function as (103), 
follows that exponential functions with imaginary exponents 
must be expressible by trigonometric functions. 
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59. The exponential functions and the trigonometric func- 
tions, according to the preceding discussion, are expressed by 
the infinite series, 


an 


ge yt 75 ve 


‘a S25 
(4) a on 2 TTB +atpt 
C2 «78 va 
cos RE Oe ea ee x See FLOS) 
3 ih 8 PaO Sa a | 
sin x 218 35 7 aime 


4 yt oy ut 8 
hte? Sue ar oa See 


u2 ut us ¥ : u3 atte Aen / 
=(1-3 Pa )+ilue sto) 
However, the first part of this series is cos u, the latter part 
Jsin u, by (105); that is, 
=cos +7 sin... .-<<"').. (106) 
Substituting —wu for +u gives, 
ei — cok u—jsin wu. Sieg ee (107) 


. Combining (106) and (107) gives, . 


etiut o-iu it 
COS U= dt ike 
and ocak ek Sue LOS) 
Rant eau 
; sin u= are 
107) 
Substituting in (106) , Jv. for u, gives, 
é>"’=cos jv-+] sin jv, ‘ 
and, J ea ar Ce) 
et¥=cos jv—7 sin jv, 
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Adding and subtracting gives respectively, 


Pe hie ee! 
C08 joy, 
and on eee 
: ; EU = etv 
sin jv= oie 


By these equations, (106) to (110), exponential functions 
with imaginary exponents can be transformed into trigono- 
metric functions with real angles, and exponential functions 
with real exponents into trignometric functions with imaginary 
angles, and inversely. 

Mathematically, the trigonometric functions thus do not 
constitute a separate class of functions, but may be considered 
as exponential functions with imaginary angles, and it can be 
said broadly that the solution of the above differential equa- 
tions is given by the exponential function, but that in this 
function the exponent may be real, or may be imaginary, and 
in the latter case, the expression is put into real form by intro- 
ducing the trigonometric functions. 


EXAMPLE 1. 


60. A condenser (as an underground high-potential cable) 
of 20 mf. capacity, and of a voltage of e9 = 10,000, discharges 
through an inductance of 50 mh. and of negligible resistance, 
What is the equation of the discharge current? 

The current consumed by a condenser of capacity C and 
potential difference e is proportional to the rate of change 
of the potential difference, and to the capacity; hence, it is 


de 


C ane and the current from the condenser; or its discharge 


current, is 
ter Oa. .) 2 4G oe a eee 


The voltage consumed by an inductance L is proportional 
to the rate of change of the current in the tC ane and to the 
inductance; hence, 


die ah aes 
e=Ls, Se 
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} 


Differentiating (112) gives, 
de Pry 
di “a? 
and substituting this into (111) gives, 
2, 27 


= oO, Fa=—Gpb (118) 
as the differential equation of the problem. 
This equation (113) is the same as (102), for Gar, thus 
is solved by the expression, 
; ~ 
=A ==+Bs 114 
eT LC TG aD aC Te uy 


and the potential difference at the condenser or at the inductance 
is, by substituting (114) into a 


L Yd 
=aln ibe —Asi : 
‘ Na 2 EE Tt ee “ae ae 


These equations (114) and (115) still contain two unknown 
constants, A and B, which have to be determined by the terminal 
conditions, that is, by the known conditions of current and 
voltage at some particular time. . 

At the moment of starting the discharge; or, at the time 
t=O, the current is zero, and the voltage is that to which the 
condenser is charged, that is, 7=0, an] e=eo. 

Substituting these values in equations (114) and (115) 
gives, 


hence 


Beal”, 


and, substituting for A and B the values in (114) and (115), 
gives 


and (116) 
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Substituting the numerical values, e, =10,000 volts, C=20 
mf.=20 X10-® farads, L=50 mh. =0.05h. gives, 


ff -0.02 and VCL=10-3; 


1=200 sin 1000 t and e=10,000 cos 1000 t. 


hence, 


61. The discharge thus is alternating. In reality, due to 
the unavoidable resistance in the discharge path, the alterna- 
tions gradually die out, that is, the discharge is oscillating. 

The time of one complete period is given by, 


2x 
On. Rigen er tee 
1000t 4m, OF, to 1000" 
Hence the frenquency, 
1 1000 
f= Paes at ay 159 cycles per second. 


As the circuit in addition to the inductance necessarily 
contains resistance 7, besides the voltage consumed by the 
inductance by equation (112), voltage is consumed by the 
resistance, thus 
=P, wm Re ae 


and the total voltage consumed by resistance r and inductance 
L, thus is 


ee ale 
e=nit hs . ual 
Differentiating (118) gives, 
de a. ,d% 
di ait ae tical, Gerea tee pee (119) 
and, substituting this into equation (111), gives, 
di 
i+Crs +L =0 oe ee 


as the differential equation ; the problem. 


- This differential equation is of the more general form, (30), 
62. The more general differential equation (30). 


d? d 
Oe Dee y 


dat + de +aytbo=0,. 5. 2 eee) 


POTENTIAL SERIES AND EXPONENTIAL FUNCTION. 87 


can, by substituting, 


b 
UIA I ei ea a (122) 
which gives | 
Gye ay 
de de 


be transformed into the somewhat simpler form, 


2, 
Ta t20% +a2=0. ee etn AOS) 

It may also be solved by the method of indeterminate 
coefficients, by substituting for z an infinite series of powers of 
x, and determining thereby the coefficients of the series. 

As, however, the simpler forms of this equation were solved 
by exponential functions, the applicability of the exponential 
functions to this equation (123) may be directly tried, by the 
method of indeterminate coefficients. That is, assume as solu- 
tion an exponential function, 


Aas 4 ae eee. (JOA) 


where A and 6b are unknown constants. Substituting (124) 
into (123), if such values of A and b can be found, which make 
the substitution product an identity, (124) is a solution of 
the differential equation (123). 

From (124) it follows that, 


dz f oo dz ae a 
Wp Oe ; and qe Ae iS ceca . (125) 
and substituting (124) and (125) into (123), gives, 


Ae**{b2+2ch+a}=0. vw. . . (126) 

As seen, this equation is satisfied for every value of x, that 
is, it is an identity, if the parenthesis is zero, thus, 

GeeocOnie 0, 0c ha * eee aed) 


| and the value of b, calculated by the quadratic equation (127), 
thus makes (124) a solution of (123), and leaves A still undeter- 
mined, as integration constant. 
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From (127), 
b=—ct+Vc2—4; 
or, substituting, 
s/f Gp, oe ae 
ji7 
into. (428), the equation becomes, 
be ep ee 


Hence, two values of b exist, 
b= ~et+pY and = bo= —c—p,Y 
and, therefore, the differential equation, 


ad sy dz 
dae | “dr 


is solved by Ae”*; or, by Ac’, or, by any combination of 
these two solutions. The most general solution is, 


2=A,e* + Age: 


+ar=0; = aceke (eee 


that is, i 
y= yet Ps Agee? ! 

i fe Ose 

eee 


I 
ang 1 Aye? Pt + Age Re} ~<, | 


As roots of a quadratic equation, b; and bz may both be 
real quantities, or may be complex imaginary, and in the 
latter case, the solution (131) appears in imaginary form, and 
has to be reduced or modified for use, so as to eliminate the 
imaginary appearance, by the relations (106) and (107). 


EXAMPLE 2. 


63. Assume, in the example in paragraph 60, the discharge 
circuit of the condenser of C=20 mf. capacity, to contain, 
besides the inductance, L=0.05 h, the resistance, r=125 ohms. 

The general equation of the problem, (120), dividing by 
C L, becomes, 

a acs OA De Mag) 


eo en dtr See ae (132) 
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This is the equation (123), for: 
| ee 
If p=Vc?—a, then 
; (zy if 
=i(s7) —az 
ald ages a eS abo 
and, writing 


opt Ana eet 


= § 
ESOT; 
and since 
1 iB; 
— =10 and >=2500; | 
2L C ; (136) 
s=75 and p=750. | 
The equation of the current from (131) then is, 
: =i ee 
t=Aye 2h + Aye 2 
(137) 


aoe Cate ase 
=e 2 Aje 2L + Age Se 


This equation still contains two unknown quantities, the inte- 
gration constants A, and A», which are determined by the 
terminal condition: The values of current and of voltage at the 
beginning of the discharge, or t=0. 

This requires the determination of the equation of the 
voltage at the condenser terminals. This obviously is the voltage 
consumed by resistance and inductance, and is expressed by 
equation (118), 


Ra) 
e=ritLe, . ae ee ee ee Eh 
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Yor : : di , 
hence, substituting herein the value of i and —, from equation 


dt’ 
(137), gives 


7% rts {f r—s wre. <p eg «ee 
e=r;, Aye 2% +Ane 2% } 4D} —-~—Aye W— Age 2 
1 Spel | { 5) 1 OL? | 


Wy Sele 8 ee 
=—Ajeé 2L + ee 2L 


——t 


Sellad recat ec 2 I srs, nee (138) 


and, substituting the numerical values (133) and (136) into 
equations (137) and (138), gives 


i= Ay e7 500 4 4g 20008 | 


and, .(139) 


€= 100A e753 425A pe 2000 | 


At the moment of the beginning of the discharge, t=0, 
the current is zero and the voltage is 10,000; that is, 


t=0; 2=0; e=10,000. . . . . .(140) 
Substituting (140) into (139) gives, 


0=A;,+Az2, 10,000=100A;+25A9; 
hence, 
Az,=—A;; A1=133.38; A2z2=—133.3. . . (141) 


Therefore, the current and voltage are, 


£=133.3{ ¢ ~ 5008 ¢— 20008) 
6=13 3330-8" — Sanger (142) 


The reader is advised to calculate and plot the numerical 
values of 7 and e, and of their two components, for, 


t=0, 0.2, 0.4, 0.6, 1, 1.2, 1.5, 2, 2.5, 3, 4, 5, 6X10-3 sec. 
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64. Assuming, however, that the resistance of the discharge 
circuit is only r=80 ohms (instead of 125 ohms, as assumed 
above) : 


aL 
uate] in equation (134) then becomes —3600, and there- 


fore: 
S= / — 3600 = 60\/— 1 = 60), 
and 
Ya 5, ~ 001. 
The equation of the current (137) thus appears in imaginary 


form, 
i= 7 8004 A e+ 600i 4 Ane-600) == (4.4) 


The same is also true of the equation of voltage. 

As it is obvious, however, physically, that a real current 
must be coexistent with a real e.m.f., it follows that this 
imaginary form of the expression of current and voltage is only 
apparent, and that in reality, by substituting for the exponential 
functions with imaginary exponents their trigononetric expres- 
sions, the imaginary terms must eliminate, and the equation 
(143) appear in real form. 

According to equations (106) and (107), 


e+ 6001 — eos 600+] sin 600; 


’ (144) 
e— 6001 — cos 600t—7 sin 600F. 
Substituting (144) into (143) gives, 
1 = ¢— 8004! B, cos 600+ Be sin 600t}, . . (145) 


where B, and Be are combinations of the previous integration 
constants A; and A, thus, 


B,=A, +Ao, and Bo=](A1—Ag). 3 é (146) 
By substituting the numerical values, the condenser e.m.f., 
given by equation (138), then becomes, 
e= ¢~ 8004 (40 + 307) Ai(cos 600¢ +7 sin 6002) 
+ (40—307)A2(cos 600t—7 sin 6002) } 
= ¢~ 800} (40B, +30Bz2)cos 600¢ + (40B2—30B;) sin 600t}. (147) 
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Since for t=0, 7=0 and e=10,000 volts (140), substituting 
into (145) and (147), 


0=B, and 10,000 =40 B, +30 Bo. 
Therefore, Bj =0 and B2.=333 and, by (145) and (147), 


4 =333e~ 80 sin 600 t: 
os (4 
e=10,000<-89 (cos 600 ¢+1.33 sin 6001).| 


As seen, in this case the current 7 is larger, and current 
and e.m.f. are the product of an exponential term (gradually 
decreasing value) and a trigonometric term (alternating value); 
that is, they consist of successive alternations of gradually 
decreasing amplitude. Such functions are called oscillating 
functions. Practically all disturbances in electric circuits 
consist of such oscillating currents and voltages. 


600t =2z7 gives, as the time of one complete period, 


27 
T = 700 0.0105 sec.; 
and the frequency is 


1 
[a7 = 95.3 cycles per sec. 


In this particular case, as the resistance is relatively high, 
the oscillations die out rather rapidly. 

The reader is advised to calculate and plot the numerical 
values of 7 and e, and of their exponential terms, for every 30 

Pied eed 
, 12? 2 42 3 12? € 
periods, and also to derive the equations, and calculate and plot 
the numerical values, for the same capacity, C=20 mf., and 
same inductance, L=0.05h, but for the much lower resistance, 
r=20 ohms. 

65. Tables of «t* and ¢~*, for 5 decimals, and tables of 
log e+* and log e~*, for 6 decimals, are given at the end of 
the book, and also a table of «~* for 3 decimals. For most 
engineering purposes the latter is sufficient; where a higher 
accuracy is required, the 5 decimal table may be used, and for 


degrees, that is, for t=0 te., for the first two 


EE 
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~ highest accuracy interpolation by the logarithmic table may be 
employed. For instance, 


e— 13.6847 _ ? 


From the logarithmic table, 


Tog e205 <= 5.657055; 
log e~3 —- =8,697117, 
log 0S =9.739423. 
log «~ 9-98 =9,965256, 
log ¢—°.0047 — 9.997959, 


| interpolated, 
| between log e 0.004 9998263, 
added. | and log e~°°® == = 9.997829), 


log e— 13-6847 — 4.056810 =0.056810 —6. 
From common logarithmic tables, 


po ot = It O76 X10." 


Norse. In mathematics, for the base of the natural loga- 
rithms, 2.718282 ..., is usually chosen the symbol e. Since, 
however, in engineering the symbol e is universally used to 
represent voltage, for the base of natural logarithms has been 
chosen the symbol «, as the Greek letter corresponding to e, 
and ¢« is generally used in electrical engineering calculations in 
this meaning. 


CHAPTER III. 
TRIGONOMETRIC SERIES. 
A. TRIGONOMETRIC FUNCTIONS. 


66. For the engineer, and especially the electrical engineer, 
a perfect familiarity with the trigonometric functions and 
trigonometric formulas is almost as essential as familiarity with 
the multiplication table. To use trigonometric methods 
efficiently, it is not sufficient to understand trigonometric 
formulas enough to be able to look them up when required, 
but they must be learned by heart, and in both directions; that 
is, an expression similar to the left side of a trigonometric for- 
mula must immediately recall the right side, and an expression 
similar to the right side must immediately recall the left side 
of the formula. 

Trigonometric functions are defined on the circle, and on 
the right triangle. 

Let in the circle, Fig. 28, the direction to the right and 
upward be considered as positive, to the left and downward as 
negative, and the angle a be counted from the positive hori- 
zontal OA, counterclockwise as positive, clockwise as negative. 

The projector s of the angle a, divided by the radius, is 
called sin a; the projection c of the angle a, divided by the 
radius, is called cos a. 

The intercept t on the vertical tangent at the origin A, 
divided by the radius, is called tan a; the intercept ct on the 
horizontal tangent at B, or 90 deg., behind A, divided by the 
radius, is called cot a. 

Thus, in Fig. 28, f 


: $ e 
sina=-; cosa=-; 
Te bak 

uh { ot | le ea eee aaa (1) 
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In the right triangle, Fig. 29, with the angles a and 8, 
opposite respectively to the cathetes a and b, and with the 
hypotenuse c, the trigonometric functions are: 

i “f 


sina=cosf=—; cosa=sin ea 


{ 
4a bY 


tan a=cot oer cot a=tan bugis 


(2) 


By the right triangle, only functions of angles up to 90 deg., 
or = can be defined, while by the circle the trigonometric 


functions of any angle are given. Both representations thus 
must be so familiar to the engineer that he can see the trigo- 


Fig. 28. Circular Trigonometric Fig. 29. Triangular Trigono- 
Functions. metric Functions. 


nometric functions and their variations with a change of the 
-angle, and in most cases their numerical values, from the 
mental picture of the diagram. 

67. Signs of Functions. In the first quadrant, Fig. 28, all 
trigonometric functions are positive. 

In the second quadrant, Fig. 30, the sin a is still positive, 
as s is in the upward direction, but cos @ is negative, since c 
is toward the left, and tana and cot a also are negative, as ¢ 
is downward, and ct toward the left. 

In the third quadrant, Fig. 31, sina and cosa are both 
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negative: s being downward, c toward the left; but tan a and 
cot a are again positive, as seen from ¢ and ct in Fig. 31. 


Fra. 30. Second Quadrant. 


Fig. 31. Third Quadrant. 


In the fourth quadrant, Fig. 32, sin a is negative, as s is 
downward, but cos @ is again positive, as c is toward the right; 


Fig. 32. Fourth Quadrant. 


tan a and cot @ are both 
negative, as seen from ¢ and 
chin Pigsa2: 

In the fifth quadrant all 
the trigonometric functions 
again have the same values 
as in the first quadrant, Fig. 
28, that is, 360 deg., or 2z, 
or a multiple thereof, can be 
added to, or subtracted from 
the angle a, without changing 
the trigonometric functions, 
but these functions repeat 
after every 360 deg., or 27; 


that is, have 2z or 360 deg. as their period: 


— 


SIGNS OF FUNCTIONS 


Function, Positive. Negative. } 
sin a Ist and 2d¥| 3d and 4th Guadrange! (2) 
cos a 1st and 4thy] 2d and 3d Cre 
tan a Ist and 3dV| 2d and 4th ot | 
cot a Ist and 8dy| 2d and 4th sae | 
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68. Relations between sin a and cos wv. Between sin a and - 
cos a the relation, 
: 4 

Sin ae COgena ener ae ori be f S AA) 
exists; hence, 

: Se 4 
sin a= V1—cos? a; 
: (4a) 
cosa =V1—sin2a, | ¢ 


Equation (4) is one of those which is frequently used in 
both directions. For instance, 1 may be substituted for the 
sum of the squares of sin a and cosa, while in other cases 
sin? a +cos? a may be sus for 1. For instance, 


+1=tan?a+1. of 


iT sin? aw + cos? aw = a 
cos? a cos? a ~ \eos a/ 


Relations between Sines and Tangents. 


sin a 
fas cos w’ 
Teo) 
COS a 
cot a=— 4 
sin a 
hence 
ney 
tele = tan a , 
, ‘ (5a) 
tan a= a | 
cot a 


As tan a and cot a are far less convenient for trigonometric 
calculations than sin a and cosa, and therefore are less fre- 
quently applied in trigonometric calculations, it is not neces- 
sary to memorize the trigonometric formulas pertaining to 
tan aw and cot a, but where these functions occur, sin @ and 
and cos a are substituted for them by equations (5), and the 
calculations carried out with the latter functions, and tan a 
or cot a resubstituted in the final result, if the latter contains 
sin a 


, or its reciprocal. 
COS @ 


In electrical engineering tan a or cot a frequently appears 
as the starting-point of calculation of the phase of alternating 
currents. For instance, if a is the phase angle of a vector 


(. 
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quantity, tan a is given as the ratio of the vertical component 
over the horizontal component, or of the reactive component 
over the power component. 

In this case, if 


tan a=s, 
; a | b { 
=———., d =————;* ._ (5b 
sin a Uerer an COS a VE (5b) 
or, if 
cot a=5, 
dat lil 


sin a= and cosa= 


———————— ———— ee 5e 
Ve+d Ve+d (62) 

The secant functions, and. versed sine functions are so 
little used in engineering, that they are of interest only as 


curiosities. They are defined by the following equations: 


v 


) 


sec a= 
COS @ 


ww 
sin a’ 


>xsin vers la=1-sin a, 


cos versa =1—cos a. 


cosec a= 


69. Negative Angles. From the circle diagram of the 
trigonometric functions follows, as shown in Fig. 33, that when 
changing from a positive angle, that is, counterclockwise 
rotation, to a negative angle, that is, clockwise rotation, s, t, 
and ct reverse their direction, but c remains the same; that is, 


sin (—@)=—sin a,% 

cos (—a)= +cos a, 6) 
tan (— a) = —tan a,“ 

cot (—a)=—cot a,” 


cos a thus is an “even function,” while the three others are 
‘odd functions.” 
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Supplementary Angles. From the circle diagram of the 
trigonometric functions follows, as shown in Fig. 34, that by 
changing from an angle to its supplementary angle, s remains 
in the same direction, but c, t, and ct reverse their direction, 
and all four quantities retain the same numerical values, thus, 


sin (t—a)= +sin a 


cos (t— a) = —cos “! (7) 
tan (x— a) = —tan a} 
cot (x—a) = —cot a! 


Fig. 33. Functions of Negative Fig. 34. Functions of Supplementary 
Angles. Angles. 


Complementary Angles. Changing from an angle a to its 


tT ° 
complementary angle 90°—a, or 5, as seen from Fig. 35, 
the signs remain the same, but s and c, and also ¢ and ct exchange 
their numerical values, thus, 


‘ a v 
sin( 5 —@) =cos a, 


(8) 
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70. Angle (w+z). Adding, or subtracting z to an angle a, 
gives the same numerical values of the trigonometric functions 


Fic. 35. Functions of Complemen- Fic. 36. Functions of Angles Plus 
tary Angles. or Minus =z. 


as a, as seen in Fig. 36, but the direction of s and c is reversed, 
while ¢ and ct remain in the same direction, thus, 
sin (a +z) =—sin af) 
=— f 
cos (a +7) cos af] 9) 
tan (az) = +tan ay | 


cot (a+z) = +cot a.” 


Fic. 37. Functions of Angles+ om Fig. 38. Functions of Angles Minus x 


Angle( « £5). Adding * or 90 deg. to an angle a, inter- 


changes the functions, s and c, and ¢ and ct, and also reverses. 


PMC coLLEcEs 


LIBRARY | 
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the direction of the cosiné, tangent, and cotangent, but leaves 
the sine in the same direction, since the sine is positive in the 
second quadrant, as seen in Fig. 37. 


Subtracting = or 90 deg. from angle a, interchanges the 


functions, s and c, and ¢ and ct, and also reverses the direction, 
except that of the cosine, which remains in the same direction; 
that is, of the same sign, as the cosine is positive in the first 
and fourth quadrant, as seen in Fig. 38. Therefore, 


Numerical Values. 


AineeeOo— 0% locos) 02 
sin 30°=4 Y | cos 30°= “/ 
sin 45°=4V 24 cos 45°= 
sin 60°=4Y34 cos 60°= 
sin 90°=1 ¢ cos 90°= 
sin 120°=31/ 34 cos 120°= 
ete. ete. 


( 
Sel COST, 
Yd Aes 
So | all @, 
71 
a = —cot a, 
T 
ay =—tan Qa, 
% 
5 | = —C0s a 
2, 
te : 
Ps ee, 
% J 
5) =—eot Qa, 
= 4 
—)=—tana 
he 


(10) 


(11) 


From the circle diagram, Fig. 28, etc., 
follows the numerical values: 


0° = 0 wv 
tahe-4o-— 10 = 
tan: -902— 05) > 


tan 135°= —1- 


tan 


etc. 


0°=~a * 


J 


cot 
cot 45°=1 

cot 90°=0 * 
cot 135°= —1 


etc. 


(12) 
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71. Relations between Two Angles. The following relations 
are developed in text-books of trigonometry : 
@ sin (a+) =sin a cos #+cos a sin f, 
sin («—£)=sin a cos B—cos a sin f, 
6 (a—8) b-— : , B 13) 
< cos (a+f)=cosa cos f—sin a sin Bf, 


4 cos (a—£)=cosa cos #+sin a sin 8B, 


Herefrom follows, by combining these equations (13) in 
pairs: 
add ex of cos a cos §=4{cos (a+) +cos (a—f£)}} 
WWbs Pace Ae © sin a sin B=4{c08 (a—P)—cos (a +8}); (14) 
adit are sin a cos =4{sin (a +f) +sin (a—£)}, 


Sutfone’ av cos a sin8=4{sin (a+8)—sin (a—f)}. 


By substituting a1 for (a+), and #; for (a—8) in these 
equations (14), gives the equations, 


: : : wig = 
sin a;+sin $)= nee cos — a 
ay— Bi Nee pel. + fi, 


ena _ (15) 
arth; a1— fi, es 


COS a1+Cos §1= 2Cos 3 C08 —5 


ait+f, . a1—f1, 
3 sin —5 


sin aj—sin §i= 2sin 


cos ai1—cos $1 = —2 sin 


These three sets of equations are the most important trigo- 
nometric formulas. Their memorizing can be facilitated by 
noting that cosine functions lead to products of equal func- 
tions, sine functions to products of unequal functions, and 
inversely, products of equal functions resolve into cosine, 
products of unequal functions into sine functions. Also cosine 
functions show a reversal of the sign, thus: the cosine of a 
sum is given by a difference of products, the cosine of a differ- 
ence by a sum, for the reason that with increasing angle 
the cosine function decreases, and the cosine of a sum of angles 
thus would be less than the cosine of the single angle. 
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Double Angles. From (13) follows, by substituting a for ~: 


sin 2a=2 sin a cos @, me 
cos 2a =cos? a—sin? a, | ~ 
. (16) 
=2 cos? a—1, ron 
=1—2sin? a. ee 
Herefrom follow 
3 "A 
; 1-— 1 2 
sin? @ ~ EE and cos? « = . (16a) 
72. Differentiation. 
oe JS 
ee (sin a) = +cos a, 
(17) 


es ( COs a) = —sina. 


The sign of the latter differential is negative, as with an / 
increase of angle a, the cos a decreases. 


Integration. 
fain ada=—cosa, / 
(18) 
f 0s ada=+sina. |” 
Herefrom follow the definite integrals: 
CHle 
{ sin (a +6@)da—0%) 
fe ur (18a) 
c+2r J 
f cos (a+a)da=0; 
ctx 2 
if sin (a+a)da=2 cos (ec +a); 
(18d) 


c 


c+z 
{ cos (a+a)da=—2 sin (c+a); 
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+5 | 
f sin ada=0; | 
-= Weeene wea Gato 2) 
{cos ada=0; 
0 J 
= ] 


2 
i snada= +1; 
0 


T 


oy 
iE cosada= +1. 
0 


73. Binomial. One of the most frequent trigonometric 
operations in electrical engineering is the transformation of the 
binomial, a cos a+b sin a, into a single trigonometric function, 
by the substitution, a=c cos p and b=csin p; hence, @ @ 


(18d) 


acos a+b sin a=c cos (a— p), a (19) 

where 
bit i a 

c=Va?+b? Vand tan p="; 2 or 
or, by the transformation, a=c sin g and b=c cos q, 

acos a+b sin a=csin (a@+4q), ae ees 
where 

/ a 
c=Va?+b? and tan q=5". Re a 7 


74. Polyphase Relations. 


n 


i“ Qmin 
>: cos { a pO =0, 


1 


et23) 


n 


¥en 2Qmin 
>: sin (e+as )-o, | 
n 


1 


where m and n are integer numbers. 
Proof. The points on the circle which defines the trigo- 
nometric function, by Fig. 28, of the angles (a+a4>™"), 
n 
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are corners of a regular polygon, inscribed in the circle and 
therefore having the center of the circle as center of gravity. 
For instance, for n=7, m=2, they are shown as Pi, Ps, ... Pz, 
in Fig. 39. The cosines of these angles are the projections on 
the vertical, the sines, the projections on the horizontal diameter, 
and as the sum of the projections of the corners of any polygon, 


Fic. 39. Polyphase Relations. Fic. 40. Triangle. 


on any line going through its center of gravity, is zero, both 
sums of equation (23) are zero. 


n 


2Qmax 2miz\ n 
>: cos (a+a+t 7) C08 (@ +b+ 7) 9 08 (a--t), 


BT 


n 


: on ; 
>i sin (« +a+t = sin (a+b ms) =F cos (a—b), }(24) 


n n 
1 


n 


oie 2min\ 3 2min\ 1. at 
>i sin at+a+t a cos {a+o+ fs =5 sin a ; 


1 


These equations are proven by substituting for the products 
the single functions by equations (14), and substituting them 
in equations (28). 

75. Triangle. If in a triangle a, 8, and 7 are the angles, 
opposite respectively to the sides a, 6, c, Fig. 40, then, 


sin a+sin §+sin y=a+b~+e, Bee mata. 5) 
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al aN 


cos y=— : 
Zab ETS IT 


or 
c? =a? +b?—2ab cos +. 


_ab sin 7 ] 
. Sa 


c? sin aw sin B 
2 sin 7 


Area 
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76. Engineering phenomena usually are either constant, 
transient, or periodic. Constant, for instance, is the terminal 
voltage of a storage-battery and the current taken from it 
through a constant resistance. Transient phenomena occur 
during a change in the condition of an electric circuit, as a 
change of load; or, disturbances entering the circuit from the 
outside or originating in it, etc. Periodic phenomena are the 
- alternating currents and voltages, pulsating currents as those 
produced by rectifiers, the distribution of the magnetic flux 
in the air-gap of a machine, or the distribution of voltage 
around the commutator of the direct-current machine, the 
motion of the piston in the steam-engine cylinder, the variation 
of the mean daily temperature with the seasons of the year, etc. 

The characteristic of a periodic function, y=f(x), is, that 
at constant intervals of the independent variable z, called 
cycles or periods, the same values of the dependent variable y 
occur. 

Most periodic functions of engineering are functions of time 
or of space, and as such have the characteristic of univalence; 
that is, to any value of the independent variable zx can corre- 
spond only one value of the dependent variable y. In other 
words, at any given time and given point of space, any physical 
phenomenon can have one numerical value only, and therefore 
must be represented by a univalent function of time and space. 

Any univalent periodic function, 


y=f (x), Mar MOUs te | 
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can be expressed by an infinite trigonometric series, or Fourier 
series, of the form, 


Y= do + 1 COS CX + G2 Cos 2cr+a3 cos 8cr+.... 
+busin co bs-sin 2er4-bg.sin Ser+. 5.3. ss. (2) 


or, substituting for convenience, cx=0, this gives 


Y=a0 + a; cos 8+ a2 cos 26+4a3 cos 30+... 
+b; sin 6+b2 sin 26+63 sin 30+... ; Cz Sree. abientes)) 


or, combining the sine and cosine functions by the binomial 
(par. 73), 


ie / 
y=ao +¢1 cos (8— 81) +¢2 cos (20— 2) +¢3 cos (30—8Bs) +... 4 i 
=do +¢1 sin (8+71) +c2 sin (20+ 72) +¢3 sin (30+73)+.4)’ (4) 


_ where ve 
Cn = V On? + On; 
Dn 
RD Por gest io lis cots A a OR 
or tan pap 


The proof hereof is given by showing that the coefficients 
a, and b,, of the series (3) can be determined from the numerical 
values of the periodic function (1), thus, 


MetA(S vat Olinda in us NG) 


Since, however, the trigonometric function, and therefore 
also the series of trigonometric functions (8) is univalent, it 
follows that the periodic: function (6), y=fo(@), must be uni- 
valent, to be represented by a trigonometric series. | 

77. The most important periodic functions in electrical 
engineering are the alternating currents and e.m.fs. Usually 
they are, in first approximation, represented by a single trigo- 
nometric function, as: 

1=1 cos (0—w); 
or, 
e=eo sin (0—0); 


that is, they are assumed as sine waves. 
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Theoretically, obviously this condition can never be perfectly 
attained, and frequently the deviation from sine shape is suffi- 
cient to require practical consideration, especially in those cases, 
where the electric circuit contains electrostatic capacity, as is 
for instance, the case with long-distance transmission lines, 
underground cable systems, high potential transformers, etc. 

However, no matter how much the alternating or other 
periodic wave differs from simple sine shape—that is, however 
much the wave is “ distorted,” it can always be represented 
by the trigonometric series (3). 

As illustration the following applications of the trigo- 
nometric series to engineering problems may be considered: 

(A) The determination of the equation of the periodic 
function; that is, the evolution of the constants a, and b,, of 
the trigonometric series, if the numerical values of the periodic 
function are given. Thus, for instance, the wave of an 
alternator may be taken by oscillograph or wave-meter, and 
by measuring from the oscillograph, the numerical values of 
the periodic function are derived for every 10 degrees, or every 
5 degrees, or every degree, depending on the accuracy required. 
The problem then is, from the numerical values of the wave, 
to determine its equation. While the oscillograph shows the 
shape of the wave, it obviously is not possible therefrom to 
calculate other quantities, as from the voltage the current 
under given circuit conditions, if the wave shape is not first 
represented by a mathematical expression. It therefore is of 
importance in engineering to translate the picture or the table 
of numerical values of a periodic function into a mathematical 
expression thereof. 

(B) If one of the engineering quantities, as the e.m.f. of 
an alternator or the magnetic flux in the air-gap of an electric 
machine, is given as a general periodic function in the form 
of a trigonometric series, to determine therefrom other engineer- 
ing quantities, as the current, the generated e.m.f., ete. 

A. Evaluation of the Constants of the Trigonometric Series from 
the Instantaneous Values of the Periodic Function. 

78. Assuming that the numerical values of a univalent 
periodic function y=fo(@) are given; that is, for every value 
of 6, the corresponding value of y is known, either by graphical 
representation, Fig. 41; or, in tabulated form, Table I, but 
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the equation of the periodic function is not known. It can be 
represented in the form, 


Y =o +a, COS 8+ de cos 20 +43 cos 86-+...+dncosné+... 


+b sin 6+be sin 20+bs sin 304...+b, sinn@+..., (7) 
and the problem now is, to determine the coefficients ao, a, 
yWag-b9.. 5. 
y 
o 2n 
6 do 


Fig. 41. Periodic Functions. 
TABLE. I. 


Integrate the equation (7) between the limits 0 and 27: 


2n 22 2x Qn 
ae yd0—a0 { a-+a {vos aa0+02 cos 26d0+... 
0 0 0 0 


Qqx 27 
anf cos ndao+...+bif sin 0d0+ 
0 0 


Qn Qn 
tof sin 2040+. . bby { sin n6d0+... 
0 0 


= ; fee sin 26 /? 
=A / 0 +a, /sin 0/ +a 
of) ; [+02/—/ 
; Qn / Qn 
+a, [SAP / +...—b; [0080 / 
LEO 
Qn 
= wel aa [am / au 
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All the integrals containing trigonometric functions vanish, 


as the trigonometric function has the same value at the upper 
limit 2z as at the lower limit 0, that is, 


Q /2=- I 
je, = —(cos 2na—cos 0) =0; 
EO 


sin n@ /2* 1. . 
pee? =— (sin 2nz—sin 0) =0, J 


and the result is 


Qn 2 
ii yd0= a9 / 6) =2200;/ 
0 /0 


1 22 


T/J0 


hence 


yd@ is an element of the area of the curve y, Fig. 41, and 
2a 
yd@ thus is the area of the periodic function y, for one 


0 
period; that is, 
ao me AG oa at Gen ea (9) 


where A =area of the periodic function y=fo(@), for one period; 
that is, from 06=0 to 0=2z. 


2x is the horizontal width of this area A, and : thus is 


the area divided by the width of it; that is, it is the average 
height of the area A of the periodic function y; or, in other 
words, it is the average value of y. Therefore, 


do =avg: (yo. w+. pe ee 


The first coefficient, ao, thus, is the average value of the 
instantaneous values of the periodic function y, between 0=0 
and @=2z. 

Therefore, averaging the values of y in Table I, gives the 
first constant do. 

79. To determine the coefficient a,, multiply equation (7) 
by cos n0, and then integrate from 0 to 2z, for the purpose of 
making the trigonometric functions vanish. This gives 
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2x 22 Qn 
f y COs nbdd=a0f cos n0dd taf cos n@ cos 6dé+ 
0 3 0 


Qn 2r 
taf cos n@ cos 20d0+.. anf cos? nOdA +... 
0 


0 


Qn Qn 
+hif cos nO sin 0d0 bof cos nésin 26d0 +... 
0 0 


+5," cos n# sin nédé+... ve 
0 


Hence, by the trigonometric equations of the preceding 
section : 


(°yeos nda f ~ co noida, { Sfeos(n+1)0-beos(n—1ldd : 
+0, "Ife (n+2)0+cos (n—2)60]d0+..¥ 
1a, 3h 1G ccha on dee. .: 
+by i “yfsin (n+1)6—sin (n—1)6]08 
+b, { ~'Yfsin (n-+2)0—sin (n—2)6]d0 +... 
+b} sin 2n0d0+... 


All these integrals of trigonometric functions give trigo- 
nometric functions, and therefore vanish between the limits 0 
and 2z, and there only remains the first term of the integral 
multiplied with a,, which does not contain a trigonometric 
function, and thus remains finite: 


2x1 0 22 ve 
anf 7d0=a0(5). =n, 


and therefore, ; 
26 
4h y cos NOdO = Anz; ¥ 
0 


hence 


it 2n { 
On =— } TAGS els kA a ee ae a 8 


se 
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If the instantaneous values of y are multiplied with cos 70, 
and the product y, =y cos n@ plotted as a curve, y cos nOdé is 
an element of the area of this curve, shown for n=3 in Fig. 42, 


2n 
and thus ii y cos n@d0 is the area of this curve; that is, 
0 


Get A) 6 ee 
7 


Fig. 42. Curve of y cos 30. 


where A, is the area of the curve y cos n0, between 0=0 and 
0=2n. 


: : : Ags : 
As 2z is the width of this area A,, 3, 18 the average height 
; a8 (6:2 I 
of this area; that is, is the average value of y cos n0, and ~An 
thus is twice the average value of y cos n0; that is, 


An =2 avg. (y cos nO)o™. S| 


Via. 43. Curve of y sin 30. 


The coefficient a, of cos ”@ is derived by multiplying all 
the instantaneous values of y by cos n@, and taking twice the 
average of the instantaneous values of this product y cos né. 
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80. 6, is determined in the analogous manner by multiply- 


ing y by sin 7 and integrating from 0 to 2z; by the area of the 
curve y sin nd, shown in Fig. 43, for n=3, 


2x 2z 2x 5; 
ib y sin n6dé = cof sin n6d0 tof sin 76 cos 0d6 
0 0 0 


2n 2 
+02 sin n@ cos 26d04... +a, sin n@ cos nOd6+... 
0 0 
? 27 ‘Qn ‘ 
+f sin 76 sin oa +-bo { sin n@ sin 20d0+.., 
0 0 


+b, sin? n0d6+... 


anf ~Ysin 2000-4... 
0 
2a 
+h’ 4{cos (n— 1)0—cos (n+1)6]d0 
0 
+a f Boos (n—2)0—cos (n+2)6]d0+... 
0 


22 ‘ 
+f 4[1—cos 2n0]d0+... 
0 


2n 
mba f $d0=byrz; 
0 


hence, 


22 
b= TMMUVO Os, at e's 0 ae A) 
z= Jo 


LENG Oe ae re RES 5) 


AG 
y h ‘—ysin n@. Hence, 
where A,’ 1s the area of the curve Yn’=ys : 7 


b,=2 avg. Gai nibly toe oS PRO) 
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and the coefficient of sin n@ thus is derived by multiplying the 
instantaneous values of y with sin n@, and then averaging, as 
twice the average of y sin n0. 

81. Any univalent periodic function, of which the numerical 
values y are known, can thus be expressed numerically by the 
equation, 

Y=) +1 Cos 6+ a2 cos 20+... +4 Cos nO+... 


+b, sin 6+be sin 26+...+5, sin nO+..., . (7) 


where the coefficients dp, a1, d2,...b1, bg..., are calculated 
as the averages: 


do=aveg. (Y)o 
a1=2 avg. (y cos 0)9""; bi =2 avg. (y sin Dae as) 
a2=2 ave. (ycos 20), "; b2=2 avg. (ysin 20), 


Qn=2ave. (ycos nl), ”;  bn=2avg. (ysin n8))"; 


Hereby any individual harmonic can be calculated, without 
calculating the preceding harmonics. 

For instance, let the generator e.m.f. wave, Fig. 44, Table 
II, column 2, be impressed upon an underground cable system 


TI'ig. 44. Generator e.m.f. wave. 


of such constants (capacity and inductance), that the natural 
frequency of the system is 670 cycles per second, while the 
generator frequency is 60 cycles. The natural frequency of the 
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circuit is then close to that of the 11th harmonic of the generator 
wave, 660 cycles, and if the generator voltage contains an 
appreciable 11th harmonic, trouble may result from a resonance 
rise of voltage of this frequency; therefore, the 11th harmonic 
of the generator wave is to be determined, that: is, ai; and by; 
calculated, but the other harmonics are of less importance. 


TABLE II 


y cos 110 sin 110 | y cos 116 y sin 116 
5 +1,000 0 +5.0 0 

4 —0.342 +0.940 —1.4 + 3.8 
20 —0.766 —0.643 —15.3 —12.9 
22 +0.866 —0.500 +19.1 —11.0 
19 +0.174 +0.985 +3.3 +18.7 
25 —0.985 —0.174 —24.6 — 4.3 
29 +0.500 | —0.866 +14.5 —25.1 
29 +0.643 +0.766 +18.6 +22.2 
30 —0.940 +0.342 —28.2 +10.3 
38 0 —1.000 0 —38.0 
46 +0.940 +0.342 +43.3 +15.7 
38 —0.643 +0.766 —24.4 +29.2 
41 —0.500 —0.866 —20.5 —35.5 
50 +0.985 —0.174 +49.2 — 8.7 
32 —0.174 +0.985 —5.6 +31.5 
30 —0.866 —0.500 — 26.0 

33 + 0.766 —0.643 +25.3 —15.0 
7 +0.342 +0.940 +2.2 —21.3 
—5 

otal ec. +34.5 —29.8 
Divaded ton, Oey aoe 3280 = C4, Bool 10%, 


In the third column of Table II thus are given the values 
of cos 116, in the fourth column sin 116, in the fifth column 
y cos 110, and in the sixth column y sin 116. The former gives 
as average +1.915, hence a1: +3.83, and the latter gives as 
average —1.655, hence b};=—3.31, and the 11th harmonic of 
the generator wave is 


11 Cos 110 +63; sin 110=3.83 cos 110—3.31 sin 110 
= 5.07 cos (114+41°) ; 
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hence, its effective value is 


5.07 _ 9 ag 
Se 


while the effective value of the total generator wave, that 
is, the square root of the mean squares of the instanta- 
neous values y, is 

e=30.5, 


thus the 11th harmonic is 11.8 per cent of the total voltage, 
and whether such a harmonic is safe or not, can now be deter- 
mined from the circuit constants, more particularly its resist- 
ance. 

82. In general, the successive harmonics decrease; that is, 
with increasing n, the values of a, and b, become smaller, and 
when calculating a, and b, by equation (18), for higher values 
of n they are derived as the small averages of a number of 
large quantities, and the calculation then becomes incon- 
venient and less correct. 

Where the entire series of coefficients a, and b, is to be 
calculated, it thus is preferable not to use the complete periodic 
function y, but only the residual left after subtracting the 
harmonics which have already been calculated; that is, after 
ao has been calculated, it is subtracted from y, and the differ- 
ence, 7/1 =Y—4o, is used for the calculation of a; and },. 

Then a; cos 6+6;sin @ is subtracted from y;, and the 
difference, 


Y2=Y1— (a1 cos 0+b, sin 4) 
=y— (dota; cos 6+); sin 6), 


is used for the calculation of a2 and bo. 

Then a2 cos 20 +62 sin 26 is subtracted from yo, and the rest, 
y3, used for the calculation of a3 and bs, ete. 

In this manner a higher accuracy is derived, and the calcu- 
lation simplified by having the instantaneous values of the 
function of the same magnitude as the coefficients a, and b,. 

As illustration, is given in Table III the calculation of the 
first three harmonics of the pulsating current, Fig. 41, Table I: 


eae 
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83. In electrical engineering, the most important periodic 
functions are the alternating currents and voltages. Due to 
the constructive features of alternating-current generators, 
alternating voltages and currents are almost always symmet- 
rical waves; that is, the periodic function consists of alternate 
half-waves, which are the same in shape, but opposite in direc- 
tion, or in other words, the instantaneous values from 180 deg. 
to 360 deg. are the same numerically, but opposite in sign, 
from the instantaneous values between 0 to 180 deg., and each 
cycle or period thus consists of two equal but opposite half 
cycles, as shown in Fig. 44. In the earlier days of electrical 
engineering, the frequency has for this reason frequently been 
expressed by the number of half-waves or alternations. 

In a symmetrical wave, those harmonics which produce a 
difference in the shape of the positive and the negative half- 
"wave, cannot exist; that is, their coefficients a and b must be 
zero. Only those harmonics can exist in which an increase of 
the angle 0 by 180 deg., or z, reverses the sign of the function. 
This is the case with cos n@ and sin n@, if n is an odd number. 
If, however, m is an even number, an increase of @ by z increases 
the angle n@ by 2z or a multiple thereof, thus leaves cos né 
and sin n0 with the same sign. The same applies to ay. There- 
fore, symmetrical alternating waves comprise only the odd 
harmonics, but do not contain even harmonics or a constant 
term, and thus are represented by 


y=a, cos 0+a3 cos 30+45 cos 50+... 
+b; sin 0+b3 sin 36+6b5 sin 50+... . . (19) 


When calculating the coefficients a, and b, of a symmetrical 
wave by the expression (18), it is sufficient to average from 0 
to z; that is, over one half-wave only. In the second half-wave, 
cos n@ and sin n@ have the opposite sign as in the first half-wave, 
if n is an odd number, and since y also has the opposite sign 
in the second half-wave, ycosn@ and ysin 7@ in the second 
half-wave traverses again the same values, with the same sign, 
as in the first half-wave, and their average thus is given by 
averaging over one half-wave only. 

Therefore, a symmetrical univalent periodic function, as an 
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TABLE 
ie P aed 
5 ci=ai cos# 

6 7] Y,=Y—% y, cos 8 y, sin 6 +6; sin 6 | ¥2=Yo— % 
0 —60 —111 —111 0 —84 —27 
10 —49 —100 —9S —17 —85 —15 
20 —38 —89 — 84 — 30 —83 —6 
30 —26 el —67 —38 —719 +2 
40 —12 —63 —48 —40 —72 9 
50 0 —5l1 —33 —39 —63 12 
60 +11 —40 — 20 —35 — 52 12 
70 27 — 24 =e — 23 —40 16 
80 39 —12 —2 —12 —26 14 
90 50 —1 0 —1 —11 10 
100 61 +10 —2 +10 +4 6 
110 71 20 =f +19 18 +2 
120 81 30 —15 +26 32 —2 
130 90 39 —25 +30 45 -—6 
140 99 48 =o +31 58 —10 
150 107 56 —49 +28 67 —1l1 
160 114 63 —59 +22 75 —12 
170 119 68 —67 +12 81 —13 
180 122 71 —Th 0 84 —13 
190 124 73 —72 —13 85 —12 
200 126 75 —7V1 —26 83 —8 
210 125 74 — 64 —37 79 —5 
220 123 72 —55 —A7 72 0 
230 120 69 —44 —53 63 +6 
240 116 65 —32 —28 52 13 
250 110 59 —20 — 56 40 19 
260 100 49 —9 —48 26 23 
270 85 34 0 —34 11 23 
280 65 +14 +2 —14 —4 18 
290 35 —16 —5 +15 —18 +2 
300 +17 — 34 —17 +30 —32 —2 
310 0 —5l1 —33 +39 —45 —6 
320 —13 — 64 —49 +41 —58 6 
330 — 26 —715 —65 +37 —67 —8 
340 —38 —89 — 84 +30 =—75 —14 
350 —49 —100 —99 +17 —81 —19 

Total . .+1826 Rotvaleacacr. — 1520 — 204 ‘otal: 2 eeeee 

Divided Divided by Divided by 18... 

by 36...+50.7=a) | 18...... —84.4=a, |—11.3=), 
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IT. 
Le cos 20 Y_ Sin 29 se Y3= y2—c2 Y3 cos 30 V3 8in 30 6 
—27 0 —-15 —12 —12 0 ue 
—14 —5 —12 —3 —3 —1 10 
= sis si! ae 0 +1 20 
apis aR2 —1 +3 0 LL® 30 
+2 ae +4 +5 =9) +4 40 
= 2) +12 iil spl —1 0 50 
—6 +10 13 —1 +] 0 60 
—12 +10 15 +1 —1 0 70 
—13 +5 16 —2 apil a4 80 
—10 0 15 —5 0 +5 90 
—6 —-2 12 —6 —3 +5 100 
=A —1 i —5 —4 +2 110 
1 +2 cpl —3 —3 0 120 
apa +6 —4 —2 =®) =i 130 
—2 +10 —11 +1 0 +1 140 
—5 +10 —13 +2 0 +2 150 
—9 +8 —15 +3 —l +3 160 
—12 —4 —16 +3 —3 spl 170 
3123 0 —15 Bia —2 0 180 
—11 —4 —12 0 0 0 190 
= 6 x6 > —1 0 —1 200 
—2 —4 —1 —4 0 —4 210 
0 0 +4 —4 —2 —4 220 
asi] +6 11 —5 —4 —2 230 
—6 +11 13 0 0 0 240 
—15 +12 15 +4 +4 +2 250 
—22 +8 16 +7 +3 +6 260 
— 23 0 15 +8 0 +8 270 
—17 —6 12 +6 —3 +5 280 
—2 a 7 =o +4 —2 290 
+1 +2 +1 —3 +3 0 300 
ard +6 —4 —2 an 24 +1 310 
—1 +6 —11 +5 —2 —4 320 
—4 +7 —13 4-5 0 —5 330 
—ll1 +9 —15 +1 0 —1 340 
—18 +6 —16 —3 —3 +1 350 
— 270 +120 Motalene.s asec. —33 +27 
—15.0=a,| +6.7=b, |Divided by 18....... —1.8=a, | +1.5=b, 
a 
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alternating voltage and current usually is, can be represented 
by the expression, 


y =a; cos 0+a3 cos 3 6+a5 cos 5 6+4a7 cos 70+... 
+b; sin 6+63 sin 3 6+b5 sin 5 6+b7sin760+...; (20) 


where, 
a, =2 avg. (y cos 4),"; b, =2 avg. (y sin @),”; 


2 avg. (y cos 36),%; bz =2 avg. (y sin 30)"; 1) 
a5=2 avg. (y cos 58),"; bs=2 avg. (y sin 58),”; | a 
} 


avg. (y cos 74),"; by =2 avg. (y sin 78),”. 


84. From 180 deg. to 360 deg., the even harmonics have 
the same, but the odd larmonics the opposite sign as from 0 
to 180 deg. Therefore adding the numerical values in the 
range from 180 deg. to 360 deg. to those in the range from 0 
to 180 deg., the odd harmonics cancel, and only the even har- 
monics remain. Inversely, by subtracting, the even harmonies 
cancel, and the odd ones remain. 

Hereby the odd and the even harmonics can be separated. 
If y=y(@) are the numerical values of a periodic function 
from 0 to 180 deg., and y’=y(@+z) the numerical values of 
the same function from 180 deg. to 360 deg., 


y2(9) =3{y(9) +y(O+z)}, . . . . (22) 
is a periodic function containing only the even harmonics, and 
nl) =H WO)—-yO ta) 


is a periodic function containing only the odd harmonics; that is: 


y1(0) =a; cos 0+a3 cos 30+ as cos 50+... 


+b; sin 0+bg sin 3 0+, sin 504+ ...;° . 2 (24) 
Yy2(0) =dp + a2 cos 20+a4 cos 40+... 
+bo sin 2040, sin 46+. 05-2 a 


and the complete function is 
y (9) =y1 (Oye eso ara | ot eee 


ee ee ee ce 


tte! aetna. st hdbrlgnta men pe 
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By this method it is convenient to determine whether even 
harmonics are present, and if they are present, to separate 
them from the odd harmonics. 

Before separating the even harmonics and the odd har- 
monics, it is usually convenient to separate the constant term 
ao from the periodic function y, by averaging the instantaneous 
values of y from 0 to 360 deg. The average then gives do, 
and subtracted from the instantaneous values of y, gives 


as the “Rianne values of the alternating component of the 
periodic function; that is, the component yo contains only the 
trigonometric Functions: but not the constant term. Yo is 
then resolved into the odd series y1, and the even series Yo. 
85. The alternating wave yp consists of the cosine components: 
u(@) =a, cos 0+ a2 cos 20+ a3 cos 30+a4 cos 40+..., (28) 

and the sine components: 
v(0) =b; sin 0+bz sin 20+b3 sin 36+ ba sin 40+...; (29) 


that is, 
eOy =O) Oe we aw ue sen 480) 
The cosine functions retain the same sign for negative 
angles (— @), as for positive angles( +), while the sine functions 
reverse their sign; that is, 
u(—0)=+u(6) and v(—#)=—2r(0). . ... (BL 
Therefore, if the values of yo for positive and for negative 
angles @ are averaged, the sine functions cancel, and only the 
cosine functions remain, while by subtracting the values of 
y) for positive and for negative angles, only the sine functions 
remain; that is, 


(0) +yo(—9) =2u(6), 
yo(9) +Yo(—9) ae (32) 


yo(9) — yo(— 4) =20(8); 
hence, the cosine terms and the sine terms can be separated 
from each other by combining the instantaneous values of yp 
for positive angle @ and for negative angle (—@), thus: 


u(8) =${ Yo(8) + yo( —9)}, | 
v(9) =434y¥o(0)—yo(— 9). | 


(33) 
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Usually, before separating the cosine and the sine terms, 
u and v, first the constant term a, is separated, as discussed 
above; that is, the alternating function y,=y—a, used. If 
the general periodic function y is used in equation (33), the 
constant term a, of this periodic function appears in the cosine 
term u, thus: 


u(O) = 3{y(@) +y(—8)} =ao +a1 cos 6+ a2 cos 20 +43 cos 30+..., 


while v(@) remains the same as when using Yo. 

86. Before separating the alternating function y, into the 
cosine function u and the sine function v, it usually is more 
convenient to resolve the alternating function y, into the odd 
series yi, and the even series y2, as discussed in the preceding 
paragraph, and then to separate y; and ye each into the cosine 
and the sine terms: 


u1(9)=4{ y1(0)+y1(—9) | =a1 cos 6+ ascos30+ascos56+. . .; 
01(0)=4{ y1()—y1(— 8) | =b sin 0+bg sin 36+5; sin 56+. . .: ¥ Se 
u2(8) =4{ yo(O) +yo2(— 8) } =a2 cos 20+a4c0s 46+. . ; 

v2(0) =4{ y2(0) —yo(— 0) } =be sin 20+b4 sin 40+... ; ee 


In the odd functions uw; and v1, a change from the negative 
angle (— @) to the supplementary angle (x— @) changes the angle 
of the trigonometric function by an odd multiple of z or 180 
deg., that is, by a multiple of 2z or 360 deg., plus 180 deg., 
which signifies a reversal of the function, thus: 


ui(9) =4{ yi (0) —yi(z—9)}, 
v1(0) =34y1(8) +yi(z—8)}. | 


(36) 


However, in the even functions w2 and v2 a change from the 
negative angle (— @) to the supplementary angle (z— 0), changes 
the angles of the trigonometric function by an even multiple 
of z; that is, by a multiple of 2z or 360 deg.; hence leaves 
the sign of the trigonometric function unchanged, thus: 


u2(9) =43{ y2(9) +Yyo(x— 8)}, : 


(37) 
02(9) = 3{ y2(0) — yo(x—8)}. 


eS 


a ee eee / 


“ 
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To avoid the possibility of a mistake, it is preferable to use 
the relations (84) and (35), which are the same for the odd and 
for the even series. 

87. Obviously, in the calculation of the constants a, and 
bn, instead of averaging from 0 to 180 deg., the average can 
be made from —90 deg. to +90 deg. In the cosine function 
u(@), however, the same numerical values repeated with the 
same signs, from 0 to —90 deg., as from 0 to +90 deg., and 
the multipliers cos n@ also have the same signs and the same 
- numerical values from 0 to —90 deg., as from 0 to +90 deg. 

In the sine function, the same numerical values repeat from 0 
to —90 deg., as from 0 to +90 deg., but with reversed signs, 
and the multipliers sin 7@ also have the same numerical values, 
but with reversed sign, from 0 to —90 deg., as from 0 to +90 
deg. The products u cos n@ and v sin n@ thus traverse the 
.same numerical values with the same signs, between 0 and 
—90 deg., as between 0 and +90 deg., and for deriving the 


averages, it thus is sufficient to average only from 0 to 5 or 


90 deg.; that is, over one quandrant. 

Therefore, by resolving the periodic function y into the 
cosine components wu and the sine components 2, the calculation 
of the constants a, and b, is greatly simplified; that is, instead 
of averaging over one entire period, or 360 deg., it is necessary 
to average over only 90 deg., thus: 


4 Tn 
a1 =2 avg. (ui cos #)o2; 1 =2 avg. (v1 sin M)o?; 
TT nT 
do=2 avg. (U2 cos 20)92; b2=2 avg. (ve sin 24)y2; 


a3 =2 avg. (uz cos 30)o2; bs =2 avg. (v3 sin 30)o2; |. (38) 
dy=2 avg. (ua cos 40)o2; bs=2 avg. (v4 sin 40)o?; 
d5=2 avg. (us cos 50)92; bs =2 avg. (v5 sin 5A)92; 

etc. etc. 


where u; is the cosine term of the odd function y1; wuz the 
cosine term of the even function y2; wuz is the cosine term of 
the odd function, after subtracting the term with cos 0; that is, 


U3 =U1— 4a, cos 8, 


124 ENGINEERING MATHEMATICS. 


analogously, w4 is the cosine term of the even function, after 
subtracting the term cos 20; 


U4=U2— Ae cos 20, 
and in the same manner, 


U5 =U3— 43 COS 36, 
Ug =Us— a4 COS 40, 


and so forth; v1, v2, v5, v4, ete., are the corresponding sine 
terms. 

When calculating the coefficients a, and b, by averaging over 
90 deg., or over 180 deg. or 360 deg., it must be kept in mind 
that the terminal values of y respectively of wu or v, that is, 
the values for 6=0 and #6=90 deg. (or @=180 deg. or 360 
deg. respectively) are to be taken as one-half only, since they 
are the ends of the measured area of the curves a, cos n@ and 
b, sin n6, which area gives as twice its average height the values 
ad, and bz, as discussed in the preceding. 

In resolving an empirical periodic function into a trigono- 
metric series, just as in most engineering calculations, the 
most important part is to arrange the work so as to derive the 
results expeditiously and rapidly, and at the same time 
accurately. By proceeding, for instance, immediately by the 
general method, equations (17) and (18), the work becomes so 
extensive as to be a serious waste of time, while by the system- 
atic resolution into simpler functions the work can be greatly 
reduced. 

88. In resolving a general periodic function y(@) into a 
trigonometric series, the most convenient arrangement is: 

1. To separate the constant term ad, by averaging all the 
instantaneous values of y(@) from 0 to 360 deg. (counting the 
end values at 6=0 and at 0=360 deg. one half, as discussed 
above) : 

dy=avg. tyl@)tor "| cs 


and then subtracting a) from y(@), gives the alternating func- 
tion, 


Yo( 8) =y(8) — ap. 
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2. To resolve the general alternating function y,(0) into 
the odd function y:(@), and the even function y2(6@), 


PO =F UO) =U Ocea yy i ee 4, 428) 
Y2(O) = 34 ¥o(9) +Y9(0 +z) }. ge Ra weenie (22) 


3. To resolve yi(@) gnd y2(@)) into the cosine terms u and 
the sine terms 2, 


0 =} 1 Ls : 
ur(9) = ${yi1(9) +y1( ne : (34) 
01(0) =3{y1(9) —yi(— 9) }; 
2 0 =4 2 7] 9 —6@ i 
a {y2(4) +ye(— 4)} ¥ (35) 
V2(0) =F{ y2(4) — ya(— 4)}- 


4. To calculate the constants ai, de, a3...; bi, be, bs... 
by the averages, 


An =2 ave. (Un,cos nO 2: 
g. ( do (38) 


nT 


bn=2 avg.(VnSiN NO)o2. } 


If the periodic function is known to contain no even har- 
monics, that is, is a symmetrical alternating wave, steps 1 and 
2 are omitted. 


April May 


Fic. 45. Mean Daily Temperature at Schenectady. 


89. As illustration of the resolution of a general periodic 
wave may be shown the resolution of the observed mean daily 
temperatures of Schenectady throughout the year, as shown 
in Fig. 45, up to the 7th harmonic.* 


* The numerical values of temperature cannot claim any great absolute 
accuracy, as they are averaged over a relatively small number of years only, 
and observed by instruments of only moderate accuracy. For the purpose 
of illustrating the resolution of the empirical curve into a trigonometric 
series, this is not essential, however. 
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TABLE IV 
a 
nih 
ay 
4 
8 
6 
Mar. 60 — 1.6 : — Oey —0.60 
70 + 0.2 — 8.55 — 7.65 —0.90 
80 + 1.8 — 6:95 = 6205 —0.90 
Apr. 90 a5 Tal Ss = 8.35 —0.30 
100 + 9.1 + 0.35 — 0:35 +0.70 
110 > +12.5 aps 4 Apis: +.1.75 +1.00 
May 120 +13.3 + 4.55 + 3.90 +0.65 
130 +15.2 + 6.45 + 5:85 +0.60 
140 +17.7 + 8.95 + 8.15 +0.80 
June 150 +19.2 +10.45 +10.10 +0.35 
160 +19.5 tOE75 +10.80 —0.05 
170 +20.6 +11.85 pl 2a le —0.30 
July 180 +22.0 +13.25 
190 + 22.4 +13.65 
200 +221 +13.35 
Aug. 210 ON care +12.95 
220 +20.9 +12.15 
230 +19.8 +11.05 
Sept. 240 +17.9 Sp els) 
250 +15.5 + 6°75 
260 +13.8 + 5.15 
Oct. 270 ii hes} + 3.05 
280 8 + 1.05 
290 .0 — 0.75 
7 3. 
od) 5. 
A i 
.0 
at 
fe 
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TABLE V. 

(1) (2) (3) (4) (5) 6) (7) 
6 Ww U1 V1 y2 U2 v2 
—90 ESN SO G[e ts dtc aaah. Meth de =0.30 
—80 eT a tel a eae Ns SNE re +0.70 
—70 2g Fr En nme a (ie eee +1.00 
—60 SOQ ee alae. +0.65 
—50 LEARN nnn cot ete +0.60 
—40 PMR UEGD ee ale te Ce, +0.80 
ee MOTION Le ke tle et. +0.35 
—20 AMAOCIE  CP NR, moc —0.05 
—10 Ea Peg NOU Pca a oe | Oe —0.30 

0 Tee — 13-10 
+10 =132550|-—12.85 
+20 SAS.65) |) = 12:93 
+30 =13.55 |. 11-82 
+40 219-35) [9-10.25 
+50 te 20 8.58 
+60 SEOl 75) 86. 82 
+70 = 7.,65.\e— 4.70 
+80 ==6105 iu 2.85 
+90 3135 0 
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Tasie VIII. 
COSINE SERIES w,. 


mo 
(1) (2) (3) | (4) (5) | (6) (7) (8) us cos 60 

0 ur uz cos 20 |a2cos 26 U4 us cos 46 |a4cos4é Us 

0 |+0.15/§(+0.15)} 0 |+0.15/3(+0.15) |—0.16]+0.31|4(+0.31) 
10 |—0.10) —0.09 |...... —0.10} —0.08 }|—0.12}/+0.02} +0.01 

20) | — O81 7 OS al ees —0.17} —0.03 |—0.03}/—0.14| +0.07 

30-/—0.12} —0.06 }...... —0.12} +0.06 |+0.08}/—0.20) +0.20 

40 |+0.30} +0.05 |...... +0.30} —0.29 |+0.15]/+0.15| —0.07 

50 |+0.22} —0.04 ]...... +0.22} —0.21 |+0.15}/+0.07| +0.03 

600 1-:05,02|5 O20] iieeee +0.02} —0.01 |+0.08}—0.06; —0.06 

70 |+0.05} —0.04 ]...... +0.05| +0.01 |—0.03/+0.08} +0.04 

80 |—0.1 (Gia Seer ee —0.1 —0.08 |--0.12/+0.02} —0.01 


‘Rotalemce. —0.01 —0.71 +0.44 
Divided by 

Renate —0.001 —0.079 +0.049 
Multiplied 

Dy Zee —0.002 —0.158 +0.098 


TaBLeE IX. 
SINE SERIES »,. 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 

V2 v2 sin 20 | be sin 20 v4 v4 sin 46| ba sin 40 v6 ve sin 60 
0 0 0 
10 +0.20 | +0.07 | —0.20} +0.40] +0.26 | +0.22] +0.18 | +0.16! 
20 —0.12 |) —0.08 |} —0.39 | +0.27 | +0.27 | + 0.34 | —0.07 | —0.07 
30 —0.47 | —0.41 | —0.52 | +0.05] +0.04 | +0.30} —0.25| +0 
40 —0.50 | —0.49 | —0.59 | + 0.09 | +0.03 | +0.12 | —0.03 | +0.038 
50 —0.37 | —0.36 | —0.59 | +0.22 | —0.08 | —0.12 | +0.34 |} —0.30 
60 —0.62 | —0.54 | —0.52 | —0.10} +0.09 | —0.30 |} +0.20 0 
70 —0.95 | —0.61 | —0.39 | —0.56 | + 0.55 | —0.34 | —0.22 ; —0.19 
80 —0.80 | —0.27 | —0.20 | —0.60! +0.39 | +0.22} —0.38 | —0.33 


Divided by 9 
Divided by 2 
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Table IV gives the resolution of the periodic temperature 
function into the constant term ao, the odd series y; and the 
even series Yo. 

Table V gives the resolution of the series yi and yg into 
the cosine and sine series u1, 01, Ue, V2. 

Tables VI to IX give the resolutions of the series wi, 01, U2, 
v2, and thereby the calculation of the constants a, and bp. 

90. The resolution of the temperature wave, up to the 
7th harmonic, thus gives the coefficients: 


ao= +8.75; 

a, = — 13.28; bi = —3.33; 
a2= —0.001; be= — 0.602; 
a3 = — 0.33; bs = — 0.14; 
a4= —0.154; b4= +0.386; 
a5= +0.014; bs = —0.090; 
ag= +0.100; bg = — 0.154; 
a7 = — 0.022; b7 = —0.082; 


or, transforming by the binomial, a,cosné+b,sinn@=c,cos 
Endl See er eas 
(n0—yn), by substituting ca=Va,2+,2 and tanyn =< gives, 


do=+8.75; 
cy=—18.69;  71=4-14.15°; or 71: =414.15°; 


co=—0.602; 72=+89.9°; or T= +44.95°+1800; 
¢3=+0.359; 73=—23.0°; or a — 7.74 120n=+ 112.3+120m:; 


ca=—0.416; ys=—68.2°; or [=—17.05+90n=+4+72.95+90m; 


i 
4 
cs5=+0.091; 75=—81.15°; or P= —16.23+72n= +55.77472m; 


co=+0.184; o=—57.0°; or F-—9.5+60n— +50.5+60m; 


Laan 
7 
where n and m may be any integer number. 


¢7=—0.085;  y7=4+75.0°; or +10.7+51.4n, 
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Since to an angle yn, any multiple of 2z or 360 deg. may 
be added, any nuultiple of oe miay be added to the angle a, 
and thus the angle Ee may be made positive, etc. 
91. The equation of the temperature wave thus becomes: 
y =8.75—13.69 cos (0@—14.15°) — 0.602 cos 2(0—44.95°) 
— (0.359 cos 3(0—52.3°) — 0.416 cos 4(0—72.95°) 
—0.091 cos 5(6—19.77°) —0.184 cos 6(@—20.5°) 


—0.085 cos 7(@—10.7°); (a) 


or, transformed to sine functions by the substitution, 
cos w= —sin (w—90°): 
y =8.75 + 13.69 sin (9@—104.15°) +.0.602 sin 2(0—89.95°) 
+0.359 sin 3(0—82.3°) +0.416 sin 4(6—95.45°) 
+0.091 sin 5(0—109.77°) +0.184 sin 6(@—95.5°) 
+0.085 sin 7(0—75°). (b) 


The cosine form is more convenient for some purposes, 
the sine form for other purposes. 

Substituting @=0—14.15°; or, d6=0—104.15°, these two 
equations (a) and (6) can be transformed into the form, 


y =8.75— 13.69 cos —0.62 cos 2(8--30.8°) —0.359 cos3(8—38.15°) 
— 0.416 cos 4(8—58.8°) —0.091 cos 5(8—5.6°) 


— 0.184 cos 6(8—6.35°) — 0.085 cos 7(8—48.0°), (c) 
and 


y =8.75+13.69 sin 6+-0.602.sin 2(0+14.2°)+0.359 sin 3(0+21.85°) 
+0.416 sin 4(0+8.7°) +0.91 sin 5(0—5.6°) 
+0.184 sin 6(0 +8.65°) +0.085 sin 7(6 +29.15°). (d) 


The periodic variation of the temperature y, as expressed 
by these equations, is a result of the periodic variation of the 
thermomotive force; that is, the solar radiation. This latter 
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is a minimum on Dee. 22d, that is, 9 time-degrees before the 
zero of @, hence may be expressed approximately by: 


z2=c—h cos (6+9°); 
or substituting ~ respectively 0 for @: 


z=c—h cos (8 +23.15°) 
=c+hsin (0+23.15°). 


This means: the maximum of y occurs 23.15 deg. after the 
maximum of 2; in other words, the temperature lags 23.15 deg., 
or about 7; period, behind the thermomotive force. 

* Near 0=0, all the sine functions in (d) are increasing; that 
is, the temperature wave rises steeply in spring. 

Near 6=180 deg., the sine functions of the odd angles are 
decreasing, of the even angles increasing, and the decrease of 
_ the temperature wave in fall thus is smaller than the increase 
in spring. 

The fundamental wave greatly preponderates, with ampli- 
tude c;=13.69. 

In spring, for d=—14.5 deg., all the higher harmonics 
rise in the same direction, and give the sum 1.74, or 12.7 
per cent of the fundamental. In fall, for d6=—14.5+7, the 
even harmonics decrease, the odd harmonics increase the 
steepness, and give the sum —0.67, or —4.9 per cent. 

Therefore, in spring, the temperature rises 12.7 per cent 
faster, and in autumn it falls 4.9 per cent slower than corre- 
sponds to a sine wave, and the difference in the rate of tempera- 
ture rise in spring, and temperature fall in autumn thus is 
12.7 +4.9=17.6 per cent. 

- The maximum rate of temperature rise is 90—14.5=75.5 
deg. behind the temperature minimum, and 23.15 +75.5=98.7 
deg. behind the minimum of the thermomotive force. 

As most periodic functions met by the electrical engineer 
are symmetrical alternating functions, that is, contain only 
the odd harmonics, in general the work of resolution into a 
trigonometric series is very much less than in above example. 
Where such reduction has to be carried out frequently, it is 
advisable to memorize the trigonometric functions, from 10 
to 10 deg., up to 3 decimals; that is, within the accuracy of 
the slide rule, as thereby the necessity of looking up tables is 
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eliminated and the work therefore done much more expe- 
ditiously. In general, the slide rule can be used for the calcula- 
tions. 

As an example of the simpler reduction of a symmetrical 
alternating wave, the reader may resolve into its harmonics, 
up to the 7th, the exciting current of the transformer, of which 
the numerical values are given, from 10 to 10 deg. in Table X. 


C. REDUCTION OF TRIGONOMETRIC SERIES BY POLY- 
PHASE RELATION. 


92. In some cases the reduction of a general periodic func-’ 
tion, as a complex wave, into harmonics can be carried out 
in a much quicker manner by the use of the polyphase equation, 
Chapter III, Part A (23). Especially is this true if the com- 
plete equation of the trigonometric series, which represents the 
periodic function, is not required, but the existence and the 
amount of certain harmonics are to be determined, as for 
instance whether the periodic function contain even harmonics 
or third harmonics, and how large they may be. 

This method does not give the coefficients dn, bn of the 
individual harmonics, but derives from the numerical values 
of the general wave the numerical values of any desired 
harmonic. This harmonic, however, is given together with all 
its multiples; that is, when separating the third harmonic, 
in it appears also the 6th, 9th, 12th, etc. 

In separating the even harmonics y2 from the general 
wave y, in paragraph 84, by taking the average of the values 
of y for angle @, and the valucs of y for angles (@+z), this 
method has already been used. 

Assume that to an angle @ there is successively added a 
constant quantity a, thus: 6; 0+a; 6+2a; 0+3a; 0+4a, 
etc., until the same angle @ plus a multiple of 2z is reached; 
6+na=0+2mz; that is, ga or, in other words, a is 
1/n of. a multiple of 2x. Then the sum of the cosine as well 
as the sine functions of all these angles is zero: 


cos 0-+cos (0+a) +cos (0 +2a) +cos (@4+3a)+... 
+eos'(¢+[n—laj=0; Ae 
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sin @+sin (0+a) +sin (0 +2a) +sin (0+3a)+... 
+sin (6+[n—1]a) =0, GN ag Leh tay (2) 
where 
Rs Mn ee ee ek ee ye. (S) 
These equations (1) and (2) hold for all values of a, except for 
a =2z, or a multiple thereof. For a=2z obviously all the terms 
of equation (1) or (2) become equal, and the sums become 
n cos 8 respectively n sin 0. 
_ Thus, if the series of numerical values of y is divided into 


F 2a 
m successive sections, each covering oe degrees, and these 


sections added together, 


y(9) (0 vee =) +y(0+22) +y(043) +. 


+y(0+[n—1}), a AN eR ts Si." 


Tn this sum, all the harmonies of the wave y cancel by equations 
(1) and (2), except the nth harmonic and its multiples, 


An cos NO+b, sin NO; den cos 2n0+be2, sin 2nd, ete. 


in the latter all the terms of the sum (4) are equal; that is, 
the sum (4) equals n times the nth harmonic, and its multiples. 
Therefore, the nth harmonic of the periodic function y, together 
with its multiples, is given by 


yalO)= | 900) +y(o =) ry(0425) font y(04fn—1F2) (5) 


For instance, for n=2, 
y2=sty) +y@+z)}, 


gives the sum of all the even harmonics; that is, gives the 
second harmonic together with its multiples, the 4th, 6th, etc., 
as seen in paragraph 7, and for, n=3, 


yxy) +y(045 =) +y(04+5] |, 
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gives the third harmonic, together with its multiples, the 6th, 
9th, ete. 

This method does not give the mathematical expression 
of the harmonics, but their numerical values. Thus, if the 
mathematical expressions are required, each of the component 
harmonics has to be reduced from its numerical values to 
the mathematical equation, and the method then usually offers 
no advantage. 

It is especially suitable, however, where certain classes of 
harmonics are desired, as the third together with its multiples. 
In this case from the numerical values the effective value, 
that is, the equivalent sine wave may be calculated. 

93. As illustration may be investigated the separation of 
the third harmonics from the exciting current of a transformer. 


TABLE X 


30 13 30 43 | 30 t3 tg 

0 +5.8 120 —3.7 | 240 —1.5 “0 
30 +4.5 150 —5.4 | Dar +1.7 +0.3 
60 +1.5 180 —5.8 | é +3.7 —0.2 


In table X A, are given, in columns 1, 3, 5, the angles 0, 
from 10 deg. to 10 deg., and in columns 2, 4, 6, the correspond- 
ing values of the exciting current 7, as derived by calculation 
from the hysteresis cycle of the iron, or by measuring from the 
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photographie film of the oscillograph. Column 7 then gives 
one-third the sum of columns 2, 4, and 6, that is, the third har- 
monic with its overtones, 73. 

To find the 9th harmonic and its overtones ig, the same 
method is now applied to 73, for angle 30. ‘This is recorded 
in Table X B. 

In Fig. 46 are plotted the total exciting current 7, its third 
harmonic 73, and the 9th harmonic 19. 

This method has the advantage of showing the limitation 
of the exactness of the results resulting from the limited num- 


Fic. 46. 


- ber of numerical values of 7, on which the calculation is based. 
Thus, in the example, Table X, in which the values of 7 are 
given for every 10 deg., values of the third harmonic are derived 
for every 30 deg., and for the 9th harmonic for every 90 deg.; 
that is, for the latter, only two points per half wave are deter- 
minable from the numerical data, and as the two points per half 
wave are just sufficient to locate a sine wave, it follows that 
within the accuracy of the given numerical values of 7, the 
9th harmonic is a sine wave, or in other words, to determine 
whether still higher harmonics than the 9th exist, requires for 
7 more numerical values than for every 10 deg. 

As further practice, the reader may separate from the gen- 
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eral wave of current, io in Table XI, the even harmonics 22, 
by above method, 


12= 3{ 10(0) +%9(0+ 180 deg.) P 
and also the sum of the odd harmonics, as the residue, 
11 =lo—12, 


then from the odd harmonics 7; may be separated the third 
harmonic and its multiples, 


is =4{i1(0) +71(0 +120 deg. ) +71(0 +240 deg.)}, 


and in the same manner from 73 may be separated its third 
harmonic; that is, 79. 

Furthermore, in the sum of even harmonics, from 72 may 
again be separated its second harmonic, 7s, and its multiples, 
and therefrom, 7g, and its third harmonic, 7, and its multiples, 
thus giving all the harmonics up to the 9th, with the exception 
of the 5th and the 7th. These latter two would require plotting 
the curve and taking numerical values at different intervals, 
so as to have a number of numerical values divisible by 5 or 7. 

It is further recommended to resolve this unsymmetrical 
exciting current of Table XI into the trigonometric series by 
calculating the coefficients a, and b,, up to the 7th, in the man- 
ner discussed in paragraphs 6 to 8. 


TABLE XI 


6 to 6 to 6 10 8 20 

0 | +95.7 90 | —26.7 130: | S43 270.4 || se. uee 
Eas ee ae sti) Wah tee y ae 190 | —27.3 980° ">= 
20 | +53.7 110 4) 9824 200 | —16.8 2990 | + 1.2 
30 | 23-71 Ion ee a0. | 18 300° | 4427 
£0) 4) 2592 8-h RO aha 290°}. = 83 310 i 
50 | —16.3 || 140 | —29.8 Gate hn eS 320 iy 
60 | 2058 || 150. faa 240° *| 26/3 330 i 
70° =a I 1807 alee § 95) 24 = heS 340 a 
80°. | 295.8) 7170 | 8 Bol ee 350 7 


— Pr eee a 


af 
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D. CALCULATION OF TRIGONOMETRIC SERIES FROM 
OTHER TRIGONOMETRIC SERIES. 


94. An hydraulic generating station has for along time been 
supplying electric energy over moderate distances, from a num- 
ber of 750-kw. 4400-volt 60-cycle three-phase generators. The 
station is to be increased in size by the installation of some 
larger modern three-phase generators, and from this station 
6000 kw. are to be transmitted over a long distance transmis- 
sion line at 44,000 volts. The transmission line has a length 
of 60 miles, and consists of three wires No. 0B. & S. with 5 
ft. between the wires. 

The question arises, whether during times of light load the 
old 750-kw. generators can be used economically on the trans- 
mission line. These old machines give an electromotive force 
wave, which, like that of most earlier machines, differs con- 
siderably from a sine wave, and it is to be investigated, whether, 
due to this wave-shape distortion, the charging current of the 
transmission line will be so greatly increased over the value 
which it would have with a sine wave of voltage, as to make 
the use of these machines on the transmission line uneconom- 
ical or even unsafe. 

Oscillograms of these machines, resolved into a trigonomet- 
ric series, give for the voltage between each terminal and the 
neutral, or the Y voltage of the three-phase system, the equa- 
tion: 


e=eo{sin 0—0.12 sin (30—2.3°) —0.23 sin (50—1.5°) 
40.13 sin (79—6.2°)}, . (1) 


In first approximation, the line capacity may be considered 
as a condenser shunted across the middle of the line; that is, 
half the line resistance and half the line reactance is in series 
with the line capacity. 

As the receiving apparatus do not utilize the higher har- 
monics of the generator wave, when using the old generators, 
their voltage has to be transformed up so as to give the first 
harmonic or fundamental of 44,000 volts. 

44,000 volts between the lines (or delta) gives 44,000 + V3= 
25,400 volts between line and neutral. This is the effective 
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value, and the maximum value of the fundamental voltage 
wave thus is: 25,400 x V2=36,000 volts, or 36 kv.; that is, 
€9 = 36, and 


e=36{sin 0—0.12 sin (80—2.3°) —0.23 sin (50—1.5°) 
+0.13 sin (76—6.2°)}, . (2) 


would be the voltage supplied to the transmission line at the 
high potential terminals of the step-up transformers. 

From the wire tables, the resistance per mile of No. 0 B. & 8. 
copper line wire is 79 =0.52 ohm. 

The inductance per mile of wire is given by the formula: 


Lio 0.7415 log # +0.0805mb, << pee 


where J, is the distance between the wires, and J, the radius of 
the wire. 

In the present case, this gives ,=5ft.=60 in. 1J.=0.1625in. 
Ly =1.9655 mh., and, herefrom it follows that the reactance, at 
f=60 cycles is 


to =2n7fLo=0.75 ohms permile. . . . . . (4) 
The capacity per mile of wire is given by the formula: 


0.0408 


o= 


iii. . 2200 
log > 


hence, in the present case, Co =0.0159 mf., and the condensive 
reactance is derived herefrom as: 


mee rH =166000 ohms;. 5... . = 9%) 


60 miles of line then give the condensive reactance, 


2 
Le=n-= 2770 obms; 


60— 
30 miles, or half the line (from the generating station to the 
middle of the line, where the line capacity is represented by a 
shunted condenser) give: the resistance, r=30r9 = 15.6 ohms; 
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the inductive reactance, x=30x9 =22.5 ohms, and the equiva- 
lent circuit of the line now consists of the resistance r, inductive 
reactance x and condensive reactance x,, in series with each 
other in the circuit of the supply voltage e. 
95. If 7= current in the line (charging current) the voltage 
consumed by the line resistance r is rv. 
: ; eens) 
The voltage consumed by the inductive reactance z is x 0: 
the voltage consumed by the condensive reactance 2; is x, if add, 


and therefore, 
ee ; ‘ 
ema trite iad . . . . . (7) 


Differentiating this equation, for the purpose of eliminating 
the integral, gives 


de dt di i ] 
ao eget" ag ttt | 
or i eee tol 
de dy di ; 
SLB PET y yt shale SEE a7, 
10 22.5 Tp + 16.6 7 427700, | 


The voltage e is given by (2), which equation, by resolving 
the trigonometric functions, gives 


e=36 sin 0—4.32 sin 30—8.28 sin 50 +4.64 sin 70 
+0.18 cos 30 +0.22 cos 50—0.50 cos 70; . (9) 


hence, differentiating, 
x =36 cos 0— 12.96 cos 30—41.4 cos 50+32.5 cos 78 
—(.54 sin 839—1.1 sin 50+3.5sin 70. . (10) 


Assuming now for the current 7 a tiigonometric series with 
indeterminate coefficients, 


=a, cos 0+a3 cos 30 +45 cos 50 +a7 cos 70 
+b, sin 0+b3 sin 30+b5 sin 50+b7 sin 76, . (11) 


142 ENGINEERING MATHEMATICS. 


substitution of (10) and (11) into equation (8) must give an 
identity, from which equations for the determination of a, and | 
b, are derived; that is, since the product of substitution must 
be an identity, all the factors of cos 0, sin 0, cos 30, sin 36, 
etc., must vanish, and this gives the eight equations: 


36 =2770di+ 15.6b;— 22.501; 
0 =2770b;— 15.6a,— Diets is 
—12.96=2770a3+ 46.8b3— 202.5a3; 


=\0)54—0770bs— 46 Sa5— 202-50) a 
a eae ness 


—41.4 =2770a5;+ . 78bs— 562.5a5; | 
— 1.1 =2770bs— 78as— 56.25b;; 
32.5 =2770a7 +109 .2b7—1102.5az7; 
3.5 =2770b7—109.2a7—1102.5b7. 
Resdlved, these equations give 

@,= 13.12; 

bg ar OL O78 

a3=— 5.03; 

bs =— 0.30; 

ad5= —18.72; oo 

bs=— 1.15; 

az7= 19.30; 

_by= = 3.87; 


hence, 


1=13.12 cos 6—5.03 cos 30—18.72 cos 50 +19.30 cos 760 
+0.07 sin @—0.30 sin 30—1.15 sin 50 +3.37 sin 70 
=13.12 cos (@—0.3°)—5.04 cos (380—3.3°) 

—18.76 cos (50—3.6°) +19.59 cos (70—9 9°), 


. (14) 
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96. The effective value of this current is given as the square 
root of the sum of squares of the effective values of the indi- 
vidual harmonics, thus: 


I=, eee SSH 218 amp. 


As the voltage between line and neutral is 25,400 effective, 
this gives Q =25,400 X21.6=540,000 volt-amperes, or 540 kv.- 
amp. per line, thus a total of 3Q=1620 kv.-amp. charging cur- 
rent of the transmission line, when using the e.m.f. wave of 
these old generators. 

It thus would require a minimum of 3 of the 750-kw. 
generators to keep the voltage on the line, even if no power 
whatever is delivered from the line. 

If the supply voltage of the transmission line were a perfect 
sine wave, it would, at 44,000 volts between the lines, be given 
by 

Cie Ou SIO, iow (LA ea oe ek) 


which is the fundamental, or first harmonic, of equation (9). 
Then the current 7 would also be a sine wave, and would be 
given by 


11 =@, cos +b; sin 0, 
=19.12 cos:+0.07 sin G4 x S:.. (16) 
=13.12 cos (6—0.3°), 


. 


and its effective value would be 


13.12 
i= wa = UL AIO “a Fah rok ce ae ea 


This would correspond to a kv.-amp. input to the line 
3Q,=3 X25.4 X9.3=710 kv.-amp. 


The distortion of the voltage wave, as given by equation (1), 
thus increases the charging volt-amperes of the line from 710 


144 ENGINEERING MATHEMATICS. 


kv.-amp. to 1620 kv.-amp. or 2.28 times, and while with a sine 
wave of voltage, one of the 750-kw. generators would easily be 
able to supply the charging current of the line, due to the 


=15.6-j 2770: 
Z=15.6-j(22.5n-2770) 


Fig. 47. 


wave shape distortion, more than two generators are required. 
It would, therefore, not be economical to use these generators 


on the transmission '\ne, if they can be used for any other 
purposes, as short-distance distribution. 


Fig. 48. 


In Figs. 47 and 48 are plotted the voltage wave and th- 
current wave, from equations (9) and (14) respectively, and 


TRIGONOMETRIC SERIES. 2: = PES 


the numerical values, from 10 deg. to 10 deg., recorded in 
Table XII. 

In Figs. 47 and 48 the fundamental sine wave of voltage 
and current are also shown. As seen, the distortion of current 
is enormous, and the higher harmonics predominate over the 
fundamental. Such waves are occasionally observed as charg- 
ing currents of transmission lines or cable systems. 

97- Assuming now that a reactive coil is inserted in series 
with the transmission line, between the step-up transformers 
and the line, what will be the voltage at the terminals of this 
reactive coil, with the distorted wave of charging current 
traversing the reactive coil, and how does it compare with the 
voltage existing with a sine wave of charging current? 

Let L=inductance, thus +=2zfL=reactance of the coil, 
and neglecting its resistance, the voltage at the terminals of 
_ the reactive coil is given by 


e=—-2x = (18) 
Substituting herein the equation of current, (11), gives 
e’=2x{ a; sin 0+3a3 sin 30+5a;5 sin 50+7az sin 70 ae 
— b; cos 0—3b3 cos 36—5bs cos 56—7b7 cos 76}; 
hence, substituting the numerical values (13), 
e’ =2{ 13.12 sin 6—15.09 sin 30—93.6 sin 58 +135.1 sin 70 | 
— 0.07 cos 6 +0.90 cos 39 +5.75 cos 50—23.6 cos 70} | (20) 


=7/13.12 sin (@—0.3°) —15.12 sin (80—3.3°) 
—93.8 sin (50—3.6°) +139.1 sin (70—9.9°)}. 


This voltage gives the effective value 


El =xvV $413.12? + 15,12? + 93.82 + 189.12} =119.42, 
while the effective value with a sine wave would be from (17), 
Be =t1p 932; 


hence, the voltage across the reactance x has been increased 
12.8 times by the wave distortion. 
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The instantaneous values of the voltage e’ are given in the 
last column of Table XII, and plotted in Fig. 49, for x=1. 
As seen from Fig. 49, the fundamental wave has practically 


Fic. 49. 


vanished, and the voltage wave is the seventh harmonic, modi- 
fied by the fifth harmonic. 


TABr Re OO 

ée’ i] e v ef 
— 17 90 PH ioe — 4.15 — 200 
+ 46 100 Shenk + 26.19 — 106 
+ 3 110 40.57 | +24.99 +119 
eh 120 42 70° |=" 8. 30))) Gere 
—116 130 33.14 — 38.79 + 98 
+ 36 140 18.03 — 36.65 — 96 
+ 167 150 6.99 —13.41 —138 
+159 160 2.88 | + 2.48 — 31 
— 654 170 1.97 — 1.00 + 54 
— 200 180 +0.10 — 8.67 + 17 


CHAPIER IV. 
MAXIMA AND MINIMA. 


98. In engineering investigations the problem of determin- 
ing the maxima and the minima, that is, the extrema of a 
function, frequently occurs. For instance, the output of an 
electric machine is to be found, at which its efficiency is a max- 
imum, or, it is desired to determine that load on an induction 
motor which gives the highest power-factor; or, that voltage 


Fig. 50. Graphic Solution of Maxima and Minima. 


which makes the cost of a transmission line a minimum; or, 
that speed of a steam turbine which gives the lowest specific 
steam consumption, etc. 

The maxima and minima ofa function, y=f(x), can be found 
by plotting the function as a curve and taking from the curve 
the values x, y, which give a maximum or a minimum. For 
instance, in the curve Fig. 50, maxima are at P; and P2, minima 
at P3 and Py. This method of determining the extrema of 
functions is necessary, if the mathematical expression between 

147 
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x and y, that is, the function y=f(z), is unknown, or if the 
function y=f(z) is so complicated, as to make the mathematical 
calculation of the extrema impracticable. As examples of 
this method the following may be chosen: 


Fig. 51. Magnetization Curve. 


Example 1. Determine that magnetic density B, at which 
the permeability » of a sample of iron is a maximum. The 
relation between magnetic field intensity H, magnetic density 
B and permeability » cannot be expressed in a mathematical 
ejuation, and is therefore usually given in the form of an 

a 
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Fig. 52. Permeability Curve. 


S 


empirical curve, relating Band H, as shown in Fig. 51. From 
this curve, corresponding valucs of B and H are taken, and their 


ratio, that is, the permeability «= * plotted against B as abscissa. 


This is done in Fig. 52. Fig. 52 then shows that a maximum 
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occurs at point y,,,,, for B=10.2 kilolines, »~=1340, and minima 
at the starting-point P., for B=0, 1=370, and also for B=, 
where by extrapolation u=1. 

Example 2. Find that output of an induction motor 
which gives the highest power-factor. While theoretically 
an equation can be found relating output and power-factor 
of an induction motor, the equation is too complicated for use. 
The most convenient way of calculating induction motors is 
to calculate in tabular form for different values of slip s, the 
torque, output, current, power and volt-ampere input, efficiency, 
power-factor, etc., as is explained in ‘‘ Theoretical Elements 
of Electrical Engineering,” third edition, p. 363. From this 


NSE 


0.88 


Fia. 53. Power-factor Maximum of Induction Motor. 


table corresponding values of power output P and _ power- 
factor cos @ are taken and plotted ina curve, Fig. 53, and the 
maximum derived from this curve is P=4120, cos @=0.904. 

For the purpose of determining the maximum, obviously 
not the entire curve needs to be calculated, but only a short 
range near the maximum. This is located by trial. Thus 
in the present instance, P and cos @ are calculated for s=0.1 
and s=0.2. As the latter gives lower power-factor, the maximum 
power-factor is below s=0.2. Then s=0.05 is calculated and gives 
a higher value of cos 0 than s=0.1; that is, the maximum is 
below s=0.1. Then s=0.02 is calculated, and gives a lower 
value of cos @ than s=0.05. The maximum value of cos 0 
thus lies between s=0.02 and s=0.1, and only the part of the 
curve between s=0.02 and s=0.1 needs to be calculated for 
the determination of the maximum of cos @, as is done in Fig. 53. 

99. When determining an extremum of a function y=f(z). 
by plotting it as a curve, the value of x, at which the extreme 
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occurs, is more or less inaccurate, since at the extreme the 
curve is horizontal. For instance, in Fig. 53, the maximum 
of the curve is so flat that the value of power P, for which 
cos 0 became a maximum, may be anywhere between P=4000 
and P=4300, within the accuracy of the curve. 

In such a case, a higher accuracy can frequently be reached 
by not attempting to locate the exact extreme, but two points 
of the same ordinate, on each side of the extreme. Thus in 
Fig. 53 the power Po, at which the maximum power factor 
cos 0=0.904 is reached, is somewhat uncertain. The value of 
power-factor, somewhat below the maximum, cos @=0.90, 
is reached before the maximum, at P;=3400, and after the 
maximum, at P2=4840. The maximum then may be calculated 
as half-way between P; and Po, that is, at Po=4${P1+P2}= 
4120 watts. 

' This method gives usually more accurate results, but is 
based on the assumption that the curve is symmetrical on 
both sides of the extreme, that is, falls off from the extreme 
value at the same rate for lower as for higher values of the 
abscissas. Where this is not the case, this method of inter- 
polation does not give the exact maximum. 

Example 3. The efficiency of a steam turbine nozzle, 
that is, the ratio of the kinetic energy of the steam jet to the 
energy of the steam available between the two pressures between 
which the nozzle operates, is given in Fig. 54, as determined by 
experiment. As abscissas are used the nozzle mouth opening, 
that is, the widest part of the nozzle at the exhaust end, as 
fraction of that corresponding to the exhaust pressure, while 
the nozzle throat, that is, the narrowest part of the nozzle, is 
assumed as constant. As ordinates are plotted the efficiencies. 
This curve is not symmetrical, but falls off from the maximum, 
on the sides of larger nozzle mouth, far more rapidly than on 
the side of smaller nozzle mouth. The reason is that with 
too large a nozzle mouth the expansion in the nozzle is carried 
below the exhaust pressure pz, and steam eddies are produced 
by this overexpansion. 

The maximum efficiency of 94.6 per cent is found at the point 
Po, at which the nozzle mouth corresponds to the exhaust 
pressure. If, however, the maximum is determined as mid- 
way between two points P; and Ps, on each side of the maximum, 
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at which the efficiency is the same, 93 per cent, a point Po’ is 
obtained, which lies on one side of the maximum. 

With unsymmetrical curves, the method of interpolation 
thus does not give the exact extreme. For most engineering 
purposes this is rather an advantage. The purpose of deter- 
mining the extreme usually is to select the most favorable 
operating conditions. Since, however, in practice the operating 
conditions never remain perfectly constant, but vary to some 
extent, the most favorable operating condition in Fig. 54 is 
not that where the average value gives the maximum efficiency 


Fia. 54. Steam Turbine Nozzle Efficiency; Determination of Maximum. 


(point Po), but the most favorable operating condition is that, 
where the average efficiency during the range of pressure, occurr- 
ing in operation, is a maximum. 

If the steam pressure, and thereby the required expansion 
ratio, that is, the theoretically correct size of nozzle mouth, 
should vary during operation by 25 per cent from the average, 
when choosing the maximum efficiency point Po as average, 
the efficiency during operation varies on the part of the curve 
between P, (91.4 per cent) and P2 (85.2 per cent), thus averaging 
lower than by choosing the point Po’(6.25 per cent below Po) 
as average. In the latter case, the efficiency varies on the 
part of the curve from the P,’(90.1 per cent) to P2’(90.1 per 
cent). (Fig. 55.) 
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Thus in apparatus design, when determining extrema of 
a function y=f(zx), to select them as operating condition, 
consideration must be given to the shape of the curve, and 
where the curve is unsymmetrical, the most efficient operating 
point may not lie at the extreme, but on that side of it at which 
the curve falls off slower, the more so the greater the range of 
variation is, which may occur during operation. This is not 
always realized. 

100. If the function y=f(x) is plotted as a curve, Fig. 
50, at the extremes of the function, the points P1, Po, Ps, Ps 
of curve Fig. 50, the tangent on the curve is horizontal, since 
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Fig. 55. Steam Turbine Nozzle Efficiency; Determination of Maximum. 


at the extreme the function changes from rising to decreasing 
(maximum, P; and P2), or from decreasing to increasing (min- 
imum, P3 and P4), and therefore for a moment passes through 
the horizontal direction. 

In general, the tangent of a curve, as that in Fig. 50, is the 
line which connects two points P’ and P” of the curve, which 
are infinitely close together, and, as seen in Fig. 50, the angle 
6, which this tangent P’P” makes with the horizontal or X-axis, 
thus is given by: 


P’Q dy 
tan 0= pig ae 
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At the extreme, the tangent on the curve is horizontal, 
. that is, 4.0=0, and, therefore, it follows that at an extreme 
of the function, 


YeG ee arate: elite ie ah) 
dy 
Talons pei « poms 2) 


The reverse, pee is not necessarily the case; that. is, 
if at a point z, y: “ =0, this point may not be an extreme; 


that is, @ maximum or minimum, but may be a horizontal 
inflection point, as points P; and Pg are in Fig. 50. 

With increasing x, when passing a maximum (P, and Pp», 
Fig. 50), y rises, then stops rising, and then decreases again. 
When passing a minimum (P3 and P4) y decreases, then stops 
decreasing, and then increases again. When passing a horizontal 
inflection point, y rises, then stops rising, and then starts rising 
again, at Ps, or y decreases, then stops decreasing, but then 
starts decreasing again (at Pg). 

The ae of the function y=f(x), determined by the con- 


dition, eA =0, thus require further investigation, whether they 


represent a maximum, or a minimum, or merely a horizontal 
inflection point. 

This can be done mathematically: for increasing x, when 
passing a maximum, tan @ changes from positive to negative; 


: d . 
that is, decreases, or in other words, ae (tan 0)<0. Since 


2. 


’ d 
tan 0 sf it thus follows that at a maximum = <0. Inversely, 


ay 
dx’ . . . 
at a minimum tan changes from negative to positive, hence 
@ 
increases, that is, a (tan 8) > 0; or, a 22S 0. When passing 
a horizontal inflection point tan @ first decreases to zero at 
the inflection point, and then increases again; or, inversely, 
tan @ first increases, and then decreases again, that is, tan 0= 


2 . weit : ; : 
has a maximum or a minimum at the inflection point, and 
iY 


therefore, =- (tan 0) = “4-0 at the inflection point. 
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In engineering problems the investigation, whether the 
ai d ; 
solution of the condition of extremes, =, represents a 


minimum, or a maximum, or an inflection point, is rarely 
required, but it is almost always obvious from the nature of 
the problem whether a maximum of a minimum occurs, or 
neither. 

For instance, if the problem is to determine the speed at 
which the efficiency of a motor is a maximum, the solution: 
speed=0, obviously is not a maximum but a mimimum, as at 
zero speed the efficiency is zero. If the problem is, to find 
the current at which the output of an alternator is a maximum, 
the solution 7=0 obviously is a minimum, and of the other 
two solutions, 7; and 7%, the larger value, 72, again gives a 
minimum, zero output at short-circuit current, while the inter- 
mediate value 71 gives the maximum. 

tor. The extremes of a function, therefore, are determined 
by equating its differential quotient to zero, as is illustrated — 
by the following examples: 

Example 4. In an impulse turbine, the speed of the jet 
(steam jet or water jet) is S;. At what peripheral speed Sg is 
the output a maximum. 

The impulse force is proportional to the relative speed of 
the jet and the rotating impulse wheel; that is, to (S:-S2). 
The power is impulse force times speed S2; hence, 


Ps hSg(Si-83) ce be 


: , EF 
and is an extreme for the value of Se, given by ae =0; hence, 
IO2 


Si—2S2=0 and Col Oo Qe 


that is, when the peripheral speed of the impulse wheel equals 
half the jet velocity. 

Example 5. In a transformer of constant impressed 
e.m.f. e¢9=2300 volts; the constant loss, that is, loss which 
is independent of the output (iron loss), is P;=500 watts. The 
internal rexistance (primary and secondary combined) is r=20 
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ohms. At what current 7 is the efficiency of the transformer 
aimaximum; that is, the percentage loss, 4, a minimum? 


The loss is P=P,-Fri?=500+207, . . . « (5) 
The power input is P}=e1=23007; . . . .. (6) 
hence, the percentage loss is, 
P Py+ri2 
iver ak tie ee ee h) 
and this is an extreme for the value of current 1, given by 
da 
a 
hence, 
(P; +ri?)e—et(2ri) 
ae =0; 
E77 
or, 
z api i a? 
P;—r’?=0 and t= ea amperes, . . . (8) 


and the output is Pop=e:=11,500 watts. The loss is, P=P;+ 
ri?=2P,=1000 watts; that is, the 7?r loss or variable loss, is 
equal to the constant loss P;. The percentage loss is, 


and the maximum efficiency thus is, 


1—A=0.913 = 91.3 per cent. 


to2. Usually, when the problem is given, to determine 
those values of x for which y is an extreme, y cannot be expressed 
directly as function of x, y=f(x), as was done in examples 
(4) and (5), but y is expressed as function of some other quan- 
ties, y=f(u, v..), and then equations between u, v.. and x 
are found from the conditions of the problem, by which expres- 
sions of x are substituted for u, ».., as shown in the following 
example: 

Example 6. There is a constant current 79 through a cir- 
cuit containing a resistor of resistance ro. This resistor ro 
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is shunted by a resistor of resistance r. What must be the 
resistance of this shunting resistor r, to make the power con- 
sumed in r, a maximum? (Fig. 56.) 
Let 7 be the current in the shunting resistor r. The power 
consumed in r then is, 
PT?’ 0) so eee eee 


The current in the resistor ro is %—7, and therefore the 
voltage consumed by ro is ro(to—7), and the voltage consumed 
by r is ri, and as these two voltages must be equal, since both 


r 
Fie. 56. Shunted Resistor. 


resistors are in shunt with each other, thus receive the same 
voltage, 
ri=ro(to—2), 


and, herefrom, it follows that, 


ro 
TTD 


t= ip: ots el Spa 


Substituting this in equation (9) gives, 


TT 02202 
ear weray oe ® 3 a aeee (11) 


; : dP 
and this power is an extreme for rele hence: 


(r +10)?ro7t07 — rr07to72 (7 +10) 
(r+ro)* 


0; 


hence, 
r=To} . ca <n) ee 


that is, the power consumed in r is a maximum, if the resistor 
r of the shunt equals the resistance 7o. 
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The current in r then is, by equation (10), 


to 
V Say? 
and the power is, 
Toloz 
ares 
103. If, after the function y=f(z) (the equation (11) in 
example (6)) has been derived, the differentiation oy is 


immediately carried out, the calculation is very frequently 
much more complicated than necessary. It is, therefore, 
advisable not to differentiate immediately, but first to simplify 
the function y=f(z). 

If y is an extreme, any expression differing thereform hy 
_ a constant term, or a constant factor, etc., also is an extreme. 
So also is the reciprocal of y, or its square, or square root, ete. 

Thus, before differentiation, constant terms and constant 
factors can be dropped, fractions inverted, the expression 
raised to any power or any root thereof taken, etc. 

For instance, in the preceding example, in equation (11), 


TT 07297 
~ (r +70)?’ 


the value of r is to be found, which makes P a maximum. 
If P is an extreme, 
: 
E40)” 


which differs rrom P by the omission of the constant factor 
T0710, also is an extreme. 
The reverse of ¥1, 
(7 +70)? 


Yo= r 5) 


is also an extreme. (y2 is a minimum, where y; is a maximum, 
and inversely.) 
Therefore, the equation (11) can be simplified to the form: 


MG +19)? 2 
m7 


r 
Y2 =r+2ro ie 
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and, leaving out the constant term 270, gives the final form, 


To 
yaar ta. Mt ey a eS 
This differentiated gives, 
dys fee 
ages 


hence, 


104. Example 7. From a source of constant alternating 
e.m.f. e, power is transmitted over a line of resistance ro and 
reactance Xo into a non-inductive load. What must be the 
resistance r of this load to give maximum power? 

If +=current transmitted over the line, the power delivered 
at the load of resistance r is 


Pare 


The total resistance of the circuit is r+ro; the reactance 
is Xo; hence the current is 


V (r+70)* +207 
and, by substituting in equation (14), the power is 
2, 
pea Ds Lae 


(7 Png) aco 
if P is an extreme, by omitting e? and inverting, 


_ (+10)? +20? 
r 


To +22 
=r-+2ro See 


is also an extreme, and likewise, 


is an extreme. 
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Differentiating, gives: 


dyn 1 To? +20" 
dr oe 


TEN Gigs ete meres Nees healed Waeah CLV) 
Wherefrom follows, by substituting in equation (16), 


V7 02 + x92e? 


(rot V ro? +: 202)? + ro? 


2. 


e2 
~ 2(ro +V 792 +292) 


(18) 


Very often the function y=f(x) can by such algebraic 
_ eperations, which do not change an extreme, be simplified to 
such an extent that differentiation becomes entirely unnecessary, _ 
but the extreme is immediately seen; the following example 
will serve to illustrate : 

Example 8. In the same transmission circuit as in example 
(7), for what value of r is the current 7 a maximum? 

The current 7 is given, by equation (15), 


; e 
——— 
V(r +r)? +202 


Dropping e and reversing, gives, 
nV Fra Fa 

Squaring, gives, 
Yy2= (rT +70)? +20"; 

dropping the constant term 2” gives . 
y3=(r+r0)?; eae kts aa me CP) 


taking the square root gives 


Y4=Pr+7o; 
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dropping the constant term ro gives 
at Me a, AN etre 


that is, the current 7 is an extreme, when y5=r is an extreme, 
and this is the case for r=0. and r=: r=O gives, 


je Ses, 


<3 = ane 
Nf To + ee 


as the maximum value of the current, and r= gives 
1=0, 


as the minimum value of the current. 

With some practice, from the original equation (1), imme- 
diately, or in very few steps, the simplified final equation can 
be derived. 

105. In the calculation of maxima and minima of engineer- 
ing quantities x, y, by differentiation of the function y=f(z), 
it must be kept in mind that this method gives the values of 
zx, for which the quantity y of the mathematical equation y =f (zx) 
becomes an extreme, but whether this extreme has a physical 
meaning in engineering or not requires further investigation; 
that is, the range of numerical values of x and y is unlimited 
in the mathematical equation, but may be limited in its engineer- 
ing application. For instance, if x is a resistance, and the 
differentiation of y=f(x) leads to negative values of x, these 
have no engineering meaning; or, if the differentiation leads 
to values of x, which, substituted in y=/(x), gives imaginary, or 
negative values of y, the result also may have no engineering 
application. In still other cases, the mathematical result 
may give values, which are so far beyond the range of indus- 
trially practicable numerical values as to be inapplicable. 
For instance : 

Example 9. In example (8), to determine the resistance 
r, which gives maximum current transmitted over a trans- 
mission line, the equation (15), 


: é 
a ea 
V(r +r)? +292 
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immediately differentiated, gives as condition of the extremes: 


a 2(r +79) _0 

dr 2{ (tro)? +29?}V (rt+ro2 +202” 
hence, either (Ro ict MWe Cee Age Me came erm eta d (7.)) 
or, eat g) a uy 00s at Bee | idee (23) 


the latter equation gives r=; hence 1=0, the minimum value 
of current. 
The former equation gives 


a ae Oar Ral gn ee ic & 


as tne value of the resistance, which gives maximum current, 
and the current would then be, by substituting (24) into (15), 


Ee ye aL aS) 


The solution (24), however, has no engineering meaning, 
as the resistance r cannot be negative. 

Hence, mathemetically, there exists no maximum value 
of 7 in the range of r which can occur in engineering, that is, 
within the range, 0< r< o. 

In such a case, where the extreme falls outside of the range 
of numerical values, to which the engineering quantity is 
limited, it follows that within the engineering range the quan- 
tity continuously increases toward one limit and continuously 
decreases toward the other limit, and that therefore the two 
limits of the engineering range of the quantity give extremes. 
Thus r=0 gives the maximum, r= the minimum of current. 

106. Example 1o. An alternating-current generator, of 
generated e.m.f. e=2500 volts, internal resistance ro=0.25 
ohms, and synchronous reactance x9=10 ohms, is loaded by 
a circuit comprising a resistor of constant resistance r=2U 
ohms, and a reactor of reactance x in series with the resistor 
r. What value of reactance x gives maximum output? 

If i=current of the alternator, its power output is 


YB Sy re a eae ane ae ae 1) 
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the total resistance is r+ro=20.25 ohms; the total reactance 
is e+29=10+-z ohms, and therefore the current is 


é 


Bp ei mireen Slr (27) 
V(r+ro)? + (2 +20)? 
and the power output, by substituting (27) in (26), is 
rer re? 20 X2500? (28) 
~ (r+re2)+(a+20)2 20.25? + (10 +2)?" ° = 
Simplified, this gives 
yv=(r-+ro)? + +20)7; . 9. se eee 
Yyo=(x+20)?; 
hence, 
{2 _9(n +0) =0; 
dota ae 
and 
\ t=—fo>=—10 ohms; . . 2 2 ot eo 


that is, a negative, or condensive reactance of 10 ohms. The 
power output would then be, by substituting (30) into (28), 
ree 20 +2500? 


~(r-+r0)2 FER OO watts=305 kw. . . (31) 


ity 


If, however, a condensive reactance is excluded, that is, 
it is assumed that x >0, no mathematical extreme exists in the 
range of the variable x, which is permissible, and the extreme 
is at the end of the range, x=0, and gives 


reo” 
(r +19)? + 2X? 


= 245 kwis— 2 4) ee) 


107. Example 11. In a 500-kw. alternator, at voltage 
e=2500, the friction and windage loss is P,=6 kw., the iron 
loss P;=24 kw., the field excitation loss is P;=6 kw., and the 
armature resistance r=0.1 ohm. At what load is the efficiency 
a maximum? 
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The sum of the losses is: 


PaPral 1 Pre = 36000-0112... . 4. (33) 
The output is 
Poet 20000. ea eran ea) (G4) 
hence, the efficiency is 
? Po e ev ze 25007 (95 
| Pot+tP ei+ Py +Ps+Pe+ri2 36000 + 25007 + 0.12?’ (35) 
or, simplified, 
PoP eP, 
hence, 
dy Po +P; +Py 
is poe 
and, 
A Pe Ps P 36000 . 
i-,/ os La. 01 =600 amperes, . (86) 


and the output, at which the maximum efficiency occurs, by 
substituting (86) into (84), is 


P=e=1500 kw., 


that is, at three times full load. 

Therefore, this value is of no engineering importance, but 
means that at full load and at all practical overloads the 
maximum efficiency is not yet reached, but the efficiency is 
still rising. 

108. Frequently in engineering calculations extremes of 
engineering quantities are to be determined, which are func- 
tions or two or more independent variables. For instance, 
the maximum power is required which can be delivered over a 
transmission line into a circuit, in which the resistance as well 
as the reactance can be varied independently. In other 
words, if 

POD) Yee ee es) eh el OD 
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is a function of two independent variables wu and v, such a 
pair of values of wu and of v is to be found, which makes y a 
maximum, or minimum. 

Choosing any value uo, of the independent variable u, 
then a value of v can be found, which gives the maximum (or 
minimum) value of y, which can be reached for w=wo. This 
is done by differentiating y=/(uo,v), over v, thus: 


df (u,v) " 
per ; (38) 


From this equation (38), a value, 


v=fi(uo), lel we oe (39) 


is derived, which gives the maximum value of y, for the given 
value of uo, and by substituting (39) into (38), 


y=folio);s >. ). 3) eee 


is obtained as the equation, which relates the different extremes 
of y, that correspond to the different values of wo, with wo. 

Herefrom, then, that value of wo is found which gives the 
maximum of the maxima, by differentiation: 


dfs (uo) ay 


duo (41) 


Geometrically, y=f(u,v) may be represented by a surface 
in space, with the coordinates y, u, v. y=f(uo,v), then, represents 
the curve of intersection of this surface with the plane wo= 
constant, and the differentation gives the maximum point 
of this intersection curve. y=fo(uwo) then gives the curve 
in space, which connects all the maxima of the various inter- 
sections with the wo planes, and the second differentiation 
gives the maximum of this maximum curve y=f2(uo), or the 
maximum of the maxima (or more correctly, the extreme of 
the extremes). 

Inversely, it is possible first to differentiate over u, thus, 


df (u,vo) 
0 
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and thereby get 
u=f3(vo), Sees te erie aa) ca Te (43) 


as the value of uw, which makes y a maximum for the given 
value of v=vo, and substituting (43) into (42), 


Y aN Vesa aro feo ge Fy AS) 
is obtained as the Satine of the maxima, which differentiated 
over Uo, thus, 


df 4(vo) - 


dvo ay 


(45) 


gives the maximum of the maxima. 

Geometrically, this represents the consideration of the 
intersection curves of the surface with the planes v=constant. 

However, equations (28) and (41) (respectively (42) and 
(45)) give an extremum only, if both equations represent 
maxima, or both minima. If one of the equations represents 
a maximum, the other a minimum, the point is not an extre- 
mum, but a saddle point, so called from the shape of the sur- 
face y=f(u, v) near this point. 

The working of this will be plain from the following example: 

109. Example 12. The alternating voltage e=30,000 is 
impressed upon a transmission line of resistance ro=20 ohms 
and reactance %9=50 ohms. 

What should be the resistance r and the reactance x of the 
receiving circuit to deliver maximum power? 

Let 7=current delivered into the receiving circuit. The 
total resistance is (r+79); the total reactance is (x +20); hence, 
the current is 


E Z (46) 
V(r +r)? + (& +20)? 
The power output is Deere lectern oes oct, ian a SA) 
hence, substituting (46), gives 
Te 
= 48 
(r +79)? + (4% +2)? ee 


(a) For any given value of r, the reactance x, which gives 


: : dP 
maximum power, is derived by ae =0. 
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P simplified, gives y; =(x+2o)”; hence, 


GW (eat and’ *=~—Z% ... « (49) 
dx 
that is, for any chosen resistance r, the power is a maximum, 
if the reactance of the receiving circuit is chosen equal to that 
of the line, but of opposite sign, that is, as condensive reactance. 
Substituting (49) into (48) gives the maximum power 
available for a chosen value of r, as: 


re? 
Po= Fra ie 
or, simplified, 
ae 2 2 
p= EO andy or 
hence, 
Ys 47 and:_ | P=o, (fe 
and by substituting (51) into (50), the maximum power is, 
e2 
Praax = Fp" ~ 2 ee 


(b) For any given value of z, the resistance r, which gives 
A oy Pp 
maximum power, is given by . =(). 


P simplified gives, 


(r +79)? +(+20)? ro? + (+20)? 
= : Yo =T + . 


Yi > 2 ) 
r r 
dy2 _ 1 mes pala 0. 
dr 2 
r=Vroet+(xt20)2, .. . . » (88) 


which is the value of r, that for any given value of 2, gives 
maximum power, and this maximum power by substituting 
(53) into (48) is, 

V'ro2 + (a +.20)2e? 


Po= ee 
: [ro+V ro? +(x +20)7F + (+20)? 


e2 
 ArotWVroz+(a+20)22? 


(54) 
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which is the maximum power that can be transmitted into a 
receiving circuit of reactance z. 
The value of x, which makes this maximum power Po the 


; See Ee 
highest maximum, is given by of =(0. 


Po simplified gives 
Y3= tor Vro2 + (a +20)? 3 
ys4= Vie + (2 +20); 
Ys =o? + (+20)? 
Yo = (x +20); 
Y7 = (4 +20); 
and this value is a maximum for (x+29)=0; that is, for 


Dm Les ih sate int eee, WOR OD) 


Nore. If x cannot be negative, that is, if only inductive 
reactance is considered, x=0 gives the maximum power, and 
the latter then is 

e2 
Brot V roe +207} 


max (56) ; 
the same value as found in problem (7), equation (18). 
Substituting (55) and (54) gives again equation (52), thus, 
2 
16 max aS 
110. Here again, it requires consideration, whether: the 
solution is practicable within the limitation of engineering 


constants. 
With the numerical constants chosen, it would be 


e2 300002 
Prmax= Fr, SP 11,250 kw.; 


=750 amperes, 
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and the voltage at the receiving end of the line would be 
ef =i P+ 2? =750V 20 + 50? = 40,400 volts; 


that is, the voltage at the receiving end would be far higher 
than at the generator end, the current excessive, and the efficiency 
of transmission only 50 per cent. This extreme case thus is 
hardly practicable, and the conclusion would be that by the 
use of negative reactance in the receiving circuit, an amount 
of power could be delivered, at a sacrifice of efficiency, far 
greater than economical transmission would permit. 

In the case, where capacity was excluded from the receiv- 
ing circuit, the maximum power was given by equation (56) as 


eo" 
Pee — = 6100 kw. 
PP Brot Vro?+ x0} 


111. Extremes of engineering quantities x, y, are usually 
determined by differentiating the function, 


y=fae . os pe ee 
and from the equation, 

dy _ 

rel ee 


deriving the values of x, which make y an extreme. 

Occasionally, however, the equation (58) cannot be solved 
for z, but is either of higher order in a, or a transcendental 
equation. In this case, equation (58) may be solved by approx- 
imation, or preferably, the function, 


Ceo ig el ee 


is plotted as a curve, the values of x taken, at which z=0, 
that is, at which the curve intersects the X-axis. For instance: 

Example 13. The e.m.f. wave of a three-phase alternator, 
as determined by oscillograph, is represented by the equation, 


e=36000{ sin 0—0.12 sin (30—2.3°) — 23 sin (50—1.5°) + 
0.13 sin(76—6.2°)1.- 9 eee 
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This alternator, connected to a long-distance transmission line, 
gives the charging current to the line of 


1=13.12 cos (6—0.3°) — 5.04 cos (39—3.3°) — 18.76 cos (50—3.6°) 
+19.59 cos (78—-9.99) . . . . (61) 


(see Chapter III, paragraph 95). 
What are the extreme values of this current, and at what 
phase angles 6 do they occur? 


The phase angle 0, at which the current 7 reaches an extreme 
value, is given by the equation 


See()s vue. “sbavuacee Pikes, Pama 


Ib{es Gy/, 


Substituting (61) into (62) gives, 
== — 13.12 sin (@—0.3°) + 15.12 sin (86—3.3°) +.93.8 sin 
(50—3.6°) — 137.1 sin (70—9.9°)=0. . . . (63) 


This equation cannot be solved for 6. Therefore z is 
plotted as function of @ by the curve, Fig. 57, and from this 
curve the values of @ taken at which the curve intersects the 
zero line. They are: 


Oe tea ar 2485 104°* 135°: 162°. 
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For these angles 0, the corresponding values of 7 are calculated 
by equation (61), and are: 


io= +9; —1; +39; —30; +30, —42; +4 amperes. 


The current thus has during each period 14 extrema, of 
which the highest is 42 amperes. 

112. In those cases, where the mathematical expression 
of the function y=f(zx) is not known, and the extreme values 
therefore have to be determined graphically, frequently a greater 
accuracy can be reached by plotting as a curve the differential 
of y=f(zx) and picking out the zero values instead of plotting 
y=f(x), and picking out the highest and the lowest points. 
If the mathematical expression of y=f(x) is not known, obvi- 


ously the equation of the differential curve eal (64) is usually 


not known either. Approximately, however, it can fre- 
quently be plotted from the numerical values of y=f(x), as 
follows: 


If 21, %2, v3... are successive numerical values of 2, 


and Y1, Y2, ¥3... the corresponding numerical values of y, 


approximate points of the differential curve 2 are given 


by the corresponding values: 


Loat+@1 | LgtXo XatX 
Ve fas Doar Di te ae 


as abscissas : 


Yampa Ue. Uae) Uae ae 
r9— 21” 3-22’ v4—23 


as ordinates: 


113. Example 14, In the problem (1), the maximum permea- 
bility point of a sample of iron, of which the B, H curve is given 
as Fig. 51, was determined by taking from Fig. 51 corresponding 
values of B and H, and plotting n=, against B in Fig. 52. 
A considerable inaccuracy exists in this method, in locating 
the value of B, at which » is a maximum, due to the flatness 
of the curve, Fig. 52. 
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The successive pairs of corresponding values of B and H, 
as taken from Fig. 51 are given in columns 1 and 2 of Table I. 


TABLE ‘I, 


B 
Kilolines, 


1 
2. 
3. 
4. 
4. 
5. 
5. 
6. 
6. 
tle 
8. 
OF 


— 
on 
on ror an 


In the third column of Table I is given the permeability, 
ne and in the fourth column the increase of permeability, 
per B=1, 4y; the last column then gives the value of B, to 
which 4 corresponds. 

In Fig. 58, values 4 are plotted as ordinates, with B as 
abscissas. This curve passes through zero at B=9.95. 

The maximum permeability thus occurs at the approximate 
magnetic density B=9.95 kilolines per sq.cm., and not at B= 
10.2, as was given by the less accurate graphical determination 
of Fig. 52, and the maximum permeability is o=1340. 

As seen, the sharpness of the intersection of the differential 
curve with the zero line permits a far greater accuracy than 
feasible by the method used in instance (1). 

114. As illustration of the method of determining extremes, 
some further examples are given below: 
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Example 15. A storage battery of n=80 cells is to be 
connected so as to give maximum power in a constant resist- 
ance r=0.1 ohm. Each battery cell has the e.m.f. e9=2.1 
volts and the internal resistance ro=0.02 ohm. How must 
the cells be connected? 

Assuming the cells are connected with x in parallel, hence 


z im series. The internal resistance of the battery then is 


Z nro 
Serer ohms, and the total resistance of the circuit i is = po +7. 


Fig. 58. First Differential Quotient of B,” Curve 


The e.m.f. acting on the circuit is Cor Since = cells of e.m.f. 


€o are in series. Therefore, the current delivered by the battery 
is, 
n 
—é 
Neg 
at ; 
Pe) forrr 


and the power which this current produces in the resistance 
T, is, 


20,2 
Pee eee 


n 2 
2(— 
x (srotr) 
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This is an extreme, if 


nro 
ie ae +rx 


is an extreme, hence, 


dy To 
di ae tr; 
and 
x= eee 
r 


that is, taal 4 cells are connected in multiple, and 


n [nr < ; 
—=,/—=20 cells in series. 
x To 


115. Example 16, In an alternating-current transformer the 
loss of power is limited to 900 watts by the permissible temper- 
ature rise. The internal resistance of the transformer winding 
(primary, plus secondary reduced to the primary) is 2 ohms, 
and the core loss at 2000 volts impressed, is 400 watts, and 
varies with the 1.6th power of the magnetic density and there- 
fore of the voltage. At what impressed voltage is the output 
of the transformer a maximum? 

If e is the impressed e.m.f. and 72 is the current input, the 
power input into the transformer (approximately, at non- 
inductive load) is P =e1. 

If the output is a maximum, at constant loss, the input P 
also is a maximum. The loss of power in the winding is 
ri? = 277. 

The loss of power in the iron at 2000 volts impressed is 
400 watts, and at impressed voltage e it therefore is 


(500) 
5000 x 400, 
and the total Joss in the transformer, therefore, is 


1-6 
Pioop +400(5%5) —900: 
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herefrom, it follows that, 


’ e 16 
i= 450 —200( 3") : 


and, substituting, into P=er: 


ay oe as = 
P=e 450 —200( 345) : 


Simplified, this gives, 


ae. 636 
y = 2.25€ ~ 3000h6 
and, differentiating, 
dy 3.6¢e76 
de °° g000r6 = 9 
and 
e \1-6 
Sees 9 
(50) ce 
Hence, 


ar 
5000 71:15 and e=2300 volts, 


which, substituted, gives 
P=2300V 450—200 < 1.25 =32.52 kw. 


116, Example 17. Ina 5-kw. alternating-current transformer, 
at 1000 volts impressed, the core loss is 60 watts, the 7r loss 
150 watts. How must the impressed voltage be changed, 
to give maximum efficiency, (a) At full load of 5-kw; (6) at 
half load? 

The core loss may be assumed as varying with the 1.6th 
power of the impressed voltage. If eis the impressed voltage, 


: ae . 2500. 
a —_ is the current at full load, and 7; = is the current at 


half load, then at 1000 volts impressed, the full-load current is 


es amperes, and since the 7r loss is 150 watts, this gives 
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the internal resistance of the transformer.as r=6 ohms, and 
herefrom the 7?r loss at impressed voltage e is respectively, 

ee e150< 108 a Tie Ue 
Te aes and 72}? aa watts. 


Since the core loss is 60 watts at 1000 volts, at the voltage e 
it is 


1-6 
P; =60x(7%) watts. 


The total loss, at full load, thus is 


é& \F8_.150>5<10° 
P= Pj4+r? =60%(7%)) RA es ga-v at 


and at half load it is 


1-6 6 
Py, =Petriy? =60%/( : ) 37.5 X10 


1000 e 
Simplified, this gives 


( e 7 ee er ecs 
¥=\7q09)  +2-5X10°xe, 


ée 1-6 
ae eo 6 -—2. 
y= ae +0.625 X 108 Xe-2; 
hence, differentiated, 


e0°6 
=S 
1 Conca 5— 5 X 10% 0; 


e0°6 
pee 6 3 —f)}* 
Grogan 1.25 X10°xe-3 =0; 


e3-6 = 3.125 x 108 x 1000! = 3.125 x 107°; 

e36 —(),78125 x 106 x 1000! = 0.78125 x 10108; 
hence, e=1373 volts for maximum efficiency at full load. 
and e=938 volts for maximum efficiency at half load. 


117. Example 18. (a) Constant voltage e=1000 is im- 
pressed upon a condenser of capacity C=10 mf., through a 
reactor of inductance L=100 mh., and a resistor of resist- 
ance r=40 ohms. What is the maximum value of the charg- 
ing current? 


176 ENGINEERING MATHEMATICS. 


(b) An additional resistor of resistance r’=210 ohms is 
then inserted in series, making the total resistance of the con- 
denser charging circuit, 7=250 ohms. What is the maximum 
value of the charging current? 

The equation of the charging current of a condenser, through 
a circuit of low resistance, is (“Transient Electric Phenomena 
and Oscillations,” p. 61): 


ee a heat 
oe 2 sin sit, 
q | 


2L 
a 
i= o-” 


and the equation of the charging current of a condenser, through 
a circuit of high resistance, is (‘‘ Transient Electric Phenomena 
and Oscillations,” p. 51), 


where 


where 


Substituting the numerical values gives: 
(a) 4=10.2 ¢— 20 sin 980 ¢; 


(0) 1 =6.667{ ¢7 500¢ -~ 20008} 


Simplified and differentiated, this gives: 


di 
(a) ei = 4.9 cos 980t—sin 980t=0; 
hence tan 980t=4.9 


980t = 68.5° = 1.20 


pease OStam 
1 ee oe a 
Sire 
(b) 2=— =4¢7—2000t___- — 500 — ()- 


dt 
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hence, ~ et 1500t — 4, 
1 
15001 = 5" 1 38, 
og ¢ 


t=0.00092 sec., 


and, by substituting these values of t into the equations of the 
current, gives the maximum values: 


1,.20+nz 


(a) %t=10e 49 =7,83e~ 0-64" —7.83 X0.53" amperes; 


that is, an infinite number of maxima, of gradually decreasing 
values: +7.83; —4.15; +.2.20; —1.17 ete. 


(b) 4 = 6.667 (e-0-46 — e184) = 3.16 amperes. 


118. Example 19. In an induction generator, the fric- 
tion losses are P;=100 kw.; the iron loss is 200 kw. at the ter- 
minal voltage of e=4 kv., and may be assumed as proportional 
to the 1.6th power of the voltage; the loss in the resistance 
of the conductorsis 100 kw. at 7==3000 amperes output, and may 
be assumed as proportional to the square of the current, and 
the losses resulting from stray fields due to magnetic saturation 
are 100 kw. at e=4 kv., and may in the range considered be 
assumed as approximately proportional to the 3.2th power 
of the voltage. Under what conditions of operation, regard- 
ing output, voltage and current, is the efficiency a maximum? 

The losses may be summarized as follows: 


Friction loss, Pz=100 kw.; 
e 1-6 
Iron loss, P,;+200 ) 
2 P ( 4 03 
?r loss, .=100 Sle 
e\ 32 
Saturation loss, P,=100 G) : 


hence the total loss is P, = Ps +P;+P.+P, 


f e€ 1-6 a 2 eo 
=100/142(¢) +(a) aE re : 
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The output is P=ev; hence, percentage of loss is 


e 1-6 a 2 e 3-2 | 
_p, 100{1+2(G) +(sio5) +(4) | 
emt, P ee Oe ee ee eee 


ev 


The efficiency is a maximum, if the percentage loss A is a 
minimum. For any value of the voltage e, this is the case 


or da a eee : 
at the current 7, given by ao: hence, simplifying and differ- 
entiating A, 


e \1:6 e \32 
a 1424) ig) 1 


di 2 *30002~ 9% 
WE -6- /e\s2 
i=30004/1 +2(£) +() ; 
then, substituting 7 in the expression of A, gives 
1 e\le /e\s2 
imal t2g) +) 
and A is an extreme, if the simplified expression, 
lege exe ee 
i + Gi-6¢0-4 + 43-3e 
is an extreme, at 
dy 2 0.8 ~1.2 
de @ qraga tae”) 
0.8 2 
hence, 2 +7760 — Fane? = 0; 
6 \ehee 8 
hence, (<) a and e=5.50 kv., 


and, by substitution the following values are obtained : A= 0.0323; 
efficiency 96.77 per cent; current 7=8000 amperes; output 
P=44,000 kw. 

119. In all probability, this output is beyond the capacity 
of the generator, as limited by heating. The foremost limita- 
tion probably will be the 2?r heating of the conductors; that is, 


—- 
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the maximum permissible current will be restricted to, for 
instance, 1=5000 amperes. 

For any given value of current 7, the maximum efficiency, 
that is, minimum loss, is found by differentiating, 


danas) ap ct aw 
xe HG) + (500) +G)" | 


én 


over é, thus: 


Simplified, A gives 


1 oe: I 
=— es ———— 0 ‘Oyele epee 
y Se) fae tae 


hence, differentiated, it. gives 
dy 1 1 \? 12 2.26¢2 
ae 00) | tarepa tga =9; 


@ pe: e et nO 1 4 2 
({ m\4} 7it|**\3000/ J? 


i) 
(ares 64+55 3000 . 
TMs ” 


For 7= 5000, this gives: 
Av isb 
(<) =1.065 and e=4.16 kv.; 
hence, 
A=0.0338, Efficency 96.62 per cent, Power P=20,800 kw. 


Method of Least Squares. 


120. An interesting and very important application of the 
theory of extremes is given by the method of least squares, which 
is used to calculate the most accurate values of the constants 
of functions from numerical observations which are more numer- 
ous than the constants. 


If Led ies on ind acon ty aD 
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is a function having the constants a, b, c... and the form of 
the function (1) is known, for instance, 


y= abr+en 2s, ola ieee 


and the constants a 6b, c are not known, but the numerical 
values of a number of corresponding values of z and y are given, 
for instance, by experiment, 21, V2, 73, 24... and Y1, Yo, Ys, Ya---, 
then from these corresponding numerical values z, and Yn 
the constants a, b, c...can be calculated, if the numerical 
values, that is, the observed points of the curve, are sufficiently 
numerous. Thar 

If less points 11 y1, 12, ye... are observed, then the equa- 
tion (1) has constants, obviously these constants cannot be 
calculated, as not sufficient data are available therefor. 

If the number of observed points equals the number of con- 
stants, they are just sufficient to calculate the constants. For 
instance, in equation (2), if three corresponding values x1, y1; 
Xe, Y2; Xs, yz are observed, by substituting these into equation 
(2), three equations are obtained: 


yi =atba; +cx,2; 
Yo @ bayer? bg Se 
Y3 = a3 +bx +cx3", | 


which are just sufficient for the calculation of the three constants 
a@, 0, ¢. 

Three observations would therefore be sufficient for deter- 
mining three constants, if the observations were absolutely 
correct. This, however, is not the case, but the observations 
always contain errors of observation, that is, unavoidable inac- 
curacies, and constants calculated by using only as many 
observations as there are constants, are not very accurate. 

Thus, in experimental work, always more observations 
are made than just necessary for the determination of the 
constants, for the purpose of getting a higher accuracy. Thus, 
for instance, in astronomy, for the calculation of the orbit of 
a comet, less than four observations are theoretically sufficient, 
but if possible hundreds are taken, to get a greater accuracy 
in the determination of the constants of the orbit. 
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If, then, for the determination of the constants a, b, ¢ of 
equation (2), six pairs of corresponding values of x and y were 
_ determined, any three of these pairs would be sufficient to 
give a, b, c, as seen above, but using different sets of three 
observations, would not give the same values of a, b, ¢ (as it 
should, if the observations were absolutely accurate), but 
different values, and none of these values would have as high 
an accuracy as can be reached from the experimental data, 
since none of the values uses all observations. 


ci. It Ue Go) on ae <hr eID) 


is a function containing the constants a, b, c..., which are still 
unknown, and 21, y1; 22, Y2} 23, Y3; ete., are corresponding 
experimental values, then, if these values were absolutely cor- 
rect, and the correct values of the constants a, 6, c... chosen, 
yi=f(x1) would be true; that is, 


deci Hie 5. 7 
f (x2) —Yy2=0, etc.” 


(5) 


Due to the errors of observation, this is not the case, but 
even if a, 6, c... are the correct values, 


Pane ee 
that is, a small difference, or error, exists, thus 


f(t1)-yr = 91; 4 | 
fe soca as (7) 
J (x2) — Y2= 02, ete.) 


If instead of the correct values of the constants, a, b, c.. ., 
other values were chosen, different errors 61, 02... would 
obviously result. 

From probability calculation it follows, that, if the correct 
values of the constants a, b, c... are chosen, the sum of the 
squares of the errors, 


ee ee ee 


is less than for any other value of the constants a, b, ¢...; that 
is, it is a Minimum. 
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122. The problem of determining the constants a, }, c..., 
thus consists in finding a set of constants, which makes the 
;sum of the squares of the errors d a minimum; thatis, 
| 


g=D62=minimum,”. . ... . (9) 


is the requirement, which gives the most accurate or most 
probable set of values of the constants a, b,c... 

Since by (7), d=f(x)—y, it follows from (9) as the condi- 
tion, which gives the most probable value of the constants 
NOE Coens; 


2=D{f(e)—y}2=minimum;/ . to nek eee 


that is, the least sum of the squares of the errors gives the most 
probable value of the constants a, b,c... 


To find the values of a, b, c..., which fulfill equation (10),. 


_ the differential quotients of (10) are equated to zero, and give 


d df(x) / 

@ = dtyr@-y 22-0, |... 7a 
d: df(x) 

= Def) -y} =; ete. 


This gives as many equations as there are constants a,b,c ..., 
and therefore just suffices for their calculation, and the values 
so calculated are the most probable, that is, the most accurate 
values. 

Where extremely high accuracy is required, as for instance 
in astronomy when calculating from observations extending 
over a few months only, the orbit of a comet which possibly 
lasts thousands of years, the method of least squares must be 
used, and is frequently necessary also in engineering, to get 
from a limited number of observations the highest accuracy 
of the constants. 

123. As instance, the method of least squares may be applied 
in separating from the observations of an induction motor, 


when running light, the component losses, as friction, hysteresis, 
etc. 


Lod Parmele i nltin sh 


— 
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In a 440-volt 50-h.p. induction motor, when running light, 
that is, without load, at various voltages, let the terminal 
voltage e, the current input 7, and the power input p be observed 
as given in the first three columns of Table I; 


ghaswee 


The power consumed by the motor while running light 
consists of: The friction loss, which can be assumed as con- 
stant, a; the hysteresis loss, which is proportional to the 1.6th 
power of the magnetic flux, and therefore of the voltage, be!-®; 
the eddy current losses, which are proportional to the square 
of the magnetic flux, and therefore of the voltage, ce?; and the 7?r 
loss in the windings. The total power is, 


p=a+bel® + ce? +772. he Sa (12) 


From the resistance of the motor windings, r=0.2 ohm, 
and the observed values of current 2, the 7?r loss is calculated, 
and tabulated in the fourth column of Table I, and subtracted 
from p, leaving as the total mechanical and magnetic losses the 
values of po given in the fifth column of the table, which should 
be expressed by the equation: 


p= at bel® +ce?. 7 naam rae a ve (i 


This leaves three constants, a, b, c, to be calculated. 

Plotting now in Fig. 59 with values of e as abscissas, the 
current 7 and the power po give curves, which show that within 
the voltage range of the test, a change occurs in the motor, 
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as indicated by the abrupt rise of current and of power beyond 
473 volts. This obviously is due to beginning magnetic satura- 
tion of the iron structure. Since with beginning saturation 
a change of the magnetic distribution must be expected, that 
is, an increase of the magnetic stray field and thereby increase 
of eddy current losses, it is probable that at this point the con- 


i Pe 


At 
— 


Fig. 59. Excitation Power of Induction Motor. 


stants in equation (13) change, and no set of constants can be 
expected to represent the entire range of observation. For 
the calculation of the constants in (18), thus only the observa- 
tions below the range of magnetic saturation can safely be used, 
that is, up to 473 volts. 

From equation (13) follows as the error of an individual 
observation of e and po: 


d=atbelS+ce2— po; 1. - See 2) ae 
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a 
z= Ld? = Lfa+be® +ce? —po}?=minimum, (15) 
thus: - Wy 


= a + bet + ce?— po} =; 
jv 


aim Haber 08 pike? 0 a ae LG) 


db 

wd 
a= Dia +bel-6 +-ce?— poe? =0; 
de f 


and, if » is the number of observations used (n=6 in this 
instance, from e=148 to e=473), this gives the following 
equations: bi 

na +bXel6 + cXLe?— Xpo=0; 


ee aia cea Pee Ae 7G) 
ade? +b de> + cLet— Le? p9=0."} 


Substituting in (17) the numerical values from Table I gives, 


a+11.7 6 10? +126 c 10?=1550; | 


a+14.6 b 10?+163 c 103=1830; (18) 
a+15.1 6 10?+170 c 10?=1880; | 
hence, 
a= 540; 
baer sh 10 ee S90) 
C=O GLO a 
and 
po = 540 +0.0325 e-6+0.005 e. . . . . (20) 


The values of po, calculated from equation (20), are given 
in the sixth column of Table I, and their differences from the 
observed values in the last column. As seen, the errors are in 
both directions from the calculated values, except for the three 
highest voltages, in which the observed values rapidly increase 
beyond the calculated, due probably to the appearance of a 


186 ENGINEERING MATHEMATICS. 


loss which does not exist at lower voltages—the eddy currents 
caused by the magnetic stray field of saturation. 

This rapid divergency of the observed from the calculated 
values at high voltages shows that a calculation of the constants, 
based on all observations, would have led to wrong values, 
and demonstrates the necessity, first, to critically review the 
series of observations, before using them for deriving constants, 
so as to exclude constant errors or unidirectional deviation. It 
must be realized that the method of least squares gives the most 
probable value, that is, the most accurate results derivable 
from a series of observations, only so far as the accidental 
errors of observations are concerned, that is, such errors which 
follow the general law of probability. The method of least 
squares, however, cannot eliminate constant errors, that is, 
deviation of the observations which have the tendency to be 
in one direction, as caused, for instance, by an instrument reading 
too high, or too low, or the appearance of a new phenomenon 
in a part of the observation, as an additional loss in above 
instance, etc. Against such constant errors only a critical 
review and study of the method and the means of observa- 
tion can guard, that is, Judgment, and not mathematical 
formalism. 

The method of least squares gives the highest accuracy 
available with a given number of observations, but is frequently 
very laborious, especially if a number of constants are to be cal- 
culated. It, therefore, is mainly employed where the number of 
observations is limited and cannot be increased at will; but where 
it can be increased by taking some more observations—as is 
generally the case with experimental engineering investigations 
—the same accuracy is usually reached in a shorter time by 
taking a few more observations and using a simpler method 
of calculation of the constants, as the DA-method described in 
paragraphs 153 to 157. 


Diophantic Equations. 


123A.—The method of least squares deals with the case, 
when there are more equations than unknown quantities. In 
this case, there exists no set of values of the unknown quantities, 
which exactly satisfies the equations, and the problem is, to find 
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the set of values, which most nearly satisfies the equations, that 
is, which is the most probable. 

Inversely, sometimes in engineering the case is met, when there 
are more unknown than equations, for instance, two equations 
with three unknown quantities. Mathematically, this gives not 
one, but an infinite series of sets of solutions of the equations. 
Physically however in such a case, the number of permissible 
solutions may be limited by some condition outside of the algebra 
of equations. Such for instance often is, in physics, engineering, 
etc., the condition that the values of the unknown quantities 
must be positive integer numbers. 

Thus an engineering problem may lead to two equations with 
three unknown quantities, which latter are limited by the con- 
dition of being positive and integer, or similar requirements, 
and in such a case, the number of solutions of the equation may 
be finite, although there are more equations than unknown 
quantities. 

For instance: © 

In calculating from economic consideration, in a proposed 
hydroelectric generating station, the number of generators, 
exciters and step-up transformers, let: 


x = number of generators 
y = number of exciters 
z = number of transformers 


Suppose now, the physical and economic conditions of the 
installation lead us to the equations: 


8a + 38y +2 = 49 (1) 
22 + y + 32 = 21 (2) 


These are two equations with three unknown, 2, y, z; these 
unknown however are conditioned by the physical requirement, 
that they are integer positive numbers. 

To attempt to secure a third equation would then over deter- 
mine the problem, and give either wrong, or limited results. 

Eliminating z from (1) and (2), gives: 


liz + 4y = 63v (3) 
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hence: , ; 
63—lix’ 4 f. BeBe 
y= ty (4) 
: : 3 — 3x 
since y must be an integer number, ~—y—— must also be an 


integer number. Call this w, it is: 


pee 8 Ae a ee p 
“te Tae =) ae 3 (5) 


since must be an integer number, - must also be an integer 
number, that is: 

u = 3v 6) 
hence, substituted into (5), (4) and (2): 


x= 1 — 4p 
y= 138+ 1lv (7) 
2=2- 9 


(7) thus are the solutions of the equations (1) (2), where v is any 
integer number. 

As seen, mathematically, there are an infinite number of 
solutions. 

Substituting now for v integer numbers: 


ee ey (i a aes 
c= -7 —8. +1. $5 +9 
) = +35 24. A YS- coe 
gsi 0 vob dl ei ee ee 


As seen, there are only two solutions, for v = 0 and v = — 1, 
which give for z, y, and z, three integer positive values, and which 
thus satisfy the physical restriction. 
v=0; «=1, y = 18, z = 2 is excluded by engineering con- 
sideration, as nobody would consider thirteen exciters with one 
generator, and thus there remains only one applicable solution: 
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x= 
Up SS 
Z2=> 


oh Oo 


We thus have here the case of two equations with three un- 
known quantities, which have only one single set of these un- 
known quantities satisfying the problem, and thus give a definite 
solution, though mathematically indefinite. 

This type of equation has first been studied by Diophantes 
of Alexandria. 


CHAPTER V. 
METHODS OF APPROXIMATION. 


124. The investigation even of apparently simple engineer- 
ing problems frequently leads to expressions which are so 
complicated as to make the numerical calculations of a series 
of values very cumbersonme and almost impossible in practical 
work. Fortunately in many such cases of engineering prob- 
lems, and especially in the field of electrical engineering, the 
different quantities which enter into the problem are of very 
different magnitude. Many apparently complicated expres- 
sions can frequently be greatly simplified, to such an extent as 
to permit a quick calculation of numerical values, by neglect- 
ing terms which are so small that their omission has no appre- 
ciable effect on the accuracy of the result; that is, leaves the 
result correct within the limits of accuracy required in engineer- 
ing, which usually, depending on the nature of the problem, 
is not greater than from 0.1 per cent to 1 per cent. 

Thus, for instance, the voltage consumed by the resistance 
of an alternating-current transformer is at full load current 
only a small fraction of the supply voltage, and the exciting 
current of the transformer is only a small fraction of the full 
load current, and, therefore, the voltage consumed by the 
exciting current in the resistance of the transformer is only 
a small fraction of a small fraction of the supply voltage, hence, 
it is negligible in most cases, and the transformer equations are 
greatly simplified by omitting it. The power loss in a large 
generator or motor is a small fraction of the input or output, 
the drop of speed at load in an induction motor or direct- 
current shunt motor is a small fraction of the speed, etc., and 
the square of this fraction can in most cases be neglected, and 
the expression simplified thereby. 

Frequently, therefore, in engineering expressions con- 
taining small quantities, the products, squares and higher 
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powers of such quantities may be dropped and the expression 
thereby simplified; or, if the quantities are not quite as small 
as to permit the neglect of their squares, or where a high 
accuracy is required, the first and second powers may be retained 
and only the cubes and higher powers dropped. 

The most common method of procedure is, to resolve the 
expression into an infinite series of successive powers of the 
small quantity, and then retain of this series only the first 
term, or only the first two or three terms, etc., depending on the 
smallness of the quantity and the required accuracy. 

125. The forms most frequently used in the reduction of 
expressions containing small quantities are multiplication and 
division, the binomial series, the exponential and the logarithmic 
series, the sine and the cosine series, etc. 

Denoting a small quantity by s, and where several occur, 
by 81, 82, 83... the following expression holds: 


(1 +s1)(1 +82) =1 +8) +82 +8182, V 


and, since s:s2 is small compared with the small quantities 
Ss; and sg, or, as usually expressed, sis2 is a small quantity of 
higher order (in this case of second order), it may be neglected, 
and the expression written: 


(l+s,) +89) =) bsrck so. 2. eae a) 


This is one of the most useful simplifications: the multiplica- 
tion of terms containing small quantities is replaced by the 
simple addition of the small quantities. 

If the small quantities s; and sz are not added (or subtracted) 
to 1, but to other finite, that is, not small quantities a and b, 
a and 6} can be taken out as factors, thus, 


l 
§ So § 8 
(a+s1)(b+s82) =ab(1 2%) (1 +5) ~ abl 2F).4 (2) 


s s 
where = and . must be small quantities. 

As seen, in this case, s; and s2 need not necessarily be abso- 
lutcly small quantities, but may be quite large, provided that 
a and 6 are still larger in magnitude; that is, s; must be small 
compared with a, and sz small compared with 6. For instance, 
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in astronomical calculations the mass of the earth (which 
absolutely can certainly not be considered a small quantity) 
is neglected as small quantity compared with the mass of the 
sun. Also in the effect of a lightning stroke on a primary 
distribution circuit, the normal line voltage of 2200 may be 
neglected as small compared with the voltage impressed by 
lightning, ete. 

126. Example. In a direct-current shunt motor, the im- 
pressed voltage is e9=125 volts; the armature resistance is 
ro =0.02 ohm; the field resistance is r,=50 ohms; the power 
consumed by friction is p= 300 watts, and the power consumed 
by iron loss is p;=400 watts. What is the power output of 
the motor at 7 =50, 100 and 150 amperes input? 

The power produced at the armature conductors is the 
product of the voltage e generated in the armature conductors, 
and the current 7 through the armature, and the power output 
at the motor pulley is, 


eV Hay Me, arta rt) eta eee, ta) 


. -. €& 
The current in the motor field is —, and the armature current 
"1 


therefore is, 
Egy ce hy ee os. te (4) 


where = — > is a small quantity, compared with %o. 


The Bisivs consumed by the armature resistance is rot, 
and the ates generated in the motor armature thus is: 


é€=€o— rot, aS Ree Ce eden O et (5) 


where ro? is a small quantity compared with éo. 
Substituting herein for 7 the value (4) gives, 


; é 
e=6)—ro(io~"*). Seite es hee eee |S (6) 


Since the second term of (6) is small compared with @o, 
; ° €o-~ 
and in this second term, the second term as small com- 
il 


pared with 7%, it can be neglected as a small term of higher 
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order; that is, as small compared with a small term, and 
expression (6) simplified to 


€=6o—Tolhe, 23 4 


Substituting (4) and (7) into (3) gives, 


p= (€o—Toto) (ip=22)— Pi— Pi 


roto €0 
= evio(1— 2) (1- 0.) —p—-pi . . . ©) 


Expression (8) contains a product of two terms with small 
quantities, which can be multiplied by equation (1), and thereby 
gives, 


SY: (1 roto co) 
P= €oto\ +: €o Tilo Pf— Pi 
5 €02 
=€oto— Toto? — 7 — Py Bi. rey 


Substituting the numerical values gives, 


p =125%9— 0.0219? — 562.5 — 300 — 400 
= 12519 — 0.0279? — 1260 approximately ; 


thus, for 79==50, 100, and 150 amperes; p=4940, 11,040, and 
17,040 watts respectively. 

127. Expressions containing a small quantity in the denom- 
inator are frequently simplified by bringing the small quantity 
in the numerator, by division as discussed in Chapter II para- 
graph 39, that is, by the series, 


ae =IRete yt Pate. 25 ee 

which series, if x is a small quantity s, can be approximated 
by: 

1 ¢ 

Tie 

EE rs 


I 
— 
ie 


wake 
l-s 
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or, where a greater accuracy is required, 
95) 
1 

edie ee dbieons | 

(ie L's +823 
y (12) 

i: 

Ei cee ae / 
1l-—s 


By the same expressions (11) and (12) a small quantity 
contained in the numerator may be brought into the denominator 
where this is more convenient, thus: 


eee 
ene 


1 ae 
eae ete. 


(13) 
l-—s 


3 : b ; 
More generally then, an expression like Fea where s is 


small compared with a, may be simplified by approximation to 


the form, 
b b b 
=e 2) f ao haa 


ots S a 
a(13.5) 


or, where a greater exactness is required, by taking in the second 


term, 
b b 88 \ 2 | 
ee . . . . . . (15) 


128. Example. What is the current input to an induction 
motor, at impressed voltage eo and slip s (given as fraction of 
synchronous speed) if 79420 is the impedance of the primary 
circuit of the motor, and r;+- jx; the impedance of the secondary 
circuit of the motor at full frequency, and the exciting current 
of the motor is neglected; assuming s to be a small quantity; 
that is, the motor running at full speed? 

Let E be the e.m.f. generated by the mutual magnetic flux, 
that is, the magnetic flux which interlinks with primary and 
with secondary circuit, in the primary circuit. Since the fre- 
quency of the secondary circuit is the fraction s of the frequency 
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of the primary circuit, the generated e.m.f. 0” the secondary 
circuit is sf, 

Since x; is the reactance of the secondary circuit at full 
frequency, at the fraction s of full frequency the reactance 
of the secondary circuit is sz;, and the impedance of the sec- 
ondary circuit at slip s, therefore, is 71+ jsx1; hence the 
secondary current is, 


sE 
ig tera 
If the exciting current is neglected, the primary current 
equals the secondary current (assuming the secondary of the 
same number of turns as the primary, or reduced to the same 
number of turns); hence, the current input into the motor is 
a: 
ry 478r1° 


(16) 


The second term in the denominator is small compared 
with the first term, and the expression (16) thus can be 
approximated by 


E sk . 
[-——_ -~ (2). . 23 ee 
n(1+i=") : ; 


The voltage / generated in the primary circuit equals the 
impressed voltage e, minus the voltage consumed by the 
current J in the primary impedance; 79+7.co thus is 


E=e9—I(ro+jr0). a ape hs Ae ee (18) 
Substituting (17) into (18) gives 
E= co Er + iro)(1 -i). 3.) See (19) 


In expression (19), the second term on the right-hand side, 
which is the impedance drop in the primary circuit, is small 


compared with the first term eo, and in the factor ( — j=) 


of this small term, the small term i can thus be neglected 
il 
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as a small term of higher order, and equation (19) abbreviated 
to \ 


B= eo~—-(ro+ 20) Red. SOPs, Ske) 
From (20) it follows that 
1 +—(ro-+-jro) 
: Ty 
and by (13), 
E=eo [1S tro-tien) |. apes os ee te (21) 
a 4 


Substituting (21) into (17) gives 
1=2(1- 2) [1S rutin}, 


T1 rT} 

and by (1), 
Sé€o0 STU] s : 
S€9 TOY 2 on CRD 


If then, Loo=%—jto’ is the exciting current, the total 
current input into the motor is, approximately, 


iy etl bat Ae 
= js = | to tial Sind $25) 


129. One of the most important expressions used for the 
reduction of small terms is the binomial series: 


—1) n(n—1)(n—2) 
(te) enn + Saree 
—~1)(n—2)(n— ye 
ES (24) 


If x isa small term s, this gives the approximation, 


oe enc ee, ok fe RENE SR) 
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or, using the second term also, it gives 


1 
Mee ey (26) 
In a more general form, this expression gives 
(a+s)"=a" (1 24 =or(1 Sa ete. lic eee 


By the binomial, higher powers of terms containing small 
quantities, and, assuming m as a fraction, roots containing 
small quantities, can be eliminated; for instance, 


1 
1 il 2 2 
Vate=(a+s)=an(145) -%a(14*); 
a na 


1 1 =e) = 
as ON a 
a 1t7 


a5 
Tee ety Moa (14h) *=ye(1F gs): 


V(a£s)™=(a+s)” =an(1 > ra a(t oe - ete. 


One of the most common uses of the binomial series is for 
the elimination of squares and square roots, and very fre- 


quently it can be conveniently applied in mere numerical calcu- 
lations; as, for instance, 


1 1 
2— 9102 a P 
(201)? = 200 (1 ee =o). =40 o00(1 + m)- 40,400; 


1 1 
29. 92=902(1—h). =900(1- 345) = 900-6 =894; 


om wed al 
99.8 = 10V1—0.02 = 10(1 0.02)? = 10(1 —0.01) = 9.99: 
pees ie eee 
Viog (+003) toe es 
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130. Example 1. If r is the resistance, x the reactance of an 
alternating-current circuit with impressed voltage e, the 
current is 

e 
Vee 


t= 


If the reactance x is small compared with the resistance 7, 
as is the case in an incandescent lamp circuit, then, 


1 
go é is e Jy ve aol Nenewe Re of 
ree cara as-7{1+(7) 


If the resistance is small compared with the reactance, as 
is the case in a reactive coil, then, 


1 2] 
=£/1-5(2) ee is SANS a Hay SN 


Example 2. How does the short-circuit current of an 
alternator vary with the speed, at constant field excitation? 

When an alternator is short circuited, the total voltage 
generated in its armature is consumed by the resistance and the 
synchronous reactance of the armature. 

The voltage generated in the armature at constant field 
excitation is proportional to its speed. Therefore, if eo is the 
voltage generated in the armature at some given speed So, 
for instance, the rated speed of the machine, the voltage 
generated at any other speed S is 


S 
é= a é@0; 
sSane 
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m 


hee 
or, if for convenience, the fraction = 8 denoted by a, then 


S 
a== and e=dae, 

So 
where a is the ratio of the actual speed, to that speed at which 
the generated voltage is eo. 

If r is the resistance of the alternator armature, zo the 
synchronous reactance at speed So, the synchronous reactance 
at speed S is r=azo, and the current at short circuit then is 


é Meo 


Vre2+a2 V7? +a2262 
Usually r and zo are of such magnitude that r consumes 
at full load about 1 per cent or less of the generated voltage, 
while the reactance voltage of xo is of the magnitude of from 
20 to 50 per cent. Thus r is small compared with zo, and if 
a is not very small, equation (29) can be approximated by 


a ae _ 0 er ota) 
“ane lte(E) . 1 +(.) { c Fates (30) 
oo) 


axo 
Then if x9 =20r, the following relations exist: 
a= 0.2 0.5 1.0 2.0 


i= > x0.9688 0.995 0.99875 0.99969 


That is, the short-circuit current of an alternator is practi- 
cally constant independent of the speed, and begins to decrease 
only at very low speeds. 

131. Exponential functions, logarithms, and trigonometric 
functions are the ones frequently met in electrical engineering. 

The exponential function is defined by the series, 


xg? 3 gt 95 
Se ee Lo + — —— f— + é 
€ 1 x 2 \3 |4 |5 Sr ee . . °. (31) 


gil 
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and, if x is a small quantity, s, the exponential function, may 
be approximated by the equation, 


eee eee PME ee ne KR) 
or, by the more general equation, 
Sec My ie ee A no ee ak CS) 


and, if a greater accuracy is required, the second term may 
be included, thus, 


2 


ere a Se 
and then 
as? 
gS eel ass AY eT er eS oh ee, (35) 


The logarithm is defined by loge r= {FE hence, 


4 i 
ww 


dx 


Paes ; : 
Resolving ver into a series, by (10), and then integrating, 


gives 
loge 142) = tf OFettee, ag 


pg ars ge 


sole Say ac ey Oe oe oe rae er 58) 
This logarithmic series (36) leads to the approximation, 
Iee(Pete ee Le BT) 
or, including the second term, it gives 
logs 1+s)=+ts—s?, .. . -...,. (8) 


and the more general expression is, respectively, 


s s 8 
loge (a+s) =log a(t =) =log a+log (1 <2) =log ate; (39) 
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and, more accurately, 
eB 
loge (a8) =log a ea oe ae (40) 
Since logio N =logio ¢ X loge N =0.4343 loge N, equations (39) 
and (40) may be written thus, ; 
logio (L+s) = +0.4348s; 


logio (ats) =logio a +0.4343 - (41) 


132. The trigonometric functions are represented by the 
infinite series : 


=) x? x4 Mn a 

cos T= aes 
Suey ie (42) 

pepe as aS 


which when s is a small quantity, may be approximated by 
Goas=1 and sins=s:* . . | | (43) 


or, they may be represented in closer approximation by 


gs? y 
cos s=1——; 
92 
; 53] ¥ e e e e e se (44) 
sin s=s i<h 


or, by the more general expressions, 


azs2 
cosas=1 and cos as=1——5-; 
ee (45) 
sin as=as and sin as=as = ae 


133- Other functions containing small terms may frequently 
be approximated by Taylor’s series, or its special case, 
MacLaurin’s series. 

MacLaurin’s series is written thus: 


7 yy open ‘ 
J (x) =f(0) +2f’(0) tp (0) Br (0) 65 SG) 
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where f’, f”, f’”’, etc., are respectively the first, second, third, 
etc., differential quotient of f; hence, 


f(s) =f (0) +sf'(0); | a7) 
Ff (as) =f 0) +asf’(0).“ 
Taylor’s series is written thus, 
f(b+2) =f(b) +af"(b) +f" +gf"0 eine) 
and leads to the approximations: 
b+s)=f(b "(b);* 
f+s) =f) +"(6); | (49) 


fbtas) =f) tasf"(b)~ 


Many of the previously discussed approximations can be 
considered as special cases of (47) and (49). 

134. As seen in the preceding, convenient equations for the 
approximation of expressions containing small terms are 
derived from various infinite series, which are summarized 
below: 


aes ——=1Fe+22F a3 +2'F -. 
1 —1)(n—2 
oe ) 2 aise 
ire 
pest 
oe ae 
loge (Lia) = + 9 +37 reece 
Dl rae (50) 
cos x= 1 a ee 
s at 
sin 7=2 Lee 
fix)=fO +2f'0) +5 “f Oe a Orbs 
[2° 


f(b+x)=f(0) taf") +pf"O +5 =f?"(b) rs 
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The first approximations, derived by neglecting all higher 
terms but the first power of the small quantity x=s in these 
series, are: 


~—=l|F 8; [+£7]; 


tL 


(1+s)"=1+ns; 7 


e=S=]+9; Y 
loge1+s)=+8; “ 


| 
| 
| 
mie sen ~ 
| 


sin S=s} 


WA 52 
fb+s) =f) £510); [+370] 


aad, in addition hereto is to be remembered the multiplication 
rule, 
(L4+s:)(l4s2)=1l+sitse; [48ise]. . . (82) 


135. The accuracy of the approximation can be estimated 
by calculating the next term beyond that which is used. 
This term is given in hrackets in the above equations (50) 
and (51). 

Thus, when calculating a series of numerical values by 
approximation, for the one value, for which, as seen by the 
nature of the problem, the approximation is least close, the 
next term is calculated, and if this is less than the permissible 
limits of accuracy, the approximation is satisfactory. 

For instance, in Example 2 of paragraph 130, the approxi- 
mate value of the short-circuit current was found in (80), as 


_@[, 1/7 
~ Zo Peete 


METHODS OF APPROXIMATION. 201 


The next term in the parenthesis of equation (30), by the 
1 
binomial, would have been nee substituting n=— 4; 


2 ‘ 4 
$= (= , the next becomes ages —_) The smaller the a, the 
ax 8 \axo 


less exact is the approximation. 
The smallest value of a, considered in paragraph 130, was 


S 4 
a=0.2. For xy)=20r, this gives +3) =().00146, as the 
0 
value of the first neglected term, and in the accuracy of the 
result this is of the magnitude of © = x0. 00146, out of = x 0.9688, 


the value given in paragraph 130; that is, the Ae eke 
0.00146 
0.9680 
sixth of one per cent, which is sufficiently close for all engineer- 
ing purposes, and with larger a the values are still closer 
approximations. 

136. It is interesting to note the different expressions, 
which are approximated by (1+s) and by (1—s). Some of 
them are given in the following: 


gives the result correctly within =0.0015 or within one- 


1+s= 1—s= 
alae 
1+s’ 
§\% Sats 
ie i) , 
S s\? 
af (1-5) 
1 
8 S\es 
SG =i (145) 
NL m aL 
I+ 798 1—38 
n—m ‘ 
1+ Ss 
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AV ts; 
ih 

A ESCs 
Des 
1—s’ 


V1+ns; 


2—«8; 
1+loge (1+s); 
1—loge (1—s); 


S 
1+n7 loge (: 1 ; 


s 
1—n loge a 


1 + loge 


1+sin-s} 


ks 
1-+n sin Par 


—— ; 

1+(n—m)s’ 
ete. 

Cae 

7 ? 

2—é&; 

1 +loge (1—s); 

1—loge (1+s); 


s 
1+n loge = : 


1—n loge (1 +- 


fi—s 
1+loge T+? 


1+s 

1—- loge These 
ete. 
1—sin:s; 


ane 
t—nsin7; 


d 
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ee Line 
1+— sin ns; 1—— sin ns; 
n n 
cos V —2s; cos V 2s; 
Otc, etc. 


137. As an example may be considered the reduction to its 
simplest form, of the expression: 


Va V(a+s1)3}4—sin 682} Vae@ cos? = 
a \ 


a 


= pate 
e—32(q +251) {1—atoge.|2— = | Va—2s3 


a+ S82 
then, 


pale 8/s\4 8/35 
(a+s1)? =(a+s))?4=a4 I+— =a4 re, ; 


ie 3 
4—sin 6s.=4(1—4 sin 6s.) =4(1-3 so) : 
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hence, 
€ Ss § 
al/2 x 3/4 pees x4 fe) xa (142%) (1-9) 
PR 4a 2 a a 
Be $ iS 
(1—3s3) xa +24)a +s.) xa2(1—2) 
3 8 5) Sy |) 
ed bettered peer eh ae 12 
4a (1435 geet a a 


81 


; Si 
an( — 382 +2 Eo 


a 

lb Sil Se 

=4(1 oy: +3). 

138. As further example may be considered the equations 
of an alternating-current electric circuit, containing distributed 
resistance, inductance, capacity, and shunted conductance, for 
instance, a long-distance transmission line or an underground 
high-potential cable. 


Equations of the Transmission Line. 


Let 1 be the distance along the line, from some starting 
point; H, the voltage; J, the current at point /, expressed as 
vector quantities or general numbers; Zo=7ro+j%o, the line 
impedance per unit length (for instance, per mile); Yo=go+jbo 
=line admittance, shunted, per unit length; that is, ro is the 
ohmic effective resistance; 20, the self-inductive reactance; 
bo, the condensive susceptance, that is, wattless charging 
current divided by volts, and go=energy component of admit- 
tance, that is, energy component of charging current, divided 
by volts, per unit length, as, per mile. 

Considering a line element dl, the voltage, dH, consumed 
by the impedance is Zo/dl, and the current, d/, consumed by 
the admittance is Yo#dl; hence, the following relations may be 
written: 


= Vor. |X 
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Differentiating (1), and substituting (2) therein gives 


Seal, rk 8) 
and from (1) it follows that, 
] Z = CWRU alot Mig ey AC. 
Equation (3) is integrated by 
B=Ac®, 5 eas ee 
and (5) substituted in (8) gives 
B= ENA e Emel meme ss ee) 
hence, from (5) and (4), it follows 
B= AystV lt Age VOY, 2. we 
=f diet P4— Ane V EPA. eee lS) 


Next assume 
l=lg, the entire length of line; 
Z =I Zo, the total line impedance; files sh (9) 
and Y =loYo, the total line admittance ; | 


then, substituting (9) into (7) and (8), the following expressions 
are obtained: 


FE, = AjgtV2Y + Ays-V2Y; 


Sa Sl (10) 
ae Een: ZY __ A,e-V ZY} 


as the voltage and current at the generator end of the line. 

139. If now Ho and Io respectively are the current and 
voltage at the step-down end of the line, for 7=0, by sub- 
stituting /=0 into (7) and (8), 


A, + A2=Eo; 


Vi ee eee gee 5 (als) 
Ai As=Iole | 
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Substituting in (10) for the exponential function, the series, 


ZY ZYVZY ZY? ZY2VZY 
CRaTEVAY + - ho 6 Oe ee 


FV SDV ass 
( wy) a4 )avZ¥ (145-4559 


(12) 


and arranging by (A;+A2) and (A1— Ag), and substituting 
herefor the expressions (11), gives 


ISB RRIED Ces LY, roe 
fa=Bol14-4+r} wae fee 
(13) 
Le ee (a4 XK waa 
pate [1454+ Sp | +B ol 4 +p 


When /=—lo, that is, for Ho and Jo at the generator side, and 
E, and I, at the step-down side of the line, the sign of the 
second term of equations (138) merely reverses. 

140. From the foregoing, it follows that, if Z is the total 
impedance; Y, the total shunted admittance of a transmission 
line, “Ho and Jo, the voltage and current at one end; E,and J, 
the voltage and current at the other end of the transmission 
line; then, 


a LY > 27Y? ZY Z2Y? 
(14) 


) 


| VIE TED oe ZY 7y2 
halo {14+ mT | e¥Bo{14+554+457 | 


where the plus sign applies if Ho, Io is the step-down end, 
the minus sign, if Ho, Jo is the step-up end of the transmission 
line. 


In practically all cases, the quadratic term can be neglected, 
and the equations simplified, thus, 
hy ZY 
B\=Bo{1+—| =f Z| +} : 
be pe Ree ee 
Ih=1o eee seit BU Me ere e 
ei SS prea : 6 


272 
and the error made hereby is of the magnitude of less than ae 
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Except in the case of very long lines, the second term of 
the second term can also usually be neglected, which gives 


ZY 
B= Ho( 1 i) +ZIo; 
earn tae a Rb) 
ZY 
i= Io( 1 — +YEbo, 
. 9) . J 
and the error made hereby is of the magnitude of less than 2 
of the line impedance voltage and line charging current. 

141. Example. Assume 200 miles of 60-cycle line, on non- 
inductive load of ey9=100,000 volts; and %i9=100 amperes. 
The line constants, as taken from tables are Z=104+1407 ohms 
and Y=-++0.0013j ohms; hence, 


ZY =— (0.182 —0.136)); 


FE, =100000(1 — 0.091 -+0.0687) + 100(104 + 140;) 
=101400+ 20800), in volts; 


T, =100(1 —0.091+-0.0687) +0.00137 X 100000 
=91+136.8), in amperes. 
zy 0.174X0.0013 0.226 | 


The error is bee oe 6 


0.038. 


In £j, the neglect of the second term of zJ)=17,400, gives 
an error of 0.038 X17,400=660 volts=0.6 per cent. 

In J;, the neglect of the second term of yH)=130, gives an 
error of 0.038 X1380=5 amperes =3 per cent. 

Although the charging current of the line is 130 per cent 
of output current, the error in the current is only 3 per cent. 

Using the equations (15), which are nearly as simple, brings 

22y2 0.2262 


vhe error down to Sie tor =0.0021, or less than one-quarter 
per cent. : 
Hence, only in extreme cases the equations (14) need to be 


4y/4 
used. Their error would be less than 5p = 3:6 X10-%, or one 


three-thousandth per cent. 
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The accuracy of the preceding approximation can be esti- 
mated by considering the physical meaning of Z and Y: Z 
is the line impedance; hence ZJ the impedance voltage, and 


U the impedance voltage of the line, as fraction of total 


ai 
=i 
voltage: Y is the shunted admittance; hence YH the charging 


YE ; : : 
current, and Te the charging current of the line, as fraction 


of total current. 

Multiplying gives uww=ZY; that is, the constant ZY is the 
product of impedance voltage and charging current, expressed 
as fractions of full voltage and full current, respectively. In 
any economically feasible power transmission, irrespective of 
its length, both of these fractions, and especially the first, 
must be relatively small, and their product therefore is a small 
quantity, and its higher powers negligible. 

In any economically feasible constant potential transmission 
line the preceding approximations are therefore permissible. 


Approximation by Chain Fraction. 


141A.—A convenient method of approximating numerical 
values is often afforded by the chain fraction. A chain fraction 
is a fraction, in which the denominator contains a fraction, which 
again in its denominator contains a fraction, etc. Thus: 


Only integer chain fractions, that is, chain fractions in which 
all numerators are unity, are of interest. 


A common fraction is converted into a chain fraction thusly: 
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SU 
1152 
GR es ara 1 
1152 = 1152 ie 130 v 
aan east 
2 OA 
11 121 
130 3730 
ood 2s 1 
eet = 2+1 
epee 341 
130 9 
121 yaE 121 
Mee omit abe 
poe | fi ea 
Se Bad 
1+1_ ree oes 
131 4 
or 13+ 9 
2 oe See anes 
te ae a1 
es | Cres | 
e25a ; i+1 
13+ 1 15 cer] 
9 1 
4 ae 


That is, to convert a common fraction into a chain fraction, 
the numerator is divided into the denominator, the residue 
divided into the divisor, and so on,until no residue remains. 
The successive quotients then are the successive denominators 
of the chain fraction. 


For instance: 
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511 ie 
1152 
511/1152 =.2 
1022 
130 /511 = 3 
300 
121/130 = 1 
121 
9/12i;=— 33 
_< 
3l 
27 
4/9 =2 
8 
1/4=4 
hence: 
511 a 1 
1152s Onan 
34+ 1 
1+1 
13+ 1 
2d 
4 


Inversely, the chain fraction is converted into a common 
fraction, by rolling it up from the end: 


1 9 
erin 
LE ie 
Rea 
Bre, 
1B djs 121 
1 9 
uke 
9 
13 + 1 Saba) 
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1 130 
Tice ie eae ra cc 
T4347 121 
1 
aa 
‘aa _ 121 
14 136 
eet 
1 
oak g 
ord _ Sil 
je eal ~~ 180 
13-71 
1 
oie 
i _ 130 
Sie] Rissi at 
126 1: 
tek 
241 
4 
eet 1182 
A | bla 
ace 
13 +1 
241 
4 
1 —_ 511 
244 15D 
Bie] 
a. 
13 e 
1 
as 


The expression of the numerical value by chain fraction gives a 
series of successive approximations. Thus the successive ap- 
proximation of the chain fraction: 


208d 
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1 Ri sali 
2+1 ~ $152 
3+1 
1+1 
1341 
1 
2+ 4 
are: 
difference: 
Ce ue ce 4 
3 nen = 85 + .056 
@)1 4 
a4 = 7 = 42857 +. — 20150 
eA 
(3) 1 Be ee 
ey 20 = 44444 ... + .00086 
1 
3+ i 
ers. a0) uy 
cis Sire 443548 .000028 
3+1 
Is 
13 
(5) 1 Kid 
Saal = oe 443580 + .000004 
3+1 
Tete 
1g 
2 
(6) 1 endo 
241 hE) .443576 ... 
3834+ 1 
1+1 
134+ 1 


I 


+ .194% 


ll 


— .0068 % 


= +.0009% 
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As seen, successive approximations are alternately above and 
below the true value, and the approach to the true value is 
extremely rapid. It is the latter feature which makes the chain 
fraction valuable, as where it can be used, it gives very rapidly 
converging approximations. 

141B.—Chain fraction representing irrational numbers, as 
m, €, etc., may be endless. Thus: 


r=3s+1 
741 = ae ae 
15 -a4 
1 +1 
288 + 1 
1+1 
2+1 
1+1 
3+1 


The first three approximations of this chain fraction of 7 are: 
difference: = % 


()8+5 =3 1/7 =8.142857 ...+-.00127 =+.043% 


(2) 3 Bape: ae 15/106 =3. 1415094... — .0000832 = — .0026% 
7+ 15 
(3) 3+ =3 16/113 =3.1415929. .. + .0000003 
boo = + .000009 % 
bool 
1 


As seen, the first approximation, 3 1/7, is already sufficiently 
close for most practical purposes, and the third approximation 
of the chain fraction is correct to the 6th decimal. 

144.—Frequently irrational numbers, such as square roots, 
can be expressed by periodic chain fractions, and the chain 
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fraction offers a convenient way of expressing numerical values 
containing square roots, and deriving their approximations. 

For instance: 

Resolve +/6 into a chain fraction. 

As the chain fraction is <1, ~/6 has to be expressed in the form: 


V6 = 2+ (V6 — 2) (1) 


and the latter term: (1/6 — 2), which is <1, expressed as chain 
fraction. 

To rationalize the numerator, we multiply numerator and 
denominator by (+/6 + 2): 


V6 + 2 V6+2 W642 
2 
thus: 
V/6 = 2 : 
AC bre 
2 
as oe 3 is > 1, it is again resolved into: 
s/ 62 
2 2 
thus: : 
V6=2+1 
V6 —2 
2+ 5 
continuing in the same manner: 
Gia AN Gia e)y/ Blea) 2 lee 
2 2(/6 + 2) AV6+2) V6+: 
hence: % 
V6=2+1 
2+1 
V6 +2 
and: 


V6+2=4+ (V6 —-2) 


hence: 
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V6=2+1 
2+ 1 
4+ (/6 — 2) 
and, as the term (1/6 — 2) appeared already at (1), we are here 
at the end of the recurring period, that is, the denominators now 
repeat: : 
V6=2+1 
2+1 


a periodic chain fraction, in which the denominators 2 and 4 
alternate. 
In the same manner, 


V/2 =1+1 with the periodic denominator 2 
2+ 1 
2 1 
2+. 
V/3=14+1 with the periodic denominators 1 and 2 
1+1 
2+ 1 
1+ 1 
2+. 
V/5 =24+1 with the periodic denominator 4 
4+ 1 
4+1 
4+. 


This method of resolution of roots into chain fractions gives 
a convenient way of deriving simple numerical approximations 
of the roots, and hereby is very useful. 

For instance, the third approximation of a/2is 1 59, with an 
error of .2 per cent, that is, close enough for most practical 
purposes. Thus, the diagonal of a square with 1 foot as side, 
is very closely 1 foot 5 inches, ete. 


CHAPTER VI. 
EMPIRICAL CURVES, 


A. General. 


142. The results of observation or tests usually are plotted 
in a curve. Such curves, for instance, are given by the core 
loss of an electric generator, as function of the voltage; or, 
the current in a circuit, as function of the time, etc. When 
plotting from numerical observations, the curves are empirical, 
and the first and most important problem which has to be 
solved to make such curves useful is to find equations for the 
same, that is, find a function, y=f(x), which represents the 
curve. As long as the equation of the curve is not known its 
utility is very limited. While numerical values can be taken 
from the plotted curve, no gencral conclusions can be derived 
from it, no general investigations based on it regarding the 
conditions of efficiency, output, etc. An illustration hereof is 
afforded by the comparison of the electric and the magnetic 
circuit. In the electric circuit, the relation between e.m.f. and 


a ase ‘ : 
current is given by Ohm’s law, esi and calculations are uni- 


versally and easily made. In the magnetic circuit, however, © 
the term corresponding to the resistance, the reluctance, is not 
a constant, and the relation between m.m.f. and magnetic flux 
cannot be expressed by a general law, but only by an empirical 
curve, the magnetic characteristic, and as the result, calcula- 
tions of magnetic circuits cannot be made as conveniently and 
as general in nature as calculations of electric circuits. 

If by observation or test a number of corresponding values 
of the independent variable x and the dependent variable y are 
determined, the problem is to find an equation, y=f(x), which 
represents these corresponding values: 21, %2, 3... %n, and 
Yi, Y2, Y3+++ Yn, approximately, that is, within the errors of 


observation. 
209 
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The mathematical expression which represents an empirical 
curve may be a rational equation or an empirical equation. 
It is a rational equation if it can be derived theoretically as a 
conclusion from some general law of nature, or as an approxima- 
tion thereof, but it is an empirical equation if no theoretical 
reason can be seen for the particular form of the equation. 
For instance, when representing the dying out of an electrical 
current in an inductive circuit by an exponential function of 
time, we have a rational equation: the induced voltage, and 
therefore, by Ohm’s law, the current, varies proportionally to the 
rate of change of the current, that is, its differential quotient, 
and as the exponential function has the characteristic of being 
proportional to its differential quotient, the exponential function 
thus rationally represents the dying out of the current in an 
inductive circuit. On the other hand, the relation between the 
loss by magnetic hysteresis and the magnetic density: W = 7B16, 
is an empirical equation since no reason can be seen for this 
law of the 1.6th power, except that it agrees with the observa- 
tions. 

A rational equation, as a deduction from a general law of 
nature, applies universally, within the range of the observa- 
tions as well as beyond it, while an empirical equation can with 
certainty be relied upon only within the range of observation 
from which it is derived, and extrapolation beyond this range 
becomes increasingly uncertain. A rational equation there- 
fore is far preferable to an empirical one. As regards the 
accuracy of representing the observations, no material difference 
exists between a rational and an empirical equation. An 
‘ empirical equation frequently represents the observations with 
great accuracy, while inversely a rational equation usually 
does not rigidly represent the observations, for the reason that — 
in nature the conditions on which the rational law is based are 
rarely perfectly fulfilled. For instance, the representation of a 
decaying current by an exponential function is based on the 
assumption that the resistance and the inductance of the circuit 
are constant, and capacity absent, and none of these conditions 
can ever be perfectly satisfied, and thus a deviation occurs from 
the theoretical condition, by what is called “ secondary effects.” 

143. To derive an equation, which represents an empirical 
curve, careful consideration should first be given to the physica] 
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nature of the phenomenon which is to be expressed, since 
thereby the number of expressions which may be tried on the 
empirical curve is often greatly reduced. Much assistance is 
usually given by considering the zero points of the curve and 
the points at infinity. For instance, if the observations repre- 
sent the core loss of a transformer or electric generator, the 
curve must go through the origin, that is, y=0 for x=0, and 
the mathematical expression of the curve y=/(x) can contain 
‘no constant term. Furthermore, in this case, with increasing z, 
y must continuously increase, so that for r=, y=oo. Again, 
if the observations represent the dying out of a current as 
function of the time, it is obvious that for z=o, y=0. In 
representing the power consumed by a motor when running 
without load, as function of the voltage, for x=0, y cannot be 
=0, but must equal the mechanical friction, and an expression 
like y= Ax* cannot represent the observations, but the equation 
must contain a constant term. 

Thus, first, from the nature of the phenomenon, which is 
represented by the empirical curve, it is determined 

(a) Whether the curve is periodic or non-periodic. 

(b) Whether the equation contains constant terms, that is, 
for «=0, y40, and inversely, or whether the curve passes 
through the origin: that is, y=0 for =O, or whether it is 
hyperbolic; that is, y= o for x=0, or x= for y=0. 

(c) What values the expression reaches for «. That is, 
whether for c=, y=, or y=0, and inversely. 

(d) Whether the curve continuously increases or decreases, or 
reaches maxima and minima. 

(e) Whether the law of the curve may change within the 
range of the observations, by some phenomenon appearing in 
some observations which does not occur in the other. Thus, 
for instance, in observations in which the magnetic density 
enters, as core loss, excitation curve, etc., frequently the curve 
law changes with the beginning of magnetic saturation, and in 
this case only the data below magnetic saturation would be used 
for deriving the theoretical equations, and the effect of magnetic 
saturation treated as secondary phenomenon. Or, for instance, 
when studying the excitation current of an induction motor, 
that is, the current consumed when running light, at low 
voltage the current may increase again with decreasing voltage, 
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instead of decreasing, as result of the friction load, when the 
voltage is so low that the mechanical friction constitutes an 
appreciable part of the motor output. Thus, empirical curves 
ean be represented by a single equation only when the physical 
conditions remain constant within the range of the observations. 

From the shape of the curve then frequently, with some 
experience, a guess can be made on the probable form of the 
equation which may express it. In this connection, therefore, 
it is of the greatest assistance to be familiar with the shapes of 
the more common forms of curves, by plotting and studying 
various forms of equations y=f (x). 

By changing the scale in which observations are plotted 
the apparent shape of the curve may be modified, and it is 
therefore desirable in plotting to use such a scale that the 
average slope of the curve is about 45 deg. A much greater or 
much lesser slope should be avoided, since it does not show the 
character of the curve as well. 


B. Non-Periodic Curves. 


144. The most common non-periodic curves are the potential 
series, the parabolic and hyperbolic curves, and the exponential 
and logarithmic curves. 


THe POTENTIAL SERIES. 


Theoretically, any set of observations can be represented 
exactly by a potential series of any one of the following forms: 


Y= 09 +010 +ag7? Fos +. 5 
Y=G;2 +020 tai +. .2 4 2 
ioe 

Ee ae eR FS He: (3) 
a a2, as 

y= Stats the ll 


if a sufficiently large number of terms are chosen. 
For instance, if n corresponding numerical values of x and y 
are given, 11, Yi; 2, Y2; ...2n, Yn, they can be represented 
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nN 


by the series (1), when choosing as many terms as required to 
give n constants a: 


ery Ayes? wit Ontos. . As (D) 


By substituting the corresponding values 21, y1; 22, Yo,... 
into equation (5), there are obtained n equations, which de- 
termine the n constants do, @1, dg, ... Gn_1. 

Usually, however, such representation is irrational, and 
therefore meaningless and useless. 


TABLE I. 
foo? Pay —0.5 + 2x +2.5x22 | —1.523 | +1.524 =e + 2x8 
G4 | 063-7 20.5 | +08] +0.4. —0.10| +0.04|— 0.02 
0.6 iese e055 et 124-0.0.| —0.324) +019 | 0.16 
0.8 | 2:18 | —0-5- 4-1-6 |--+1.6 | —0.77| +0.61|— 0.65 
POM es hOGs | O55) e41-2 0 12.5) = 1.550| £1.501/— 2.00 
ees Osh ONS eko-4 | 4-3 6 | — 9.559 43,11) 4.98 
eG | Ooo 28 4.0 |) 4.19) 15.76 |— 10.76 
IeGwe S250) 0.8 |4:3.2 156.4 “6. $9.83 20.07 


Let, for instance, the first column of Table I represent the 
voltage, STEED in hundreds of volts, and the second column 


the core loss, p:=y, in kilowatts, of an 125-volt 100-h.p. direct- 
current motor. Since seven sets of observations are given, 
they can be represented by a potential series with seven con- 
stants, thus, 

Uo hint Oot +2 deg, , 1. 2 CG) 


and by substituting the observations in (6), and calculating the 
constants a from the seven equations derived in this manner, 
there is obtained as empirical expression of the core loss of 
the motor the equation, 


Po oe 2.od— lipe bor — 20° +28. 3) 


This expression (7), however, while exactly representing 
the seven observations, has no physical meaning, as easily 
seen by plotting the individual terms. In Fig. 60, y appears 
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as the resultant of a number of large positive and negative 
terms. Furthermore, if one of the observations is omitted, 
and the potential series calculated from the remaining six 
values, a series reaching up to 2° would be the result, thus, 


y=ao Faiz tact? +... +05t?, . . s = (8) 
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Fia. 60. Terms of Empirical Expression of Excitation Power. 


but the constants a in (8) would have entirely different numer- 
ical values from those in (7), thus showing that the equation 
(7) has no rational meaning. 

145. The potential series (1) to (4) thus can be used to 
represent an empirical curve only under the following condi- 
tions: 

1. If the successive coefficients ao, a1, a2, ... decrease in 
value so rapidly that within the range of observation the 
higher terms become rapidly smaller and appear as mere 
secondary terms. 
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2. If the successive coefficients a follow a definite law, 
indicating a convergent series which represents some other 
function, as an exponential, trigonometric, etc. 

3. If all the coefficients, a, are very small, with the exception 
of a few of them, and only the latter ones thus need to be con- 
sidered. 


TABLE II. 


For instance, let the numbers in column 1 of Table II 
represent the speed x of a fan motor, as fraction of the rated 
speed, and those in column 2 represent the torque y, that is, 
the turning moment of the motor. These values can be 
represented by the equation, 


y =0.5 +0.022 +. 2.52? — 0.32? + 0.01524— 0.0275 +0.01z6. (9) 


In this case, only the constant term and the terms with 
x2 and x3 have appreciable values, and the remaining terms 
probably are merely the result of errors of observations, that is, 
the approximate equation is of the form, 


Wag Tee gta ew ene a> atte (LO) 

Using the values of the coefficients from (9), gives 
DI 2D ULB ince ess we oe LA) 
The numerical values calculated from (11) are given in column 


3 of Table II as y’, and the difference between them and the 
observations of column 2 are given in column 4, as 4. 
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The values of column 4 can now be represented by the same 
form of equation, namely, 


yi = bo tbor? +bg08, 5 58 ee ee 


in which the constants bo, b2, 63 are calculated by the method 
of least squares, as described in paragraph 120 of Chapter IV, 
and give 

yi =0.031— 0.0932? +0.07623. . . . . (18) 


Equation (13) added to (11) gives the final approximate 
equation of the torque, as, 


Yo = 0.581 + 2.4072? — 022497, eee 


The equation (14) probably is the approximation of a 
rational equation, since the first term, 0.531, represents the 
bearing friction; the second term, 2.407x? (which is the largest), . 
represents the work done by the fan in moving the air, a 
resistance proportional to the square of the speed, and the 
third term approximates the decrease of the air resistance due 
to the churning motion of the air created by the fan. 

In general, the potential series is of limited usefulness; it 
rarely has a rational meaning and is mainly used, where the 
curve approximately follows a simple law, as a straight line, 
to represent by small terms the deviation from this simple law, 
that is, the secondary effects, etc. Its use, thus, is often 
temporary, giving an empirical approximation pending the 
derivation of a more rational law. 


The Parabolic and the Hyperbolic Curves. 


146. One of the most useful classes of curves in engineering 
are those represented by the equation, 


YO, ST 1 ae ee 
or, the more general equation, 
y—bsa(@=0)™, 2. 4 ee 


Equation (16) differs from (15) only by the constant terms b 
and c; that is, it gives a different location to the coordinate 
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center, but the curve shape is the same, so that in discussing 
the general shapes, only equation (15) need be considered, 

If n is positive, the curves y=ax" are parabolic curves, 
passing through the origin and increasing with increasing es 
If n>1, y increases with increasing rapidity, if n<1, y increases 
with decreasing rapidity. 


If the exponent is negative, the curves yaaa are 


hyperbolic curves, starting from y=0o for x=0, and pete us 
to y=0 for r= @ 
n=1 gives the straight line through the origin, n= 0 ae 
n= give, respectively, straight horizontal and il lines. 
Figs. 61 to 71 give various curve shapes, corresponding to 
different values of 7. ai 


Parabolic Curves. 


the common parabola. : 


Fig. 61. n=2; y=2?; : 
Big. 62. n=45“y=a*; | the biquadratic parabola. 
Fig. 638. n=8; y=2°. 


Fig. 64. n=3; y= Vv x; again the common parabola. 


Fig. 65. n=4; y= Vx; the biquadratic parabola. 
Fig. 66. n=}; y=Vx. 


Hyperbolic Curves. 


Fig 67. n= 1; y=* ; the equilateral hyperbola. 
1 
Fig. 68. n=—2; y=3 
1 
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Parabolic Curve. 
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Fic. 66. Parabolic Curve. y 
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Hyperbolic Curve (Equilateral Hyperbola). 


Fia. 67. 
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Fia. 68. Hyperbolic Curve. y= 
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Fie. 69. Hyperbolic Curve. yaa 
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Fie. 70. Hyperbolic Curve. ya. 
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Fie. 71. Hyperbolic Curve. = 
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In Fig. 72, sixteen different parabolic and hyperbolic curves 
are drawn together on the same sheet, for the following values: 
n=, 2, a; 8, 02: oF qi; % 0; =; 2, ae 785 =) =o; ie 

147. Parabolic and hyperbolic curves may easily be recog- 
nized by the fact that if x is changed by a constant factor, y also 
changes by a constant factor, 

Thus, in the curve y=x?, doubling the x increases the y 
fourfold; in the curve y=2!:59, doubling the x increases the y 
threefold, etc.; that is, if in a curve, | 


y =f (zx), 
f (gz) 


a cE stant 7 
F(a) constant, for constant qg, . . . (17) 


the curve is a parabolic or hyperbolic curve, y=az", and 


f(g) _a(gey" 


f(e) axe 

If q is nearly 1, that is, the xz is changed only by a small 

value, substituting g=1+s, where s is a small quantity, from 
equation (18), 


Ja@+sz) 
F(x) 


(18) 


=(1+s)"=1+ns; 


hence, 
fle+se) —f(a) _ 
f(x) 


that is, changing x by a small percentage s, y changes oy a pro- 
portional small percentage ns. 

Thus, parabolic and hyperbolic curves can be recognized by 
a small percentage change of x, giving a proportional small 
percentage change of y, and the proportionality factor is the 
exponent n; or, they can be recognized by doubling x and 
seeing whether y hereby changes by a constant factor. 

Ag illustration are shown in Fig. 73 the parabolic curves, 
which, for a doubling of z, increase y: 2, 3, 4, 5, 6, and 8 fold. 

Unfortunately, this convenient way of recognizing parabolic 
and hyperbolic curves applies only if the curve passes through 
the origin, that is, has no constant term. If constant terms 
exist, as in equation (16), not z and y, but (v—c) and (y—b) 
follow the law of proportionate increases, and the recognition 
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becomes more difficult; that is, various values of ¢ and of 6 
are to be tried to find one which gives the proportionality. 
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Fig. 72. Parabolic and Hyperbolic Curves. y=an. 
148. Taking the logarithm of equation (15) gives 


log y=loga+nloga:4 . Lia See 
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that is, a straight line; hence, a parabolic or hyperbolic curve can 
be recognized by plotting the logarithm of y against the loga- 
rithm of xz. If this gives a straight line, the curve is parabolic 
or hyperbolic, and the slope of the logarithmic curve, tan 0=n, 
is the exponent. 
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Fig. 73. Parabolic Curves. y=zr. 
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This again applies only if the curve contain no constant 
term. If constant terms exist, the logarithmic line is curved. 
Therefore, by trying different constants c and 0, the curvature 
of the logarithmic line changes, and by interpolation such 
constants can be found, which make the logarithmic line straight, 
and in this way, the constants c and b may be evaluated. If 
only one constant exist, that is, only 6 or only c, the process is 
relatively simple, but it becomes rather complicated with both 
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constants. This fact makes it all the more desirable to get 
from the physical nature of the problem some idea on the 
existence and the value of the constant terms. 

Differentiating equation (20) gives: 


that is, in a parabolic or hyperbolic curve, the percentual 
change, or variation of y, is n times the percentual change, 
or variation of z, if ” is the exponent. 

Herefrom follows: 


that is, in a parabolic or hyperbolic curve, the ratio of variation, 
dy 


m=—., is a constant, and equals the exponent n. 


ve 
dx 
t 

Or, inversely : 

If in an empirical curve the ratio of variation is constant 
the curve is—within the range, in which the ratio of variation 
is constant—a parabolic or hyperbolic curve, which has as 
exponent the ratio of variation. 

In the range, however, in which the ratio of variation is 
not constant, it is not the exponent, and while the empirical 
curve might be expressed as a parabolic or hyperbolic curve 
with changing exponent (or changing coefficient), in this case 
the exponent may be very different from the ratio of varia- 
tion, and the change of exponent frequently is very much 
smaller than the change of the ratio of variation. 

This ratio of variation and exponent of the parabolic or 
hyperbolic approximation of an empirical curve must not be 
mistaken for each other, as has occasionally been done in 
reducing hysteresis curves, or radiation curves. They coincide 
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only in that range, in which exponent 7 and coefficient a of 
the equation y=az" are perfectly constant. If this is not 
the case, then equation (20) differentiated gives: 


dy d 
2 =" +log xdn + “de, 
y a 5 


and the ratio of variation thus is: 


that is, the ratio of variation m differs from the exponent 7. 


Exponential and Logarithmic Curves. 


149. A function, which is very frequently met in electrical 
engineering, and in engineering and physics in general, is the 
exponential function, 

Ureeer tt ea whe ay ee 


which may be written in the more general form, 
ab = peter, eee (22 
Usually, it appears with negative exponent, that is, in the 
form, 


Oe PAL So We em eee, fe) 


Fig. 74 shows the curve given hy the exponential function 
(23) for a=1; n=1; that is, 


Y= Crees Fee seas) Meee. coke) Aa coer (24) 


as seen, with increasing positive x, y decreases to 0 at r= + @, ¥ 
and with increasing negative x, y increases to % at r=— o. i 


228 ENGINEERING MATHEMATICS. 


The curve, y=<«+t*, has the same shape, except that the 
positive and the negative side (right and left) are interchanged. 

Inverted these equations (21) to (24) may also be written 
thus, ; 


i! 


UY] 
nz =log , “ 


—b 
n(x—c) =log v 


yd 


ne=—log 2: 
Se 


(25) 


x=—log 43a 


that is, as logarithmic curves. 
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Fig. 74. Exponential Function. y=e-=. 


150. The characteristic of the exponential function (21) is, — 
that an increase of x by a constant term increases (or, in (23) | 
and (24), decreases) y by a constant factor. 

Thus, if an empirical curve, y=/f(zx), has such characteristic 
that 


PoP constant, for constant g, . . . (26) 
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_ the curve is an exponential function, y=ae"*, and the following 
equation may be written: 


flz+q) aeneto 


Foie. a ee ir et eer €o1,) 


Hereby the exponential function can easily be recognized, 
and distinguished from the parabolic curve; in the former a 
constant term, in the latter a constant factor of x causes a 
change of y by a constant factor. 

As result hereof, the exponential curve with negative 
exponent vanishes, that is, becomes negligibly small, with far 
greater rapidity than the hyperbolic curve, and the exponential 
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Fig. 75. Hyperbolic and Exponential Curves Comparison. 


function with positive exponent reaches practically infinite 
values far. more rapidly than the parabolic curve. This is 
illustrated in Fig. 75, in which are shown superimposed 
the exponential curve, y=e~*, and the hyperbolic curve, 
2.4 

I @+1.55) 
at x=0 and at x=1. 

Taking the logarithm of equation (21) gives log y=log a+ 
nx log ¢, that is, log y is a linear function of zx, and plotting 
log y against x gives a straight line. This is characteristic of 


which coincides with the exponential curve 
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the exponential functions, and a convenient method of recog- 
nizing them. 

However, both of these characteristics apply only if z and ay 
contain no constant terms. With a single exponential function, 
only the constant term of y needs consideration, as the constant 
term of x may be eliminated. Equation (22) may be written 
thus: 

y—b=aer?-9 
= de Mert 


a0 A 3s) ig og 


where A=ae—™ is a constant. 
An exponential function which contains a constant term } 
would not give a straight line when plotting log y against 2, 


(4) y= &-X_ 0.2 
(5) y= eC o5e-2& 
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Fia. 76. Exponential Functions. 
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but would give a curve. In this case then log (y—b) would be 
plotted against x for various values of b, and by interpolation 
that value of 6 found which makes the logarithmic curve a 
straight line. 

_ 151. While the exponential function, when appearing singly, 
is easily recognized, this becomes more difficult with com- 
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Fic. 77. Exponential Functions. 


binations of two exponential functions of different coefficients 
in the exponent, thus, 


y=aye “*+aee™, . 4 Se es (29) 


since for the various values of ai, a2, ¢1, C2, quite a number of 
various forms of the function appear. 

As such a combination of two exponential functions fre- 
quently appears in engineering, some of the characteristic forms 
are plotted in Figs. 76 to 78. 
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Fig. 76 gives the following combinations of «~* and e~?*; 

1) y= ese Oien 25 
Q) yor = 4022-2; 
(3) yer, 

(4)! geI 2 = O.2ene, 
(5) .g=ee—One=% 
(6) y= e052 2", 
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1a. 78. Hyperbolie Functions. 
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Fig. 77 gives the following combination of e~* and ¢-102: 
Ch) y= Sea eae 
(2) y 
(3) y=e-*—0.1¢7102; 
(4) ye *—0.5 67102. 
(0) ¥ 
(6) y= e7%—1,5 6-102, 


=e tele. 


Fig. 78 gives the hyperbolic functions as combinations of 
e?*and_e—2 thus, 


y=cosh r=3(e+*+ ¢-2); 


y=sinh x=4(e+2— ¢~2), 


C. Evaluation of Empirical Curves. 


152. In attempting to solve the problem of finding a mathe- 
matical equation, y=f (x), for a series of observations or tests, 
the corresponding values of x and y are first tabulated and 
plotted as a curve. 

From the nature of the physical problem, which is repre- 
sented by the numerical values, there are derived as many 
data as possible concerning the nature of the curve and of the 
function which represents it, especially at the zero values and 
the values at infinity. Frequently hereby the existence or 
absence of constant terms in the equation is indicated. 

The log x and log y are tabulated and curves plotted between 
z, y, log x, log y, and seen, whether some of these curves is a 
straight line and thereby indicates the exponential function, or 
the parabolic or hyperbolic function. 

If cross-section paper is available, having both coordinates 
divided in logarithmic scale, and also cross-section paper having 
one coordinate divided in logarithmic, the other in common 
scale, x and y can be directly plotted on these two forms of 
logarithmic cross-section paper. Usually not much is saved 
thereby, as for the numerical calculation of the constants the 
logarithms still have to be tabulated. 
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If neither of the four curves: 2, y; 2, logy; log az, y; log z, 
logy is a straight line, and from the physical condition the 
absence of a constant term is assured, the function is neither 
an exponential nor a parabolic or hyperbolic. If a constant 
term is probable or possible, curves are plotted between z, 
y—b, log z, log (y—b) for various values of }, and if hereby 
one of the curves straightens out, then, by interpolation, 
that value of b is found, which makes one of the curves a straight 
line, and thereby gives the curve law. A convenient way of 
doing this is: if the curve with log y (curve 0) is curved by angle 
ay (ao being for instance the angle between the tangents at the 
two end points of the curve, or the difference of the slopes at the 
two end points), use a value b,, and plot the curve with log 
(y—b,) (curve 1), and observe its curvature a, Then inter- 
polate a value b., between 6, and O, in proportion to the curva- 
tures a, and a, and. plot curve with log (y—b:) (curve 2), and 
again interpolate a value b3; between 6, and either b, or O, which- 
ever curve is nearer in slope to curve 2, continue until either the 
curve with log (y—b) becomes a straight line, or an S curve and 
in this latter case shows that the empirical curve cannot be 
represented in this manner. 

In this work, logarithmic paper is very useful, as it permits 
plotting the curves without first looking up the logarithms, the 
latter being done only when the last approximation of 6 is 
found. In the same manner, if a constant term is suspected in 
the z, the value (e—c) is used and curves plotted for various 
values of c. Frequently the existence and the character of a 
constant term is indicated by the shape of the curve; for 
instance, if one of the curves plotted between z, y, log x, log y 
approaches straightness for high, or for low values of the ab- 
scissas, but curves considerably at the other end, a constant 
term may be suspected, which becomes less appreciable at one 
end of the range. For instance, the effect of the constant c in 
(x—c) decreases with increase of x. 

Sometimes one of the curves may be a straight line at one 
end, but curve at the otherend. This may indicate the presence 
of a term, which vanishes for a part of the observations. In 
this case only the observations of the range which gives a 
straight line are used for deriving the curve law, the curve 
calculated therefrom, and then the difference between the 
calculated curve and the observations further investigated. 
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Such a deviation of the curve from a straight line may also 
indicate a change of the curve law, by the appearance of 
secondary phenomena, as magnetic saturation, and in this case, 
an equation may exist only for that part of the curve where the 
secondary phenomena are not yet appreciable. The same 
equation may then be applied to the remaining part of the curve, 
by assuming one of the constants, as a coefficient, or an exponent, 
to change. Or a second equation may be derived for this part: 
of the curve and one part of the curve represented by one, the 
other by another equation. The two equations may then over- 
lap, and at some point the curve represented equally well by 
either equation, or the ranges of application of the two equa- 
tions may be separated by a transition range, in which neither 
applies exactly. 

If neither the exponential functions nor the parabolic and 
hyperbolic curves satisfactorily represent the observations, 


further trials may be made by calculating and tabulating 7 


and & = and plotting curves between 2, y, — =, 4 Also expressions 


as 2 4b, and («#— a)? +b(y— c)?, etc., may be studied. 

Theoretical reasoning based on the nature of the phenomenon 
represented by the numerical data frequently gives an indi- 
cation of the form of the equation, which is to be expected, 
and inversely, after a mathematical equation has been derived 
a trial may be made to relate the equation to known laws and 
thereby reduce it to a rational equation. 

In general, the resolution of empirical data into a mathe- 
matical expression largely depends on trial, directed by judg- 
ment based on the shape of the curve and on a knowledge of 
the curve shapes of various functions, and only general rules 
can thus be given. 

A number of examples may illustrate the general methods of 
reduction of empirical data into mathematical functions. 

153. Example 1. In a 118-volt tungsten filament incan- 
descent lamp, corresponding values of the terminal voltage e 
and the current 7 are observed, that is, the so-called “ volt- 
ampere characteristic” is taken, and therefrom an equation for 
the volt-ampere characteristic is to be found. 

The corresponding values of e and 7 are tabulated in the 
first two columns of Table III and plotted as curve I in 
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Fig. 79. 
ziven log e and log 2. 
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In the third and fourth column of Table III are 


In Fig. 79 then are plotted log e, 2, as 


curve II; e, log 7, as curve III; log e, log 7, as curve IV. 
As seen from Fig. 79, curve IV is a straight line, that is 
02 O04 06 08 10 12 14 16 18 20 22 24=loge 
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Via. 79. Investigation of Volt-ampere Characteristic of Tungsten Lamp 


Filament. 


logi=A+nloge; or 7i=ae", 
which is a parabolic curve. 
The constants a and mn may now be calculated from 
the numerical data of Table III by the method of leass 


Squares, as discussed in Chapter IV, paragraph 120. 


While 


this method gives the most accurate results, it if so laborious 
as to be seldom used in engineering; generally, values of the 
constants a and n, sufficiently accurate for most practical 
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purposes, are derived by the so-called ‘2A method,” which, 
with proper tabular arrangement of the numerical values, gives 
high accuracy with a minimum of work. 


TaBLeE III. 
VOLT-AMPERE CHARACTERISTIC OF 118-VOLT TUNGSTEN LAMP. 


8.211 +0.6 log e 


8 8.389 
8 8.572 
8 8.753 
8. 8.933 
9. 9-050 
5. 9.114 
50 0.1715 1.699 9.234 9.230 +0.004 
64 0.200 806 9.301 9.295 +0-008 
100 0.2605 2.000 9.416 9.411 +0-005 
125 0.2965 2-097 9-472 9.469 +0-003 
150 0.3295 2-176 9.518 9.518 0 
180 0.3635 ~ 2.255 9.561 9.564 —0-003 
200 0.3865 2-301 9.587 9.592 —0-005 
218 0.407 2-338 9.610 9.614 —0.004 
Si) 7-612 2-043 avg. £0.003 
27= 14.978 6.465 =4.7 per cent 
= 7-361 4.422 
4.422 5 
n= —= N —0-6 
sei 0.6007 — 
214= 22.585 8.505 
0.6X22.585 = 13.551 
a 4=8.505—13.551=4.954 
4.954+14= 8.211 


log i=8.211+0.6loge and i=0.01625e"° 


The fourteen sets of observations are divided into two 
groups of seven each, and the sums of loge and log? formed. 
They are indicated as 47 in Table III. 

Then subtracting the two groups 2X7 from each other, 
eliminates A, and dividing the two differences 4, gives the 
exponent, n=0.6011; this is so near to 0.6 that it is reasonable 
to assume that n=0.6, and this value then is used. 

Now the sum of all the values of loge is formed, given as 
214 in Table III, and multiplied with n =0.6, and the product 
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subtracted from the sum of all the log7. The difference 4 
then equals 144A, and, divided by 14, gives 


A=log a=8.211, 


hence, a=0.01625, and the volt-ampere characteristic of this 
tungsten lamp thus follows the equation, 


log 17=8.211 +0.6 log e; 
1=0.01625¢%°6, 


From e and 7 can be derived the power input p=et, and the 


resistance r =— 4 
p=0.01625e!'6; 
a 
1 a eg 
0.01625 


and, eliminating e from these two expressions, gives 
p= (0.0162554= 13518 <x 10, 


that is, the power input varies with the fourth power of the 
resistance. 

Assuming the resistance 7 as proportional to the. absolute 
temperature 7’, and considering that the power input into the 
lamp is radiated from it, that is, is the power of radiation P,, 
the equation between p and r also is the equation between P, 
and 7’, thus, 


P,=kT4; 


that is, the radiation is proportional to the fourth power of the 
absolute temperature. This is the law of black body radiation, 
and above equation of the volt-ampere characteristic of the 
tungsten lamp thus appears as a conclusion from the radiation 
law, that is, as a rational equation. 

154. Example 2. In a magnetite arc, at constant arc length, 
the voltage consumed by the arc, e, is observed for different 
values of current 7. To find the equation of the volt-ampere 
characteristic of the magnetite arc: 


heel. 


a | 
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TABLE IV. 
VOLT-AMPERE CHARACTERISTIC OF MAGNETITE ARC. 


logit | loge | (e—40)| log (e—40)| (e—30)| log (e—30) 


9.699 | 2.204 120 2.079 2.114 
120 | 0-000 | 2.079 80 1.903 1.954 
94 | 0-301 -973 54 1.732 1-806 


75 | 0-602 . : 1.658 
62 | 0-903 . : 1-505 
56 | 1-079 : : 1.415 


23=0.000 
23=2.584 


2D BBADG= 0 25 vevtiecs oe se eleve.bs =—1.292 


4= 11.789 
11.789+6= 1.956= ” 


log (e—30)=1.956—0.5 log7 
: 90.4 
e—30 =90.4t—%5 and e=30+ )__ 
Vi 


The first four columns of Table IV give 1, e, logi, loge. 
Fig. 80 gives the curves: 7, e, as I; 1, loge, as II; logz, e, as 
III; log 2z, log e, as IV. 

Neither of these curves is a straight line. Curve IV is 
relatively the straightest, especially for high values of e. This 
points toward the existence of a constant term. The existence 
of a constant term in the arc voltage, the so-called ‘“ counter 
e.m.f. of the are” is physically probable. In Table IV thus 
are given the values (e—40) and log (e—40), and plotted as 
curve V. This shows the opposite curvature of IV. Thus the 
constant term is less than 40. Estimating by interpolation, and 
calculating in Table IV (e—30) and log (e—30), the latter, 
plotted against log gives the straight line VI. The curve law 


thus is 
log (e—30) = A + log 2. 
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Proceeding in Table IV in the same manner with log a 
and log (e—30) as was done in Table III with loge and log 1, 
gives 


n=—0.5; A=loga=1.956; and a=90.4; 


Fie. 80. Investigation of Volt-ampere Characteristic of Magnetite Arc. 


hence 
log (e—30) =1.956—0.5 log 7; 


e—30=90.41-05: 


90.4 
e=30+—= 
Vo 
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which is the equation of the magnetite are volt-ampere charac- 
teristic. 

155. Example 3. The change of current resulting from a 
change of the conditions of an electric circuit containing resist- 
ance, inductance, and capacity is recorded by oscillograph and 
gives the curve reproduced as I in Fig. 81. From this curve 


Wares 


UR 
~ 


Fre. 81. Investigation of Curve of Current Change in Electric Circuit. 


are taken the numerical values tabulated us ¢ and 7 in the first 
two columns of Table V. In the third and fourth columns are 
given logt and log?, and curves then plotted in the usual 
manner. Of these curves only the one between ¢ and log? 
is shown, as II in Fig. 81, since it gives a straight line for the 
higher values of t. For the higher values of t, therefore, 


logi=A—nt; or, t=ae—™; 


that is, it is an exponential function. 
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log u=0 .698—1.07¢ log ¢ 


TABLE VY. 
TRANSIENT CURRENT CHARACTERISTICS. 
t t logt | logit u a t log 7’ t2 te 
0 2.10 | — |0.322] 4.94] 2.84) 0 0.461) 2.85 | 2.09 
0.1 | 2.48 |9.000/0.394| 4.44] 1.96] 0-1 | 0-292] 1.94 | 2.50 
0.2 | 2.66 |5.301| 0.425} 3.98 | 1.32) 0-2 |0.121| 1.32 | 2.66 
0.4 | 2.58 |5.602/0-412] 3.21 | 0.63) 0-4 | 9.799] 0.61 | 2.60 
0.8 | 2.00 | 9.903] 0.301] 2.09 | 0.09] 0-8 | 8.954] 0.13 | 1.96 
1.2 | 1.86 |0.079|0.184] 1.36] O a — 0.08 | 1.88 
1.6 | 0.90 | 0-204] 5.954] 0.89 |—0.01; — — | 0.01 | 0.88 
2.0 | 0.58 | 0-301] 5-763] 0.58 | O — = — | 0.58 
2:5 | 0.84 | 0-398|9-531] 0.34 0 = = — | 0.34 
3.0 | 0.20 | 0.477| 9.301} 0.20 0 — == — | 0.20 
23= 4.8 9.851 220), Pe 0.758 
4.8 9.851 
—=1.6 —— =9 .950 22 —-0.6 9.920 
3 3 SE aS 
2.= 5.5 9.832 4 =0.5—0.838 
5.5 9.832 
Rgicas 75 eee 416 log «X0.5=0.217 
4=1.15 — 0.534 ee Fea yy 
log «X1.15= 0.499 0.217 : 
—0 .534 
m= =-1.0 Dp 3 ys : 
1 ies 7 . 0.7 0.673 
n2 log ¢X0.7=—1.167 
2s= 10.3 8.683 4= 1.840 
10.3 Xmi log «= —4.784 1.840+4=0 .460= Az=log az 
4= 3.467 a2=2.85 
3 .467+5=0 .698=A,=log am log 22=0 .460—8 .84¢ log « 
@,=4.94 t2= 2 .85e— 3-sat 


i=4.94¢— 1-078 


tc=4.94e— 1.076 2 B5e— 3° 8Ht 


————— 


| 


To calculate the constants a and n, the range of values is 
used, in which the curve II is straight; that is, from t=1.2 
to t=3. As these are five observations, they are grouped in two 
pairs, the first 3, and the last 2, and then for ¢ and log 7, one- 
third of the sum of the first 3, and one-half of the sum of the 
last 2 are taken. Subtracting, this gives, 


4t=1.15; 4logi=—0.534. 
Since, however, the equation, i=ae~™, when logarithmated, 


gives 


log i=log a—nt log «, 


thus 


4 logi=—n log edt, 
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it is necessary to multiply 4¢t by log ¢=0.4343 before dividing it 
into log 7 to derive the value of n. This gives n=1.07. 

Taking now the sum of all the five values of t, multiplying it 
by log «, and subtracting this from the sum of all the five values 
of log 7, gives 54 =3.467; hence 


A=log a=0.698, 
a=4.94, 


and log 7; =0.693 —1.07¢ log ¢; 
; OF =4,Q4e- LO7t 


The current 7 is calculated and given in the fifth column 
of Table V, and the difference 7’=4=7,;—7 in the sixth 
column. As seen, from ¢=1.2 upward, 7 agrees with the 
observations. Below t=1.2, however, a difference 7’ remains, 
and becomes considerable for low values of ¢. This difference 
apparently is due to a second term, which vanishes for higher 
values of t. Thus, the same method is now applied to the 
term 7’; column 8 gives log7’, and in curve III of Fig. 81 is 
plotted log 7’ against t. This curve is seen to be a straight 
line, that is, 2’ is an exponential function of t. 

Resolving 2’ in the same manner, by using the first four 
points of the curve, from t=0 to t=0.4, gives 


log 22=0.460 — 3.84¢ log ¢; 
t= 2.856508 


and, therefore, 
=14 —19 = 4.94 6-107 2.85 ¢ -3.84t 


is the equation representing the current change. 

The numerical values are calculated from this equation 
and given under 7, in Table V, the amount of their difference 
from the observed values are given in the last column of this 
table. 

A still greater approximation may be secured by adding 
the calculated values of 72 to the observed values of 2 in the 
last five observations, and from the result derive a second 
approximation of 71, and by means of this a second approxi- 
mation of 72. 
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156. As further example may be considered the resolution 
of the core loss curve of an electric motor, which had been 
expressed irrationally by a potential series in paragraph 144 
and Table I. 

TaBLe VI. 


CORE LOSS CURVE. 


eae Pj kw. log e log P; 1.6 log e i ae 4 
40 0.63 1.602 9.799 2.563 7.236 0 
60 1-36 1.778 0.134 2-845 7.289 | 1 
80 2.18 1.903 | 0.338 | 3.045 | 7.298 | avg. | 2. 
100 8.00 2.000 0.477 3.200 7215 7.282 3- 
120 3.03 2.079 0.594 3.326 | 7.268 4 
140 6.22 2.146 0.794 3.484 | 7.360 5 
160 8.59 2.204 0.934 3.526 | 7.408 6.43 
23=5.283 0.271 log P;=7.282+1.6 loge 
23+3=1.761 0-090 P,=1.914e!'5, in watts 


22=4.079 1.071 
22+2=2-0395 0.535 
4=0.2785 0.445 


Se alAG) 


Saaed 


The first two columns of Table VI give the observed values 
of the voltage e and the core loss P; in kilowatts. The next 
two columns give loge and log P;. Plotting the curves shows 
that loge, log P; is approximately a straight line, as seen in 
Fig. 82, with the exception of the two highest points of the 
curve. 

Excluding therefore the last two points, the first five obser- 
vations give a parabolic curve. 

‘The exponent of this curve is found by Table VI as 
n=1.598; that is, with sufficient approximation, as n=1.6. 

To see how far the observations agree with the curve, as 
given by the equation, 


P;=ae}§ 
in the fifth column 1.6 log e is recorded, and in the sixth column, 


A=loga=log P;—1.6 loge. As scen, the first and the last 
two values of A differ from the rest. The first value corre- 
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sponds to such a low value of P; as to lower the accuracy of 
the observation. Averaging then the four middle values, 


gives A =7.282: hence, 


log P;=7.282 +1.6 log e, 
P;=1.914e!* in watts. 


Fic. 82. Investigation of Cuvres. 


This equation is calculated, as P., and plotted in Fig. 82. 
The observed values of P; are marked by circles. As seen, 
the agreement is satisfactory, with the exception of the two 
highest values, at which apparently an additional loss appears, 
which does not exist at lower voltages. This loss probably is 
due to eddy currents caused by the increasing magnetic stray 
field resulting from magnetic saturation. 
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157. As a further example may be considered the resolution 
of the magnetic characteristic, plotted as curve I in Fig. 83, 
and given in the first two columns of Table VII as H and B. 
TaBLeE VII. 
MAGNETIC CHARACTERISTIC. 


Ms 


H 


kilolines 


Ce eo 


-0 
4 
2 
-0 
-0 
4 
8 
2 
8 
5 
8 


RRR eRe eer ooocoeo 


24= 53 
24=210 


4=157 


28 = 263 
263 X0.0507=13.334 


4= 1.686 
1.686+8= 0.211=a4 


H H 
—=0.211+0.0507H and B=——————. 
B 0.211+0.0507H 


Plotting H, B, log H, log B against each other leads to no 
results, neither does the introduction of a constant term do 
this. Thus in the fifth and sixth columns of Table VII are 


calculated 4 and 7 and are plotted against H and against B. 


Of these four curves, only the curve of x against H is shown 


in Fig. 838, as II. This curve is a straight line with the exception 
of the lowest values; that is, 


H 
—= b A. 
B a+ 
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Excluding the three lowest values of the observations, as 
not lying on the straight line, from the remaining eight values, 
as calculated in Table VII, the following relation is derived, 


y 


— =0.211 +0.0507 H, 
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Fig. 83. Investigation of Magnetization Curve. 


D 
y 
v, 


and herefrom, 


(ite a al a 
0.211 +0.0507 H 


is the equation of the magnetic characteristic for values of H 
from eight upward. 

The values calculated from this equation are given as B, 
in Table VII 
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The difference between the observed values of Z and the 


value given by above equation, which is appreciable up to 
H=6, could now be further investigated, and would be found 
to approximately follow an exponential law. 

As a final example may be considered the investigation of 
a hysteresis curve of silicon steel, of which the numerical values 
are given in columns 1 and 2 of Table VIII. 

The first column gives the magnetic density B, in lines of 
magnetic force per cm.?; the second column the hysteresis loss 
w, in ergs per cycle per kg. (specific density 7.5). The third 
column gives log B, and the fourth column log w. 

Of the four curves between B, w, log B, log w, only the 
curve relating log w to log B approximates a straight line, and 
is given in the upper part of Fig. 84. This curve is not a 
straight line throughout its entire length, but only two sections 
of it are straight, from B=50 to B=400, and from B=1600 to 
B=8000, but the curve bends between 500 and 1200, and above 
8000. 

Thus two empirical formulas, of the form: w=aB", are 
calculated, in the usual manner, in Table VII]. The one 
applies for lower densities, the other for medium densities: 


Low density : B= 400: w=0.00341B2-4 
Medium density: 1600= B=8000: w=0.1096B1© 


In Table VIII the values for the lower range are denoted 
by the index 1, for the higher range by the index 2. 

Neither of these empirical formulas applies strictly to the 
range: 400 < B<1600, and to the range B>8000. They may 
be applied within these ranges, by assuming either the coefficient 
a as varying, or the exponent ” as varying, that is, applying a 
correction factor to a, or to ”. 

Thus, in the range: 400<B<1600, the loss may be repre- 
sented by: 

(1) An extension of the low density formula: 


w=a,B?4% or w=0.00341B%. 
(2) An extension of the medium density formula 
w=aoB'® or w=0.1096B", 
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by giving tables or curves of a respectively n. Such tables-are 
most conveniently given as a percentage correction. 


at 
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The percentage correction, which is to be applied to a; and 
ad respectively, to % and %2, to make the formulas applicable 


—* 
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TaBie VIII. 
HYSTERESIS OF SILICON STEEL. 
fais \ fas Ama) a 
B w log B | log w a ae m na m na m 
% % % % 
35 6.4| 1.544 | 0.806 |+ 3.0 — |+-0.46| — | 2-120 | = — 
50 18} 1.699 | 1-117 |— 0.2, — |—o.03|) — | 2-109} — | 2.08 
60 19] 1.778 | 1.279 |— 1.1] — |—0.18| — | 2.107) — | 2-14 
80 36] 1.903 | 1-556 |+ 1.9] — |+0.20/ — | 2.114; — | 2.12 
100 57| 2.000 | 1-752 |— 0.2} — |—0.02) — | 2-110/ — | 2.09 
120 83| 2.079 | 1.922 |+ 0.7] — |+0.07/ — | 2-111] — | 2-16 
160 156] 2.204 | 2.198 |+ 2.83) — |+0.21 2.114] — | 2.10 
200 245] 2.301 | 2.389 |+ 0.2} — |+0.02) — | 2.110} — _ | 2.07 
250 394| 2.398 | 2.595 |+ o.7| — |+0.06/ — | 2-111 | — | 2.08 
300 571| 2.477 | 2.757 |— 0.5] — |—0.04, — | 2.109 | — | 1-98 
400 1025] 2.602 | 3.011 |— 2.7) — |—0.22| — | 2-105} — | 2.03 
500 1610| 2.699 | 3.207 |— 4.7/—29.5/—0.37|—3.52| 2.102 | 1.544 | 2.02 
600 2320| 2.778 | 3.366 |— 6.2)/—24.0/—-0.87/—2.68] 2.092 | 1.557 | 1.96 
800 4030| 2.903 | 3.605 |—16.5|—15.8/—1.17/—1.72| 2.085 | 1.573 | 1.91 
1000 6150| 3.000 | 3.789 |—15.7/—11.1/—1.14|—1.06| 2.086 | 1.583 | 1.89 
1200 8680| 3.079 | 3.938 |—18.7/— 6.0/—2.02|/—0.55| 2-067 | 1.5912| 1.82 
1600 | 14370} 3.204 | 4.157 |—26.9|— 2.0 —0.18} — | 1.5971) 1.738 
2000 | 21000] 3.301 | 4.322 | — 0.0| — 0.00} — | 1.6000] 1.67 
2500 | 30300] 3.398 | 4.481 | —- |+ 0.9) — |+0.07; — | 1.6011] 1.62 
3000 | 40500] 3.477 | 4.607/ — |+ 1.2) — |+0.09} — | 1.6014] 1.58 
4000 | 63400] 3.602 | 4.802 | — |— 0.2} —- |—0.02] — | 1.5997] 1.58 
5000 | 90600] 3.699 | 4.957 | — |— 0.2) — |—0.02) — | 1.5997] 1.59 
6000 | 120600] 3.778 | 5.082 | — |— 0.9} — |—0.07| — | 1.5989) 1.61 
8000 | 194100] 3.903 | 5.288 | — |+ 0.7/ — |+0.05| — | 1.6008] 1.66 
10000 | 282500] 4.000 | 5.451 | — |+ 2.6/ — |+0.17|} — | 1.6027| 1.77 
12000 | 397500] 4.079 | 5.599 | — |+ 7.9; — |+0.50/ — | 1.6080] 2.82 
14000 | 609500) 4.148 | 5.785 | — |+27.71 — |+1.67; — | 1.6267] 2.88 
16000 | 907500| 4.204 | 5.958 | — /|+45.9/ — |+2.85] — | 1.6456] —_ 
J5= 9.459 7.626 
25=11.982 12.945 
4= 2.523 5.319 
m= 238 oa 
Se ROT Wer aed) 
2\9=21.441 20.571 
2.11 X21 .441=45 .241 Z 
=— 24.670 log w=7.533+2.11 logB 
+10=—2.467 a3 
=7.533 =loga w=0.00341B 
ai=0 .00341 of 
24=18.380 17.567 
24=14.982 20.129 
4= 1.802 2.562 
_-2-662_ a 
a 1 eoa 2898 2-60 
38 =28.362 37.696 
1.60 X 28 .362 =45.379 
4=— 7.683 log w=§ .040+1.60 log B 
+8=— 0.960 bs 
= 9.040 =log az w=0.1096B’ 


az = 0.1096 
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to the ranges where the logarithmic curve is not a straight 
line, are given in Table VIII as 


4a, dag dm Ane 


ay a2 Ny ne 


they are calculated as follows: 
Assuming as constant, =no, then a is not constant, =ao, 
and the ratio: 


AG a 
—=—-] 
a ao 
is the correction factor, and it is: 
w=aB™, 
hence: 
log w=log a+ no log B 
and 
log a=log w—no log B; 
thus: ir | 
log * =log a —log ao=log w —log ao —7o log B, 
ao 
and 
A . 
chides —1=Nlog w—log ap—no log B—1. . (1) 
a ao 


Assuming a as constant, =do, then 7 is not constant, =o, 
and the ratio, 


is the correction factor, and it is 


W=aoB"; 
hence 
log w=log ao +n log B, 
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and 
n log B=log w— log ao; 
thus 
n nlogB log w-—log ao 
m nologB  nologeB ’ 
and 


4n Mn ab _ log w—log ao — log B 
n nN no log B 


(2) 


by these equations (1) and (2) the correction factors in columns 
5 to 8 of Table VIII are calculated, by using for ao and mo the 
values of the lower range curve, in columns 5 and 7, and the 
values of the medium range curve, in columns 6 and 8. 
Thus, for instance, at B -1000, the loss can be calculated 
by the equation, 
w=aB", 


by applying to a, the correction factor: 


—15.7 per cent at constant: n;=2.11, that is, 
a, =0.00341(1 —0.157) =0.00287; 


or by applying to n; the correction factor: 


—1.14 per cent at constant: a; =0.00341, that is, 
nm, =2.11(1 —0.0114) =2.086. 


Or the loss can be calculated by the equation, 
W=a2B", 
by applying to a2 the correction factor: 


—11.1 per cent at constant: n2=1.60, that is, 
a2 =0.1096(1 —0.111) =0.0974; 
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or by applying to nz the correction factor: 


—1.06 per cent at constant: a,=0.1096, that is, 
nN2=1.60(1 —0.0106) =1.583, 


and the loss may thus be given by either of the four ex- 
pressions: 


w=0.00287B?" = 0.00341B?-°** =0.0974B"* =0.1096B!*", 


As seen, the variation of the exponent n, required to extend 
the use of the parabolic equation into the range for which it 
does not strictly apply any more, is much less than the varia- 
tion of the coefficient a, and a far greater accuracy is thus 
secured by considering the exponent n as constant—1.6 for 
medium and high values of B— and making the correction in 
coefficient a, outside of the range where the 1.6th power law 
holds rigidly. 

In the last column of Table VIII is recorded the ratio of 
4 log w 
4 log B’ 
values. As seen, m agrees with the exponent n within the 
two ranges, where it is constant, but differs from it outside 
of these ranges. For instance, if B changes from 1600 down- 
ward, the ratio of variation m increases, while the exponent 
n slightly decreases. 

In Fig. 84 are shown the percentage correction of the 
coefficients a; and az, and also the two exponents n, and no, 
together with the ratio of variation m. 

The ratio of variation m is very useful in calculating the 
change of loss resulting from a small change of magnetic density, 
as the percentual change of loss w is m times the percentual 
(small) change of density. 

As further example, the reader may reduce to empirical 
equations. the series of observations given in Table IX. This 
table gives; 

A. The candle-power L, as function of the power input p, 
of a 40-watt tungsten filament incandescent lamp. 

B. The loss of power by corona (discharge into the air), p, 
in kw., in 1.895 km. of conductor, as function of the voltage 
e (in kv.) between conductor and return conductor, for the 


variation, m= as the averages each of two successive 
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TasBie IX. 


A. Luminosity characteristic of 40-watt tungsten incandescent lamp. 


L=horizontal candlepower. 
p=watts input. 


L p L Dp L Dp L p L Pp 
2 12.25 20 31.64 40 44.14 128 76.77 382 135 .6 
4 16 .33 24 34 .55 44 45 .42 192 95.24 460 145 .2 
8 21.35 28 87 .29 48 47.05 256 | 109.0 — — 
12 25 .60 32 89 .26 64 54.31 291 | 118.2 ace = 
16 28.91 36 41 .47 96 65.73 820 | 123.1 ar = 
B. Corona loss of high-voltage transmission line; at 60 cycles: 
1895 m. length of conductor. 
3.10 m. distance between conductors. 
No. 000 seven-strand cable, 1.18 cm. diameter. 
—13°C.; 76.2 cm. barometer; sunshine. 
e=kilovolts between conductors, effective. 
p=kilowatts loss. 
€ Pp é Pp é Pp é Pp é Dp 
79 .8 0.01 141.5} 0.09 181.0} 1.02 221 .0 8.70 212.0 6.44 
90.7 0.01 || 147.0] 0.08 || 186.2} 1.55 || 227.0] 10.66 || 219.0 8.31 
101.5 0.02 153.6} 0.12 192.6; 2.49 284.0) 18.25 — = 
109 .5 0.03 159.0} 0.16 200.6} 38.77 189 .0 2.10 a pare 
120.5 0.04 169.8) 0.385 208.6; 5.34 195.0 2.88 — ay 
180.0 0.06 || 174.0} 0.58 |} 216.0} 7.18 || 203.8 4.72 =a Be 
C. Volume-pressure characteristic of dry steam at its boiling-point. 
t=degrees C. 
P=pressure, in kg. per cm.” 
V=volume, in m.? per kg. 
t P V t P V t Pp Vi 
59 .8 0.2 7 .806|| 182.8 3.0 0.612 169 .5 8.0 0.244 
80 .9 0.5 3.297|| 142.8 4.0 | 0.467 178.9} 10.0 0.197 
99.1 1.0 1.717|| 151.0 5.0 | 0.879 186.9) 12.0 0.167 
119.6 2.0 0.896|| 157.9 6.0 | 0.319 197.2; 15.0 0.185 


OT 
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distance of 310 cm. between the conductors, and the conductor 
diameter of 1.18 cm. 

C. The relation between steam pressure P, in kg. per cm.?, 
and the steam volume V, in m.3, at the boiling-point, per kg. 
of dry steam. 


D. Periodic Curves. 


158. All periodic functions of time or distance can be ex- 
pressed by a trigonometric series, or Fourier series, as has been 
discussed in Chapter III, and the methods of resolution, and 
the arrangements to carry out the work rapidly, have also 
been discussed in Chapter III. 

The resolution of a periodic function thus consists in the 
determination of the higher harmonics, which are superimposed 
on the fundamental wave. 

As periodic functions are of the greatest importance in elec- 
trical engineering, in the theory of alternating current pheno- 
mena, a familiarity with the wave shapes produced by the dif- 
ferent harmonics is desirable. This familiarity should be 
sufficient to enable one in most cases to judge immediately from 
the shape of the wave, as given by oscillograph, etc., on the har- 
monics which are present or at least which predominate. 

The effect of the lower harmonics, such as the third, fifth, 
etc., (or the second, fourth, etc., where present), is to change 
the shape of the wave, make it differ from sine shape, giving 
such features as flat top wave, peaked wave, saw-tooth, double 
and triple peaked, steep zero, flat zero, etc., while the high 
harmonics do not change the shape of the wave so much, as 
superimpose ripples on it. 


Opp LowER HARMONICS. 


159. To elucidate the variation in shape of the alternating 
waves caused by various lower harmonics, superimposed upon 
the fundamental at different relative positions, that is, different 
phase angles, in Figs. 85 and 86 are shown the effect of a third 
harmonic, of 10 per cent and 30 per cent of the fundamental, 
respectively. A gives the fundamental, and C D EF F G the 
waves resulting by the superposition of the triple harmonic 
in phase with the fundamental (C), under 45 deg. lead (D), 90 
deg. lead or quadrature (Ff), 135 deg. lead (Ff) and opposition 
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(G). (The phase differences here are referred to the maximum 
of the fundamental: with waves of different frequencies, the 
phase differences naturally change from point to point, and in 
speaking of phase difference, the reference point on the wave 


10% Third Harmonic 


Fig. 85. Effect of Small Third Harmonic, 


must thus be given. For instance, in C the third harmonic is 
in phase with the fundamental at the maximum point of the 
latter, but in opposition at its zero point.) 

The equations of these waves are: 


A: y=100 cos 8 

C: y=100 cos 8+10 cos 32 

EH: y=100 cos 8+10 cos (88+90 deg.) 

G: y=100 cos 8+10 cos (88+180 deg.) 
=100 cos B—10 cos 38 
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: y=100 cos +30 cos 38 

: y=100 cos +30 cos (88+45 deg.) 
: y=100 cos § +30 cos (88+90 deg.) 
: y=100 cos 8 +30 cos (88+135 deg.) 
: y=100 cos 8 +30 cos (88+180 deg.) 
=100 cos 8—30 cos 38 


Amy ya 


30% Third Harmonic 


f 


Fia. 86. Effect of Large Third Harmonic. 


In all these waves, one cycle of the triple harmonic is given in 
dotted lines, to indicate its relative position and intensity, and 
the maxima of the harmonics are indicated by the arrows. 
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As seen, with the harmonic in phase or in opposition (C and 
G), the waves are symmetrical; with the harmonic out of phase, 
the waves are unsymmetrical, of the so-called “saw tooth” 
type, and the saw tooth is on the rising side of the wave with a 
lagging, on the decreasing side with a leading triple harmonic. 


Third Harmonic Flat Zero & Reversal 


¢ 
ee ae. 


Fre. 87. Flat Zero and Reversal by Third Harmonic. 


The latter are shown in D, E, F; the former have the same shape 
but reversed, that is, rising and decreasing side of the wave 
interchanged, and therefore are not shown. 

The triple harmonic in phase with the fundamental, C, gives 
a peaked wave with flat zero, and the peak and the flat zero 
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become the more pronounced, the higher the third harmonic, 
until finally the flat zero becomes a double reversal of volt- 
age, as shown in Fig. 87d. 

Fig. 87 shows the effect of a gradual increase of an in-phase 
triple harmonic: a is the fundamental, b contains a 10 per 


5% Fifth Harmonic 


Fig. 88. Effect of Small Fifth Harmonic. 


cent, c a 38.5 per cent and d a 50 per cent triple harmonic, as 
given by the equations: 


: y=100 cos 6 

: y=100 cos 6+10 cos 38 

- y=100 cos 2+38:5 cos 38 
: y=100 cos 2+50 cos 38 


QAaoe mes 
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At c, the wave is entirely horizontal at the zero, that is, remains 
zero for an appreciable time at the reversal. In this figure, the 
three harmonics are shown separately in dotted lines, in their 
relative intensities. 

A triple harmonic in opposition to the fundamental (Figs. 
85 and 86G) is characterized by a flat top and steep zero, and 


20% Fifth Harmonic 


Fig. 89. Effect of Large Fifth Harmonic. 


with the increase of the third harmonic, the flat top develops 
into a double peak (Fig. 86@), while steepness at the point of 
reversal increases. 

The simple saw tooth, produced by a triple harmonic in 
quadrature with the fundamental is shown in Fig. 852. Wrth 
increasing triple harmonic, the hump of the saw tooth becomes 
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more pronounced and changes to a second and lower peak, as 
shown in Fig. 86. This figure gives the variation of the saw- 
tooth shape from 45 to 45 deg. phase difference: With the phase 
of the third harmonic shifting from in-phase to 45 deg. lead, the 
flat zero, by moving up on the wave, has formed a hump or saw 
tooth low down on the decreasing (and with 45 deg. lag on the 
increasing) side of the wave. At 90 deg. lead, the saw tooth has 
moved up to the middle of the down branch of the wave, and 
with 135 deg. lead, has moved still further up, forming practi- 
cally a second, lower peak. With 180 deg. lead—or opposition 
of phase—the hump of the saw tooth has moved up to the 
top, and formed the second peak—or the flat top, with a lower 
third harmonic, as in Fig. 85G. 

Figs. 88 and 89 give the effect of the fifth harmonic, super- 
imposed on the fundamental, of 5 per cent in Fig. 88, and of 20 
per cent in Fig. 89. Again A gives the fundamental sine wave, 
C the effect of the fifth harmonic in opposition with the funda- 
mental, # in quadrature (lagging) and Gin phase. One cycle 
of the fifth harmonic is shown in dotted lines, and the maxima 
of the harmonics indicated by the arrows. 

The equations of these waves are given by: 


A: y=100 cos B 

C: y=100 cos 8—5 cos 58 

E: y=100 cos 8—5 cos (584+ 90 deg.) 
G: y=100 cos #+5 cos 58 

A: y=100 cos @ 

C: y=100 cos 8—20 cos 58 

E: y=100 cos 8—20 cos (58+90 deg.) 
G: y=100 cos 8+20 cos 58 


In the distortion caused by the fifth harmonic (in opposi- 
tion to the fundamental) flat top (Fig. 88C) or double peak (at 
higher values of the harmonic, Fig. 89C), is accompanied by flat 
zero (or, at very high values of the fifth harmonic, double rever- 
sal at the zero, similar as in Fig. 87d), while in the distortion 
by the third harmonic it is accompanied by sharp zero. 

With the fifth harmonic in phase with the fundamental, a 
peaked wave results with steep zero, Fig. 88G, and the transi- 
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tion from the steep zero to the peak, with larger values of the 
fifth harmonic, then develops into two additional peaks, thus 
giving a treble peaked wave, Fig. 88G, with steep zero. The 
beginning of treble peakedness is noticeable already in Fig. 
88G, with only 5 per cent of fifth harmonic. 


10% Third Harmonic & 
; 5% Fifth Harmonic 


Fria. 90. Third and Fifth Harmonie. 


With the seventh harmonic, the treble-peaked wave would 
be accompanied by flat zero, and a quadruple-peaked wave 
would give steep zero (Fig. 95). 

The fifth harmonic out of phase with the fundamental again 
gives saw-tooth waves, Figs. 88 and 89H, but the saw tooth 
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produced by the fifth harmonic contains two humps, that is, 
is double, with one hump low down, and the other high up on 
the curve, thereby giving the transition from the symmetrical 
double peak C to the symmetrical treble peak G. 


10% Third Harmonic & 
5% Fifth Harmonic 


— 
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Fig. 91. Third and Fifth Harmonic. 


160. Characteristic of the effect of the third harmonic 
thus is: 

Coincidence of peak with flat zero or double reversal, of steep 
zero with flat top or double peak, and single hump or saw tooth, 
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While characteristic of the effect of the fifth harmonic is: 

Coincidence of peak with steep zero, or treble peak, of flat 
top or double peak with flat zero or double reversal, and double 
saw-tooth. 


10% Third Harmonic & 
5% Fifth Harmonic 


Fig. 92. Third and Fifth Harmonic. 


By thus combining third and fifth harmonics of proper 
values, they can be made to neutralize each other’s effect in any 
one of their characteristics, but then accentuate each other in 
the other characteristic. 

Thus peak and flat zero of the triple harmonic combined with 
peak and steep zero of the fifth harmonic, gives a peaked wave 
with normal sinusoidal appearance at the zero value; combin- 
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ing the flat tops or double peaks of both harmonics, the flat 
zero of the one neutralizes the steep zero of the other, and we 
get a flat top or double peak with normal zero. Or by com- 
bining the peak of the third harmonic with the flat top of the 
fifth we get a wave with normal top, but steep zero, and we get a 
wave with normal top, but flat zero or double reversal, by com- 
bining the triple harmonic peak with the fifth harmonic flat top. 

Thus any of the characteristics can be produced separately 
by the combination of the third and fifth harmonic. 

By combining third and fifth harmonics out of phase with 
fundamental—such as give single or double saw-tooth shapes, the 
various other saw-tooth shapes are produced, and still further 
saw-tooth shapes, by combining a symmetrical (in phase or in 
opposition) third harmonic with an out of phase fifth, or 
inversely. 

These shapes produced by the superposition, under different 
phase angles, of fifth and third harmonics on the fundamental, 
and their gradual change into each other by the shifting in 
phase of one of the harmonics, are shown in Figs. 90, 91 and 92 
for a third harmonic of 10 per cent, and a fifth harmonic of 5 
per cent. of the fundamental. 

In Fig. 90 the third harmonic is in phase, in Fig. 91 in quadra- 
ture lagging, and in Fig. 92 in opposition with the fundamental. 
A gives the fundamental, B the fundamental with the third har- 
monic only, and C, D, E, F, the waves resulting from the super- 
position of the fifth harmonic on the combination of funda- 
mental and third harmonic, givenas B. In C the fifth harmonic 
is in opposition, in D in quadrature lagging, in # in phase, and 
in F in quadrature leading. 

We see here round tops with flat zero (Fig. 90C), nearly 
triangular waves (Fig. 90#), approximate half circles (Fig. 
92), sine waves with a dent at the top (Fig. 92C), and vari- 
ous different forms of saw tooth. 

The equations of these waves are: 


4 =100 cos 8 

y =100 cos 2+10 cos 38 

y =100 cos +10 cos 88—5 cos 58 

- y=100 cos +10 cos 38—5 cos (58+90 deg.) 
- y=100 cos 8+10 cos 38+5 cos 58 


ao 
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: y=100 cos 8 

: y=100 cos 8—10 cos (884+ 90 deg.) 

- y=100 cos B—10 cos (88+90 deg.) —5 cos 58 

: y=100 cos B—10 cos (38+90 deg.) —5 cos (58+90 deg.) 
- y=100 cos 8—10 cos (88+90 deg.) +5 cos 58 

- y=100 cos 8—10 cos (88+90 deg.) +5 cos (58+90 deg.) 


: y=100 cos £ 

: y=100 cos 8—10 cos 38 

: y=100 cos 8—10 cos 38—5 cos 58 

: y=100 cos B—10 cos 38—5 cos (58+90 deg.) 
: y=100 cos B—10 cos 38+5 cos 58 


na BO by 


Soap 


Even Harmonics. 


161. Characteristic of the wave-shape distortion of even har- 
monics is that the wave is not a symmetrical wave, but the 
two half waves have different shapes, and the characteristics 
of the negative half wave are opposite to those of the positive. 
This is to be expected, as an even harmonic, which is in phase 
with the positive half wave of the fundamental, is in opposition 
with the negative; when leading in the positive, it is lagging 
in the negative, and inversely. 

Fig. 93 shows the effect of a second harmonic of 30 per cent 
of the fundamental A, superimposed in quadrature, 60 deg. 
phase displacement, 30 deg. displacement and in phase, in 
B,C, Dand E respectively. 

The equations of these waves are: 


A: y=100 cos # and y’ =80 cos (28—90) 
B: y=100 cos 8+30 cos (28—90) 

C: y=100 cos 8+80 cos (28—60) 

D: y=100 cos 8+80 cos (28—30) 

E: y=100 cos 8+80 cos 28 


Quadrature combination (Fig. 93B) gives a wave where the 
rising side is flat, the decreasing side steep, and inversely with 
the other half wave. C and D give a peaked wave for the one, a 
saw tooth for the other half wave, and £, coincidence of phase 
of fundamental and second harmonic, gives a combination of 
one peaked half wave with one flat-top or double-peaked wave. 
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Characteristic of C, D and £ is, that the two half waves are 
of unequal length. 

In general, even harmonics, if of appreciable value are easily 
recognized by the difference in shape, of the two half waves. 


380% Second Harmonic 


Fie. 93. Effect of Second Harmonic. 


By the combination of the second harmonic with the third 
harmonic (or the fifth), some of the features can be intensified, 
others suppressed. 

An illustration hereof is shown in Fig. 94 in the production 
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of a wave, in which the one half wave is a short high peak, the 
other a long flat top, by the superposition of a second harmonic 
of 46.5 per cent, and a third harmonic of 10 per cent both in 
phase with the fundamental. 

A gives the fundamental sine wave, B and C' the second and 
third harmonic, D the combination of fundamental and second 


Second & Third Harmonic 


E ae 


Fiq. 94. Peak and Flat Top by Second and Third Harmonic. 


harmonic, giving a double peaked negative half wave, and # the 
addition of the third harmonic to the wave D. Thereby the 
double peak of the negative half wave is flatted to a long flat 
top, and the peak of the positive half wave intensified and 
shortened, so that the positive maximum is about two and one- 
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half times the negative maximum, and the negative half wave 
nearly 75 per cent longer than the positive half wave. 
The equations of these waves are given by: 


A: y=100 cos 8 

B: y=46.5 cos 28 

CG 4 =10:coa38 

D: y=100 cos §+46.5 cos 28 

E: y=100 cos 8+46.5 cos 28+10 cos 38 


HicH Harmonics. 


162. Comparing the effect of the fifth harmonic, Figs. 88 and 
89, with that of the third harmonic, Figs. 85 and 86, it is seen 


10% Seventh Harmonic 


Fia. 95. Effect of Seventh Harmonic. 


that a fifth harmonic, even if very small, is far easier distin- 
guished, that is, merges less into the fundamental than the third 
harmonic. Still more this is the case with the seventh har- 
monic, as shown in Fig. 95 in phase and in opposition, of 10 per 
cent intensity. This is to be expected: sine waves which do not 
differ very much in frequency, such as the fundamental and 
the second or third harmonic, merge into each other and form a 
resultant shape, a distorted wave of characteristic appearance, 
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while sine waves of very different frequencies, as the fundamen- 
tal and its eleventh harmonic, in Fig. 96, when superimposed, 
remain distinct from each other; the general shape of the wave 
is the fundamental sine, and the high harmonics appear as rip- 
ples upon the fundamental, thus giving what may be called a 
corrugated sine wave. By counting the number of ripples per 


Fig. 96. Wave in which Eleventh Harmonic Predominates. 


complete wave, or per half wave, the order of the harmonic 
can then rapidly be determined. For instance, the wave shown 
in Fig. 96 contains mainly the eleventh harmonic, as there are 
eleven ripples per wave. The wave shown by the oscillogram 
Fig. 97 shows the twenty-third harmonic, etc. 


Fie. 97. CD 23510. Alternator Wave with Single High Harmonic. 


Very frequently high harmonics appear in pairs of nearly the 
same frequency and intensity, as an eleventh and a thirteenth 
harmonic, etc. In this case, the ripples in the wave shape show 
maxima, where the two harmonies coincide, and nodes, where 
the two harmonics are in opposition. The presence of nodes 
makes the counting of the number of ripples per complete wave 
more difficult. A convenient method of procedure in this case 
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is, to measure the distance or space between the maxima of one 
or a few ripples in the range where they are pronounced, and 
count the number of nodes per cycle. For instance, in the 
wave, Fig. 98, the space of two ripples is about 60 deg., and two 
nodes exist per complete wave. 60 deg. for two ripples, give 


Fig. 98. Wave in which Eleventh and Thirteenth Harmonies Predominate. 


360 
60 
of the two existing harmonies, and since these harmonics differ 
by 2 (since there are two nodes), their order is the eleventh and 
the thirteenth harmonics. 

163. This method of determining two similar harmonics, with 


2X 


el 


= 12 ripples per complete wave, as the average frequency 


i 
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Fic. 99. CD 23512. Alternator Wave with Two Very Unequal High 
Harmonics. 


a little practice, becomes very convenient and useful, and may 
frequently be used visually also, in determining the frequency 
of hunting of synchronous machines, etc. In the phenomenon 
of hunting, frequently two periods are superimposed, a forced 
frequency, resulting from speed of generator, etc., and the 
natural frequency of the machine. Counting the number of 
impulses, f, per minute, and the number of nodes, n, gives the 
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n n : 
two frequencies: f fas and f—5; and as one of these frequencies 


is the impressed engine frequency, this affords a check. 

Where the two high harmonics of nearly equal order, as the 
eleventh and the thirteenth in Fig. 98, are approximately equal 
in intensity, at the nodes the ripples practically disappear, 
and between the nodes the ripples give a frequency intermediate 
between the two components: Apparently the twelfth harmonic 
in Fig. 98. In this case the two constituents are easily deter- 
mined: 12—1=11, and 12+1=13. 

Where of the two constituents one is greater than the other 
the wave still shows nodes, but the ripples do not entirely disap, 
pear at the nodes, but merely decrease, that is, the wave show- 
a sine with ripples which increase and decrease along the waves 


Fig. 100. CD 23511. Alternator Wave with Two Nearly Equal High 
Harmonics. 


as shown by the oscillograms 99 and 100. In this case, one of 
the two high frequencies is given by counting the total number 
of ripples, but it may at first be in doubt, whether the other 
component is higher or lower by the number of nodes. The 
decision then is made by considering the length of the ripple at 
the node: If the length is a maximum at the node, the secondary 
harmonic is of higher frequency than the predominating one; 
if the length of the ripple at the node is a minimum, the second- 
ary frequency is lower than the predominating one. This is 
illustrated in Fig. 101. In this figure, A and B represent the 
tenth and twelfth harmonic of a wave, respectively; C gives 
their superposition with the lower harmonic A predominating, 
while B is only of half the intensity of A.D gives the superposi- 
tion of A and B at equal intensity, and F gives the super- 
position with the higher frequency B predominating. That is, 
the respective equations would be: 
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: y=cos 108 

: y=cos 128 

: y=cos 108+0.5 cos 128 
: y=cos 108+cos 122 

: y=0.5 cos 108+cos 128 


Beane 


As seen, in C the half wave at the node is abnormally long, 
showing the preponderance of the lower frequency, in Z abnor- 


Superposition of High Harmonics 


Fig. 101. Superposition of Two High Harmonics of Various Intensities. 


mally short, showing the preponderance of the higher frequency. 

In alternating-current and voltage waves, the appearance of 
two successive high harmonics is quite frequent. For instance, 
if an alternating current generator contains n slots per pole, 
this produces in the voltage wave the two harmonics of orders 
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2n—1 and 2n+1. Such is the origin of the harmonics in the 
oscillograms Figs. 99 and 100. 

The nature of the increase and decrease of the ripples and the 
formation of the nodes by the superposition of two adjacent 
high harmonics is best seen by combining their expressions trig- 
onometrically. 

Thus the harmonics: 


y, =cos (2n—1)8 
and yz =cos (2n+1)8 


combined give the resultant: 


Y=YWrT Y2 
=cos (2n—1)8+cos (2n4+1)8 
=2 cos £ cos 2nB 


that is, give a wave of frequency 2n times the fundamental: 
cos 2n8, but which is not constant, but varies in intensity 
by the factor 2 cos ?. 

Not infrequently wave-shape distortions are met, which are 
not due to higher harmonics of the fundamental wave, but are 
incommensurable therewith. In this case there are two entirely 
unrelated frequencies. This, for instance, occurs in the second- 
ary circuit of the single-phase induction motor; two sets of 
currents, of the frequencies f, and (2f—f,) exist (where f is the 
primary frequency and f, the frequency of slip). Of this nature, 
frequently, is the distortion produced by surges, oscillations, 
arcing grounds, etc., in electric circuits; it is a combination of 
the natural frequency of the circuit with the impressed fre- 
quency. Telephonic currents commonly show such multiple 
frequencies, which are not harmonics of each other. 


CHAPTER VII. 
NUMERICAL CALCULATIONS. 


164. Engineering work leads to more or less extensive 
numerical calculations, when applying the general theoretical 
investigation to the specific cases which are under considera- 
tion. Of importance in such engineering calculations are: 

(a) The method of calculation. 

(b) The degree of exactness required in the calculation. 

(c) The intelligibility of the results. 

(d) The reliability of the calculation. 


a. Method of Calculation. 


Before beginning a more extensive calculation, it is desirable 
carefully to scrutinize and to investigate the method, to find 
the simplest way, since frequently by a suitable method and 
system of calculation the work can be reduced to a small frac- 
tion of what it would otherwise be, and what appear to be 
hopelessly complex calculations may thus be carried out 
quickly and expeditiously by a proper arrangement of the 
work. Indeed, the most important part of engineering work—and 
also of other scientific work—is the determination of the method 
of attacking the problem, whatever it may be, whether an 
experimental investigation, or a theoretical calculation. It is 
very rarely that important problems can be solved by a direct 
attack, by brutally forcing a solution, and then only by wasting 
a large amount of work unnecessarily. It is by the choice of 
a suitable method of attack, that intricate problems are reduced 
to simple phenomena, and then easily solved; frequently in 
such cases requiring no solution at all, but being obvious when 
looked at from the proper viewpoint. 

Before attacking a more complicated problem experimentally 
or theoretically, considerable time and study should thus first be 


devoted to the determination of a suitable method of attack. 
275 
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The next then, in cases where considerable numerical caleu- 
lations are required, is the method of calculation. The most 
convenient one usually is the arrangement in tabular form. 

As example, consider the problem of calculating the regula- 
tion of a 60,000-volt transmission line, of r=60 ohms resist- 
ance, x=135 ohms inductive reactance, and b=0.0012 conden- 
sive susceptance, for various values of non-inductive, inductive, 
and condensive load. 

Starting with the complete equations of the long-distance 
transmission line, as given in “Theory and Calculation of 
Transient Electric Phenomena and Oscillations,” Section III, 
paragraph 9, and considering that for every one of the various 
power-factors, lag, and lead, a sufficient number of values 
have to be calculated to give a curve, the amount of work 
appears hopelessly large. 

However, without loss of engineering exactness, the equa- 
tion of the transmission line can be simplified by approxima- 
tion, as discussed in Chapter V, paragraph 1238, to the form, 


Wing iMG 
Bi= Bo 1+ | at: Zo{1 45} 


ZY, © 


Ze 
5 | +YBo{14+5}, 


where Eo, Io are voltage and current, respectively at the step- 
down end, £,, J; at the step-up end of the line; and 


I,=Io {1+ 


Z=r+jx=60 +135) is the total line impedance; 
Y =g+ 7b=+0.0012) is the total shunted line admittance. 


Herefrom follow the numerical values: 


1+=- 


ZY (60 +1357) (+9.00127) 
gio Libs ary aoe eee 


=]1+40.0367— 0.081 =0.919 +.0.0367; 


ZX 


1+; 


=1+0.0127—0.027 =0.978 4-0.012); 
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FXG 
Se} 7604135) (0.973+0.012) 


=58.4+9.72j £131.17 —1.62 =56.8+4131.87; 


Z\ 1+ 


a 1 aa = (+0.0012j)(0.973+0.0123) 
= +0.001168j—0.0000144 = (—0.0144 + 1.1687)10-8 


hence, substituting in (1), the following equations may be 
written: 


EF, = (0.919 ' 0.0367) Eo + (56.8 + 131.87) lo =A +B; \ 2) 

I, = (0.919 +0.0367)Jo — (0.0144 —1.1687) #108 = C— D. ; ©” 

165: Now the work of calculating a series of numerical 
values is continued in tabular form, as follows: 


1. 100 peR CENT POWER-FACTOR. 
Eo=60 kv. at step-down end of line. 

A= (0.919 +0.086j) Mo=55.1+2.27 kv. 

D= (0.0144 — 1.1687) Ho 10— 3=0.9— 70.17 amp. 


B ky. Bs ae xe e1? + e22= e?, e ~=tane, Ae. 
0 65.14 2.27 3036+ 5=38041 55.1 |+0.040 |+ 2.3 
Sh le ie PAK 66.24 4.87 3158+ 23=3181 56.4 |+0.085 |+ 4.9 
2.8+ 5.37 57.4+ 9.57 | 3295+ 56=33851 567.9 |+0.181 |}+ 7.5 
3.4+ 7.97 568.5-+10.17 3422 + 102=3524 59.4 |+0.173 |+ 9.9 
4.5+10. 57 59.64+12.77 3552+ 161=3713 60.9 {+0.218 |+12.0 
5.7+13.27 60.8+15.4; | 3697+237—3934 62.7 |+0.253 |+14.2 
6.8+15. 87 61.9+18.07 3832 + 324= 4156 64.5 |+0.291 |+16.3 


tear, v2 Ne 
Boat | erate | a Round as | Qe fewer 

Ae, t 
—0.7—90.17/4914+1 = 4915) 70.1)—78 —89.1)+88.6/0.024 

=|+90.9 

18.4+-0.7j| 17.5+70.8j| 5018+ 3806= 5319) 72.9)/+4.04 |+76.3)+71.4/ 0.332 
40 | 36.8+1.437| 35.9-471.57) 5112+1289= 6401) 80.0/4+1.99 | +63.4/+55.9/ 0.558 
60 | 55.14+2.27| 54.2+72.3j| 5227+2938= 8165) 90.4/41.33 | +53.1)+4+43.2] 0.728 
80 | 73.5+2.9j| 72.6-+73.0j| 5329+ 5271—10600/103.0}+-1.055| +45.2/+383.2/ 0.837 
100 | 91.9+38.6;| 91.0+73.9j| 8281+ 5432 = 13713)117.1/4+0.811] + 39.1/+24.9| 0.907 
110.3 +4.37/109.4-+74.47/11969 + 5535= 17504/132.3/+0.680} 4 34.1;/+17.8| 0.952 
lead 
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ei:=60 kv. at step-up end of line. 


Red. Factor, . : 

To e te “ Power-F actor. 

amp. sae amp. kv amp. 
60 

0 0.918 0 65.5 76.4 0.024 
20 0.940 21.3 63.8 77.5 0.332 
40 0.965 41.4 62.1 82.9 0.558 
60 0.990 60.6 60.6 91.4 0.728 
80 1.015 78.8 59.1 101.5 0.837 
100 1.045 95.7 57.5 112.8 0.907 
120 1.075 WLe7 


55.8 122.8 0.952 | 
lead 


Curves of 7%, e, %,, cos 8, plotted in Fig. 86. | 


2. 90 Per Cent Power-Factor, Lac. 


cos 0=0.9; sin 0=V1—0.9?=0.436; 
Ip=to(cos 6—7 sin 8) =%9(0.9 —0.436y) ; 


Ey =(0.919-+ 0.036;)eo + (56.8 +131.8/) (0.9 —0.436))io 
= (0.919+ 0.0367)eo + (108.5 + 93.8j)io = A +B’; 
I, = (0.919+ 0.0367) (0.9 —0.4367)io— (0.0144 —1.168j)eo10-3 
= (0.843 —0.3667)io— (0.0144 —1.168j)eo10-3 = C’—D, 


and now the table is calculated in the same manner as under 1. 

Then corresponding tables are calculated, in the same 
manner, for power-factor, =0.8 and =0.7, respectively, lag, 
and for power-factor =0.9, 0.8, 0.7, lead; that is, for 


cos 6+7 sin 6=0.8 —0.67; 
0:7 —0:7143; 
0.9+ 0.4367; 

0.8+ 0.67: 
0.7+ 0.7147. 


Then curves are plotted for all seven values of power-factor, 
from 0.7 lag to 0.7 lead. 

From these curves, for a number of values of 7o, for instance, 
to=20, 40, 60, 80, 100, numerical values of 71, e, cos 0, are 
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taken, and plotted as curves, which, for the same voltage 
€:=60 at the step-up end, give 21, eo, and cos 0, for the same 
value %o, that is, give the regulation of the line at constant 
current output for varying power-factor. 


b. Accuracy of Calculation. 


166. Not all engineering calculations require the same 
degree of accuracy. When calculating the efficiency of a large 
alternator it may be of importance to determine whether it is 
97.7 or 97.8 per cent, that is, an accuracy within one-tenth 
per cent may be required; in other cases, as for instance, 
when estimating the voltage which may be produced in an 
electric circuit by a line disturbance, it may be sufficient to 
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Fia. 102. Transmission Line Characteristics. 


80 


determine whether this voltage would be limited to double 
the normal circuit voltage, or whether it might be 5 or 10 
times the norma! voltage. 

In general, according to the degree of accuracy, engineering 
calculations may be roughly divided into three classes: 
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(a) Estimation of the magnitude of an effect; that is, 
determining approximate numerical values within 25, 50, or 
100 per cent. Very frequently such very rough approximation 
is sufficient, and is all that can be expected or calculated. 
For instance, when investigating the short-circuit current of an 
electric generating system, it is of importance to know whether 
this current is 3 or 4 times normal current, or whether it is 
40 to 50 times normal current, but it is immaterial whether 
it is 45 to 46 or 50 times normal. In studying lightning 
phenomena, and, in general, abnormal voltages in electric 
systems, calculating the discharge capacity of lightning arres- 
ters, etc., the magnitude of the quantity is often sufficient. In 
calculating the critical speed of turbine alternators, or the 
natural period of oscillation of synchronous machines, the 
same applies, since it is of importance only to see that these 
speeds are sufficiently remote from the normal operating speed 
to give no trouble in operation. 

(6) Approximate calculation, requiring an accuracy of one 
or a few per cent only; a large part of enginecring calcu- 
lations fall in this class, especially calculations in the realm of 
design. Although, frequently, a higher accuracy could be 
reached in the calculation proper, it would be of no value, 
since the data on which the calculations are based are sus- 
ceptible to variations beyond control, due to variation in the 
material, in the mechanical dimensions, etc. 

Thus, for instance, the exciting current of induction motors 
may vary by several per cent, due to variations of the length 
of air gap, so small as to be beyond the limits of constructive 
accuracy, and a calculation exact to a fraction of one per cent, 
while theoretically possible, thus would be practically useless, 
The calculation of the ampere-turns required for the shunt 
field excitation, or for the series field of a direct-current 
generator needs only moderate exactness, as variations in the 
magnetic material, in the speed regulation of the driving 
power, etc., produce differences amounting to several per 
cent. 

(c) Exact engineering calculations, as, for instance, the 
calculations of the efficiency of apparatus, the regulation of 
transformers, the characteristic curves of induction motors, 
etc. These are determined with an accuracy frequently amount- 
ing to one-tenth of one per cent and even greater. 
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Even for most exact engineering calculations, the accuracy 
of the slide rule is usually sufficient, if intelligently used, that 
is, used so as to get the greatest accuracy. For accurate calcu- 
lations, preferably the glass slide should not be used, but the 
result interpolated by the eye. 

Thereby an accuracy within } per cent can easily be main- 
tained. 

For most engineering calculations, logarithmic tables are 
sufficient for three decimals, if intelligently used, and as such 
tables can be contained on a single page, their use makes the 
calculation very much more expeditious than tables of more 
decimals. The same applies to trigonometric tables: tables 
' of the trigonometric functions (not their logarithms) of three 
decimals 1 find most convenient for most cases, given from 
degree to degree, and using decimal fractions of the degrees 
(not minutes and seconds).* 

Expedition in engineering calculations thus requires the use 
of tools of no higher aecuracy than required in the result, and 
such are the slide rules, and the three decimal logarithmic and 
trigonometric tables. The use of these, however, make it 
neccessary to guard in the calculation against a loss of accuracy. 

Such loss of accuracy occurs in subtracting or dividing two 
terms which are nearly equal, in some logarithmic operations, 
solution of equation, etc,. and in such cases either a higher 
accuracy of calculation must be employed—seven decimal 
logarithmic tables, etc.—or the operation, which lowers the 
accuracy, avoided. The latter can usually be done. For 
instance, in dividing 297 by 283 by the slide rule, the proper 
way is to divide 297-283=14 by 283, and add the result 
to 1. 

It is in the methods of calculation that experience and judg- 
ment and skill in efficiency of arrangement of numerical calcu- 
lations is most marked. 

167. While the calculations are unsatisfactory, if not carried 
out with the degree of exactness which is feasible and desirable, 
it is equally wrong to give numerical values with a number of 


* This obviously does not apply to some classes of engineering work, in 
which a much higher accuracy of trigonometric functions is required, as 
trigonometric surveying, etc. 
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ciphers greater than the method or the purpose of the calcula- 
{ion warrants. For instance, if in the design of a direct-current 
generator, the calculated field ampere-turns are given as 9738, 
such a numerical value destroys the confidence in the work of 
the calculator or designer, as it implies an accuracy greater 
than possible, and thereby shows a lack of judgment. 

The number of ciphers in which the result of calculation is 
given should signify the exactness, In this respect two 
systems are in use: 

(a) Numerical values are given with one more decimal 
than warranted by the probable error of the result; that is, 
the decimal before the last is correct, but the last decimal may 
be wrong by several units. This method is usually employed 
in astronomy, physics, etc. 

(b) Numerical values are given with as many decimals as 
the accuracy of the calculation warrants; that is, the last 
decimal is probably correct within half a unit. For instance, 
an efficiency of 86 per cent means an efficiency between 85.5 
and 86.5 per cent; an efficiency of 97.3 per cent means an 
efficiency between 97.25 and 97.35 per cent, etc. This system 
is generally used in engineering calculations. To get accuracy 
of the last decimal of the result, the calculations then must 
be carried out for one more decimal than given in the result. 
For instance, when calculating the efficiency by adding the 
various percentages of losses, data like the following may be 
given: 


Gore dee ian pit aatat on ot kee cee 2.73 per cent 
WT aN a ek fuaten se OR tele apt NG ee LOG as 
PRIGUIONs cers octal ie er Oks mew 
Wok iene eee) Ss aoe RIE 7 ee 
Hiieieney)...chs ace ip 100—4.72=95.38  “ 
Approxiniatel yt cs..: ty cy ene 95.4 - 


It is obvious that throughout the same calculation the 
same degree of accuracy must be observed. 
It follows herefrom that the values: 


255 2B 2502 0G: 
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while mathematically equal, are not equal in their meaning as 
an engineering result: 


2.5 means between 2.45 and 2.55; 
2.00 means between 2.495 and 2.505; 
2.500 means between 2.4995 and 2.5005; 


while 23 gives no clue to the accuracy of the value. 

Thus it is not permissible to add zeros, or drop zeros at 
the end of numerical values, nor is it permissible, for instance, 
to replace fractions as 1/16 by 0.0625, without changing the 
meaning of the numerical value, as regards its accuracy. 
This is not always realized, and especially in the reduction of 
common fractions to decimals an unjustified laxness exists 
which impairs the reliability of the results. For instance, if 
in an arc lamp the are length, for which the mechanism is 
adjusted, is stated to be 0.8125 inch, such a statement is 
ridiculous, as no arc lamp mechanism can control for one-tenth 
as great an accuracy as implied in this numerical value: the 
value is an unjustified translation from 13/16 inch. 

The principle thus should be adhered to, that all calcula- 
tions are carried out for one decimal more than the exactness 
required or feasible, and in the result the last decimal dropped: 
that is, the result given so that the last decimal is probably 
correct within half a unit. 


c. Intelligibility of Engineering Data and Engineering Reports. 


168. In engineering’ calculations the value of the results 
mainly depends on the information derived from them, that is, 
on their intelligibility. To make the numerical results and 
their meaning as intelligible as possible, it thus is desirable, 
whenever a series of values are calculated, to carefully arrange 
them in tables and plot them in a curve or in curves. The 
latter is necessary, since for most engineers the plotted curve 
gives a much better conception of the shape and the variation 
of a quantity than numerical tables. 

Even where only a single point is required, as the core 
loss at full load, or the excitation of an electric generator at 
rated voltage, it is generally preferable to calculate a few 
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points near the desired value, so as to get at least a short piece 
of curve including the desired point. 

The main advantage, and foremost purpose of curve plotting 
thus is to show the Ge = the function, and thereby give 


values, and ee numer- 2S 
ical values from it, the plotted ai 


curve is inferior to the table, BRR Rass 
due to the limited accuracy [~[ [| | [| [ [| 
possible in a plotted els Shae bad 

a 


and the further inaccuracy 
resulting when drawing a 
curve through the plotted cal- 
culated points. To some 


a AO a 
extent, the numerical values HEE Ce Seo in 
as taken from a plotted curve, Stolle a 
depend on _ the particular | | oe | ok | ob | of | ilo _| 


kind of curve rule used in  Fyg. 103. Compounding Curve. 
plotting the curve. 

In general, curves are used for two different purposes, and 
on the purpose for which the curve is plotted, should depend 
the method of plotting, as the scale, the zero values, etc. 

When curves are used to 
illustrate the shape of the 
function, so as to show how 
much and in what manner a 
quantity varies as function 
of another, large divisions of 
inconspicuous cross-section- 
ing are desirable, but it is 
essential that the  cross- 
sectioning should extend to 
the zero values of the func- 
tion, even if the numerical 

| | oe | ot | oe | oe | ab | values do not extend so 

Fic. 104. Compounding Curve. far, since otherwise a wrong 

impression ‘would be con- 
ferred. As illustrations are plotted in Figs. 103 and 104, the 
compounding curve of a direct-current generator. The arrange- 
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ment in Fig. 103 is correct; it shows the relative variation 
of voltage as function of the load. Fig. 104, in which the 
cross-sectioning does not begin at the scale zero, confers the 


Fia. 105. Curve Plotted to show Characteristic Shape. 


Fah) 


Fig. 106. Curve Plotted for Use as Design Data. 


wrong impression that the variation of voltage is far greater 
than it really is. 

When curves are used to record numerical values and 
derive them from the curve, as, for instance, is commonly the 
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case with magnetization curves, it is unnecessary to have the zero 
of the function coincide with the zero of the cross-sectioning, but 
rather preferable not to have it so, if thereby a better scale of 
the curve can be secured. It is desirable, however, to use suffi- 
ciently small cross-sectioning to make it possible to take numer- 
ical values from the curve with good accuracy. This is illus- 
trated by Figs. 105 and 106. Both show the magnetic charac- 
teristic of soft steel, for the range above B = 8000, in which it is 
usually employed. Fig. 105 shows the proper way of plotting for 
showing the shape of the function, Fig. 106 the proper way of 
plotting for use of the curve to derive numerical values therefrom. 


Fie. 107. Same Function Plotted to Different ao I is correct. 


169. Curves should be plotted in such a manner as to show 
the quantity which they represent, and its variation, as well as 
possible. Two features are desirable herefor: 

1. To use such a scale that the average slope of the curve, 
or at least of the more important part of it, does not differ 
much from 45 deg. Hereby variations of curvature are best 
shown. To illustrate this, the exponential function y=e~ is 
plotted in three different scales, as curves I, II, III, in Fig. 107. 
Curve I has the proper scale. 

2. To use such a scale, that the total range of ordinates is 
not much different from the total range of abscissas. Thus 
when plotting the power-factor of an induction motor, in 
Fig. 108, curve I is preferable to curves II or III. 
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These two requirements frequently are at variance with 
each other, and then a compromise has to be made between 
them, that is, such a scale chosen that the total ranges of the 
two coordinates do not differ much, and at the same time 
the average slope of the curve is not far from 45 deg. This 
usually leads to a somewhat rectangular area covered by the 
curve, as shown, for instance, by curve I, in Fig. 107. 

It is obvious that, where the inherent nature of the curve 
is incompatible with 45 degree slope, this rule does not apply. 
Such for instance is the case with instrument calibration curves, 
which inherently are essentially horizontal lines, with curves 
like the slip of induction motors, etc. 

As regards to the magnitude of the scale of plotting, the larger 
the scale, the plainer obviously is the curve. It must be kept in 
mind, however, that it would be wrong to use a scale which is 
materially larger than the accuracy of the values plotted. 
Thus for instance, in 
plotting the calibration 
curve of an instrument, 
if the accuracy of the 
calibration is not greater 
than .05 per cent, it 
would be wrong to use 
.O1 per cent as the unit 
of ordinate scale. 

In curve plotting, a 
scale should be used 
which is easily read. 
Hence, only full scale, 
double scale, and half 
scale should be used. 
Triple scale and one- 
third scale are practi- 
cally unreadable, and should therefore never be used. Quadruple 
scale and quarter scale are difficult to read and therefore unde- 
sirable, and are generally unnecessary, since quadruple scale is 
not much different from half scale with a ten times smaller unit, 
and quarter scale not much different from double scale of a ten 
times larger unit. 

170. In plotting a curve to show a relation y=f(x), in gen- 
eral x and y should be plotted directly, on ordinary coordinate 


Fra. 108. Same Function Plotted to Dif- 
ferent Scales; I is Correct. 
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paper, but not log z, or y?, or logarithmic paper used, etc., as 
this would not show the shape of the relation y=f(x). Using 
for instance semi-logarithmic paper, that is, with logarith- 
mic abscissze and ordinary ordinates, the plotted curve would 
show the shape of the relation y=f (log x), etc. The use of 
logarithmic paper, or the use of y?, or ~/x as coordinate, etc., is 
justified only where the purpose is to show the relation between 
y and log x, or between y? and 2, or between y and +/z, etc., as is 
the case when investigating the equation of an empir cal curve, 
or when intending to show some particular feature of the relation 
y=f(x). Thus for instance when plotting the power p consumed 
by corona in a high potential transmission line, as function of the 
line voltage e, by using +/p as ordinate; a straight line results. 
Also where some particular function of one of the coordinates, 
as log x, gives a more rational relation, it may be used instead 
of x. Thus for instance in radiation curves, or when expressing 
velocity as function of wave length or frequency, or expressing 
attenuation of a wireless wave, etc., the log of wave length or 
frequency, that is, the geometric scale (as used in the theory of 
sound, with the octave as unit) is more rational and therefore 
preferable. 

Sometimes the values of a relationship extend over such a 
wide range as to make it impossible to represent all of them in 
one curve, and then a number of curves may have to be used, 
with different scales. In such cases, the logarithmic scale often 
brings all values within one curve without improperly crowding, 
and especially where the purpose of curve plotting is not so 
much to show the shape of the relation, as to record for the pur- 
pose of taking numerical values from the curve, the latter ar- 
rangement, that is, the use of logarithmic or semi-logarithmic 
paper may be desirable. Thus the magnetic characteristic of 
iron is used over a range of field intensities from very few am- 
pere turns per cm. in transformers, to thousands of ampere 
turns, in tooth densities of railway motors, and the magnetic 
characteristic thus is either represented by three curves with 
different scales, of ratios 1+10+100, as shown in Fig. 109, or 
the log of field intensity used as abscissx, that is, semi-logarith- 
mic paper, with logarithmic scale as abscisse, and regular scale 
as ordinates, as shown in Fig. 110. 

It must be realized that the logarithmic or geometrical scale 
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—in which equal divisions represent not equal values of the 
quantity, but equal fractions of the quantity—is somewhat 
less easy to read than common scale. However, as it is the same 
scale as the slide rule, this is not a serious objection. 

A disadvantage of the logarithmic scale is that it cannot 
extend down to zero, and relations in which the entire range 
down to zero requires consideration, thus are not well suited 
for the use of logarithmic scale. 

171. Any engineering calculation on which it is worth 
while to devote any time, is worth being recorded with suffi- 
cient completeness to be generally intelligible. Very often in 
making calculations the data on which the calculation is based, 
the subject and the purpose of the calculation are given incom- 
pletely or not at all, since they are familiar to the calculator at 
the time of calculation. The calculation thus would be unin- 
telligible to any other engineer, and usually becomes unintelli- 
gible even to the calculator in a few weeks. 

In addition to the name and the date, all calculations should 
be accompanied by a complete record of the object and purpose 
of the calculation, the apparatus, the assumptions made, the 
data used, reference to other calculations or data employed, 
etc., in short, they should include all the information required 
to make the calculation intelligible to another engineer without 
further information besides that contained in the calculations, 
or in the references given therein. The small amount of time 
and work required to do this is negligible compared with the 
increased utility of the calculation. 

Tables and curves belonging to the calculation should in 
the same way be completely identified with it and contain 
sufficient data to be intelligible. 

171A. Engineering investigations evidently are of no value, 
unless they can be communicated to those to whom they are of 
interest. Thus the engineering report is an. essential and im- 
portant part of the work. If therefore occasionally an engineer 
or scientist is met, who is so much interested in the investigating 
work, that he hates to ‘‘waste”’ the time of making proper and 
poniotene reports, this is a very foolish attitude, since in general 
it destroys the value of the work. 

As practically every engineering investigation is of interest 
and importance to different classes of people, as a rule not one, 
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but several reports must be written to make the most use of 
the work; the scientific record of the research would be of no 
more value to the financial interests considering the industrial 
development of the work than the report to the financial or 
administrative body would b2 of value to the scientist, who 
considers repeating and continuing the investigation. 

In general thus three classes of engineering reports can be 
distinguished, and all three reports should be made with every 
engineering investigation, to get best use of it. 

(a). The scientific record of the investigation. This must be 
so complete as to enable another investigator to completely check 
up, repeat and further extend the investigation. It thus must 
contain the original observations, the method of work, apparatus 
and facilities, calibrations, information on the limits of accuracy 
and reliability, sources of error, methods of calculation, etc., ete. 

It thus is a lengthy report, and as such will be read by very few, 
if any, except other competent investigators, but is necessary 
as the record of the work, since without such report, the work 
would be lost, as the conclusions and results could not be checked 
up if required. 

This report appeals only to men of the same character as the 
one who made the investigation, and is essentially for record 
and file. 

(b) The general engineering report. It should be very much 
shorter than the scientific report, should be essentially of the 
nature of a syllabus thereof, avoid as much as possible complex 
mathematical and theoretical considerations, but give all the 
engineering results of the investigation, in as plain language as 
possible. It would be’ addressed to administrative engineers, 
that is, men who as engineers are capable of understanding the 
engineering results and discussion, but have neither time nor 
familiarity to follow in detail through the investigation, and are 
not interested in such things as the original readings, the discus- 
sion of methods, accuracy, etc., but are interested only in the 
results. 

This is the report which would be read by most of the men 
interested in the matter. It would in general be the form in 
which the investigation is communicated to engineering societies 
as paper, with the scientific report relegated into an appendix of 
the paper. 
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(c) The general report. This should give the results, that is, 
explain what the matter is about, in plain and practically non- 
technical language, addressed to laymen, that is, non-engineers. 
In other words, it should be understood by any intelligent non- 
technical man. 

Such general report would be materially shorter than the 
general engineering report, as it would omit all details, and 
merely deal with the general problem, purpose and solution. 

In general, it is advisable to combine all three reports, by 
having the scientific record preceded by the general engineering 
report, and the latter preceded by the general report. Roughly, 
the general report would usually have a length of 20 to 40 per 
cent of the general engineering report, the latter a length of 10 
to 25 per cent of the complete scientific record. 

The bearing of the three classes of reports may be understood 
by illustration on an investigation which appears of commercial 
utility, and therefore is submitted for industrial development to 
a manufacturing corporation; the financial and general adminis- 
trative powers of the corporations, to whom the investigation is 
submitted, would read the general report and if the matter 
appears to them of sufficient interest for further consideration, 
refer it to the engineering department. The general report thus 
must be written for, and intelligible to the non-engineering 
administrative heads of the organization. The administrative 
engineers of the engineering department then peruse the general 
engineering report, and this report thust must be an engineering 
report, but general and not require the knowledge of the specialist 
in the particular field. If then the conclusion derived by the 
administrative engineers from the reading of the general engineer- 
ing report is to the effect that the matter is worth further con- 
sideration, then they refer it to the specialists in the field covered 
by the investigation, and to the latter finally the scientific record 
of the investigation appeals and is studied in making final report 
on the work. 

Inversely, where nothing but a lengthy scientific report is 
submitted, as a rule it will be referred to the engineering depart- 
ment, and the general engineer, even if he could wade through 
the lengthy report, rarely has immediately time to do so, thus 
lays it aside to study sometime at his leisure—and very often 
this time never comes, and the entire matter drops, for lack of 
proper representation. 
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Thus it is of the utmost importance for the engineer and the 
scientist, to be able to present the results of his work not only by 
elaborate and lengthy scientific report, but also by report of 
moderate length, intelligible without difficulty to the general 
engineer, and by short statement intelligible to the non-engineer. 


d. Reliability of Numerical Calculations. 


172. The most important and essential requirement of 
numerical engineering calculations is their absolute reliability. 
When making a calculation, the most brilliant ability, theo- 
retical knowledge and practical experience of an engineer are 
made useless, and even worse than useless, by a single error in 
an important calculation. 

Reliability of the numerical calculation is of vastly greater 
. importance in engineering than in any other field. In pure 
mathematics an error in the numerical calculation of an 
example which illustrates a general proposition, does not detract. 
from the interest and value of the latter, which is the main 
purpose; in physics, the general law which is the subject of 
the investigation remains true, and the investigation of interest 
and use, even if in the numerical illustration of the law an 
error is made. With the most brilliant engineering design, 
however, if in the numerical calculation of a single structural 
member an error has been made, and its strength thereby calcu- 
lated wrong, the rotor of the machine flies to pieces by centrifugal 
forces, or the bridge collapses, and with it the reputation of the 
engineer. The essential difference between engineering and 
purely scientific caclulations is the rapid check on the correct- 
ness of the calculation, which is usually afforded by the per- 
formance of the calculated structure—but too late to correct 
errors. . 

Thus rapidity of calculation, while by itself useful, is of no 
value whatever compared with reliability—that is, correctness. 

One of the first and most important requirements to secure 
reliability is neatness and care in the execution of the calcula- 
tion. If the calculation is made on any kind of a sheet of 
paper, with lead pencil, with frequent striking out and correct- 
ing of figures, etc., it is practically hopeless to expect correct 
results from any more extensive calculations. Thus the work 
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should be done with pen and ink, on white ruled paper; if 
changes have to be made, they should preferably be made by 
erasing, and not by striking out. In general, the appearance of 
the work is one of the best indications of its reliability. The 
arrangement in tabular form, where a series of values are calcu- 
lated, offers considerable assistance in improving the reliability. 

173. Essential in all extensive calculations is a complete 
system of checking the results, to insure correctness. 

One way is to have the same calculation made independently 
by two different calculators, and then compare the results. 
Another way is to have a few points of the calculation checked 
by somebody else. Neither way is satisfactory, as it is not 
always possible for an engineer to have the assistance of another 
engineer to check his work, and besides this, an engineer should 
and must be able to make numerical calculations so that he can 
absolutely rely on their correctness without somebody else 
assisting him. 

In any more important calculations every operation thus 
should be performed twice, preferably in a different manner. 
Thus, when multiplying or dividing by the slide rule, the multi- 
plication or division should be repeated mentally, approxi- 
mately, as check; when adding a column of figures, it should be 
added first downward, then as check upward, ete. 

Where an exact calculation is required, first the magnitude 
of the quantity should be estimated, if not already known, 
then an approximate calculation made, which can frequently 
be done mentally, and then the exact calculation; or, inversely, 
after the exact calculation, the result may be checked by an 
approximate mental calculation. 

Where a series of values is to be calculated, it is advisable 
first to calculate a few individual points, and then, entirely 
independently, calculate in tabular form the series of values, 
and then use the previously calculated values as check. Or, 
inversely, after calculating the series of values a few points 
should independently be calculated as check. 

When a series of values is calculated, it is usually easier to 
secure reliability than when calculating a single value, since 
in the former case the different values check each other. There- 
fore it is always advisable to calculate a number of values, 
that is, a short curve branch, even if only a single point is 


ee 
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required. After calculating a series of values, they are plotted 
as a curve to see whether they give a smooth curve. If the 
entire curve is irregular, the calculation should be thrown away, 
and the entire work done anew, and if this happens repeatedly 
with the same calculator, the calculator is advised to find 
another position more in agreement with his mental capacity. 
If a single point of the curve appears irregular, this points to 
an error in its calculation, and the calculation of the point is 
checked; if the error is not found, this point is calculated 
entirely separately, since it is much more difficult to find an 
error which has been made than it is to avoid making an 
error. 

174. Some of the most frequent numerical errors are: 

1. The decimal error, that is, a misplaced decimal point. 
This should not be possible in the final result, since the magni- 
tude of the latter should by judgment or approximate calcula- 
tion be known sufficiently to exclude a mistake by a factor 10. 
However, under a square root or higher root, in the exponent 
of a decreasing exponential function, etc., a decimal error may 
occur without affecting the result so much as to be immediately 
noticed. The same is the case if the decimal error occurs in a 
term which is relatively small compared with the other terms, 
and thereby does not affect the result very much. For instance, 
in the calculation of the induction motor characteristics, the 
quantity r:?-++s’x,? appears, and for small values of the slip s, 
the second term s?1,? is small compared with 11’, so that a 
decimal error in it would affect the total value sufficiently to 
make it seriously wrong, but not sufficiently to be obvious. 

2. Omission of the factor or divisor 2. 

3. Error in the sign, that is, using the plus sign instead of 
the minus sign, and inversely. Here again, the danger is 
especially great, if the quantity on which the wrong sign is 
ased combines with a larger quantity, and so does not affect 
the result sufficiently to become obvious. 

4. Omitting entire terms of smaller magnitude, etc. 


APPENDIX A. 
NOTES ON THE THEORY OF FUNCTIONS. 


A. General Functions. 


175. The most general algebraic expression of powers of 
xand y, 


F(a,y) = (doo + doit + door? +...) + (aio tare +aret? +. . .)y 
+ (Gop +da10 + 20t" +... A+. 
+ (dab at Hdnot? +... =O. See 


is the implicit analytic function. It relates y and z so that to 
every value of x there correspond 7’ values of Y, and to every 
value of y there correspond m values of 2, if m is the exponent 
of the highest power of « in (1). 

Assuming expression (1) solved for y (which usually cannot 
be carried out in final form, as it requires the solution of an 
equation of the mth order in y, with coefficients which are 
expressions of x), the explicit analytic function, 


yale >>. 24) fe 


is obtained. Inversely, solving the implicit function (1) for 
x, that is, from the explicit function (2), expressing zx as 
function of y, gives the reverse function of (2); that is 


Bm fide, | 4 ee a 


In the general algebraic function, in its implicit form (1), 
or the explicit form (2), or the reverse function (8), x and y 
are assumed as general numbers; that is, as complex quan- 
tities; thus, 


oS 


L=21+4r9} \\ | a) 
CEA il +7Y2, J 

fa likewise are the coefficients ago, do: . ih: 
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If all the coefficients a are real, and z is real, the corre- 
sponding n values of y are either real, or pairs of conjugate 
complex imaginary quantities: y;+7y2 and y1—jy>. 

176. For n=1, the implicit function (1), solved for y, gives 
the rational function, 


_ Goo FAL +Qo2r? +... f nc 
Oto Ouie +O. a ; 

and. if in this function (5) the denominator contains no z, the 

integer function, 


, al ne tb 


Y=09 Ot +090? +... +Gy,t™, 


is obtained. 
For n=2, the implicit function (1) can be solved for y as a 
quadratic equation, and thereby gives 


y+ ayetaye? +...) + Pere ete CeCe ce 
EN (Gi Faye tone? +...)? —4 (a+ Ay + Ay t? + w+) (Ap $y, % +0? +...) “ 
a ZO Oye) .) 3 (7) 


that is, the explicit form (2) of equation (1) contains in this 
case a sduare root. 

For n>2, the explicit form y=f (zx) either becomes very 
complicated, for n=3 and n=4, or cannot be produced in 
finite form, as it requires the solution of an equation of more 
than the fourth order. Nevertheless, y is still a function of 
zx, and can as such be calculated by approximation, etc. 

To find the value y1, which by function (1)- corresponds to 
z=21, Taylor’s theorem offers a rapid approximation. Sub- 
stituting 2, in function (1) gives, an expression which is of 
the nth order in y, thus: F (xy), and the problem now is to 
find a value y;, which makes F'(21,y1) =0. ~ 

However, 


Pay PeRay, S @ 
dy 2 d?y? eee sears) le (§ 


F(x, y1)= F(a, y) +h 


where h=yi—y is the difference between the correct value 4; 
and any chosen value y. 


- 
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Neglecting the higher orders of the small quantity h, 1 
(8), and considering that F(x1,y:) =0, gives 


aay, 
di (2x1, y)’ 
dy 


h= 


(Y) 


and herefrom is obtained yi=y th, as first approximation. 
Using this value of y; as y in (9) gives a second approximation, 
which usually is sufficiently close. ” 

177- New functions are defined by the integrals of the 
analytic functions (1) or (2), and by their reverse functions. 
They are called Abelian integrals and Ahelian functions. 

Thus in the most general case (1), the explicit function 
corresponding to (1) being 


YH Din wo eae aan 


= { Fede, 


then is the general Abelian integral, and its reverse function, 


x= $(2),” 


the general Abelian function. 
(a) In the case, n=1, function (2) gives the eticual function 
(5), and its ppetial case, AN: integer function (6). 
Function (6) can Be integrated by powers of x. (5) can be 
resolved into partial fractions, and thereby leads to integrals 
of the following forms: 


the integral, 


a tf 


(1) if Riot 


(2) f; — i 


— "at. 
@ {<x qym? : (e-4 
(4) i jie Sar 4 


(10) 


— 


Eo eee ee ee — 
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Integrals (10), (1), and (3) integrated give rational functions, 
(10), (2) gives the ee ne function log (a— a) and (10), (4) | 
the are function are tan z. 

As the arc functions are logarithmic functions with complex 
imaginary argument, this case of the integral of the rational 
function thus leads to the logarithmic function, or the loga- 
rithmic integral, which in its simplest form is 


em (atop 2,7. SPW eer | BL) 


and gives as its reverse function the exponential function, 


i AEE he ee aOR At 1 
It is expressed by the infinite series, 
eee ee mt a 
i — — ) 
E Bane gg et (13) 


as seen in Chapter II, paragraph 53. 

178. b. In the case, n=2, function (2) appears as the expres- 
sioh (7), which contains a square root of some power of x. Its 
first part isa rational function, and as such has already been 
discussed in a. There remains thus the integral function, 


Vbo biz +bor2 +... 40,07 J 
A} Cotentteox? +... dx... (14) 


This expression (14) leads to a series of important functions. 
(1) For p=1 or 2, 


V 50 +b1x + box? f 
ee RES ic tenpetine rend, er WD) 


By substitution, resolution into partial fractions, and 
separation of rational functions, this integral (11) can be 
reduced to the standard form, 


dx 
ge | eae a it 1 ae ee aera @ Le 
Ses (16 
In the case of the minus sign, this gives 


Z= Ee eke oe Leh = kh) 


is 


~ 


—/ 


oT 


v 


af s 
LK tan tf) per (x 
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and as reverse functions thereof, there are obtained the trigo- 
nometric functions. / 
C= eine; 
Peron se 
1—x*?=Ccos z. 


In the case of the plus sign, integral (16) gives 
da v : J 
: = { FE - lon 1+22—z}=are sinha, . (19) 


and reverse functions thereof are the hyperbolic functions, 


etz_ .-2 ¥ 
r= 5 — =sinh2;| 

Si tee i fj , (20) 
V14+27= 5 —=cosh 2. | 


The trigonometric functions are expressed by the series: 


: AGS a 
Sle == 2 a ai ae ie 
BB be 
Y 92" 24 : 26” ; 
COs colo ose ap 


as seen in Chapter II, paragraph 58. 
The hyperbolic functions, by substituting for e+? and e7# 
the series (13), can be expressed by the series: 
* am Sa. Zs ie J 2 
sinh z ok 1B Sa ae asi 
ay tiene (22) 
CP ae ay 
cogh eo teh aaa Ge ies 
179: In the next case, p=3 or 4, 


eS V'bo +bix +box? +b3x3 +b 4x4 | 


o— ) So oe ee 


already leads beyond the elementary functions, that is, (23) 
cannot be integrated by rational, logarithmic or are functions, 


~~, 
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but gives a new class of functions, the elliptic integrals, and 
their reverse functions, the elliptic functions, so called, because 
they bear to the ellipse a relation similar to that, which the 
trigonometric functions bear to the circle and the hyperbolic 
functions to the equilateral hyperbola. 

The integral (23) can be resolved into elementary functions, 
and the three classes of elliptic integrals: 


1% Aare = 
= : aw YLrvel Pera 
= 9 ee SY bre 
xrdx foraved 
Vax(l—2x)(1 —c2x) (24) 
dx 


(f= baa =x) er) 


(These three classes of ee may be expressed in several 
different forms.) 

The reverse functions of are elliptic integrals are given by 
the elliptic functions: 


Vx=sin am(u, c): 
V1—x=cosam(u,c); +“ - - + - (25) 
V1 —c?x=dam(u, c); | ' 


known, respectively, as sine-amplitude, cosine-amplitude, delta- 
amplitude. 

Elliptic functions are in some respects similar to trigo- 
nometric functions, as is seen, but they are more general, 
depending, as they do, not only on the variable xz, but also on 
the constant c. They have the interesting property of being 
doubly periodic. The trigonometric functions are periodic, with 
the periodicity 2z, that is, Fepeat the same values after every 
change of the angle by 2n. The elliptic functions have two 
periods p: and pe, that is, 


sin am(ut+npi +mpo, c)=sin am(u,c), ete.; . (26) 


hence, increasing the variable wu by any inultiple of either 
period p; and po, repeats the same values. 


pau 
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The two periods are given by the equations, 


Pay Apipbe te <0 Te 
r= { 9V/r(1—2)—ea)” 
; «ile A a 


-( 
Pe), owed —2)d—e2). 


180. Elliptic functions can be expressed as ratios of two 
infinite series, and these series, which form the numerator and 
the denominator of the elliptic function, are called theta func- 
tions and expressed by the symbol @, thus 


sin am(u, c)=—= eS 


Megs oe j 


cos am(u, 2a ct age (23) 


fam(u,e) =@1- wae 


and the four @ functions may be expressed by the series: 


6o(x) =1 —2q cos 2x + 2q4 cos 42 —2q® cos 62 + —. .. 5 
25 
6,(x) =2q!4 sin x —29q9 sin 82 +2q4 sin 5a—+... 


, (29) 
25 
62(x) =2q'4 cos +2994 cos 8a +2q4 cos Sat... : 
63(x) =1+2g cos 27 +2q4 cos 4a +299 cos 64+... , 
where 
~i? jind Gein) Ue sae 
Gre and Gia (30) 


In the case of integral function (14), where p>4, similar 
integrals and their reverse functions appear, more complex 


te Nowy “ene 


pteridine pests 
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than the elliptic functions, and of a greater number of periodici- 
ties. They are called hyperelliptic integrals and hyperelliptic 
functions, and the latter are again expressed by means of auxil- 
lary functions, the hyperelliptic 0 functions. 

181. Many problems of physics and of engineering lead to 
elliptic functions, and these functions thus are of considerable 
importance. For instance, the motion of the pendulum is 
expressed by elliptic functions of time, and its period thereby 
is a function of the amplitude, increasing with increasing ampli- 
tude; that is, in the so-called ‘second pendulum,” the time of 
one swing is not constant and equal to one second, but only 
approximately so. This approximation is very close, as long 
as the amplitude of the swing is very small and constant, but 
if the amplitude of the swing of the pendulum varies and 
reaches large values, the time of the swing, or the period ot 
the pendulum, can no longer be assumed as constant and an 
exact calculation of the motion of the pendulum by elliptic 
functions becomes necessary. 

In electrical engineering, one has frequently to deal with 
oscillations similar to those of the pendulum, for instance, 
in the hunting or surging of synchronous machines. In 
general, the frequency of oscillation is assumed as constant, 
but where, as in cumulative hunting of synchronous machines, 
the amplitude of the swing reaches large values, an appreciable 
change of the period must be expected, and where the hunting 
is a resonance effect with some other periodic motion, as the 
engine rotation, the change of frequency with increase of 
amplitude of the oscillation breaks the complete resonance and 
thereby tends to limit the amplitude of the swing. 

182. As example of the application of elliptic integrals, may 
be considered the determination of the length of the are of an 
ellipse. 

Let the ellipse of equation 


ak en SM ae eae ACY 


be represented in Fig. 93, with the circumscribed circle, 


a2+y2=a2.”. ef Slits eon) 
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To every point P=z, y of the ellipse then corresponds- a 
point P,=2, yi on the circle, which has the same abscissa 2,- 
and an angle 0= AOP. 

The arc of the ellipse, from A to P, then is given by the 


integral, 
z (1—c?z)dz 
Ib; => re e ° a . 33 
af 2/e(1—2) (1 —c%2) oe 
where : 
\2 Kea 
z=sin? 0= (4) and -————, i pees 


is the eccentricity of the ellipse. 


Fig. 93. Rectification of Ellipse. 


Thus the problem leads to an elliptic integral of the first 
and of the second class. 

For more complete discussion of the elliptic integrals and 
the elliptic functions, rererence must be made to the text-books 
of mathematics. 


B. Special Functions. 


183. Numerous special functions have been derived by the 
exigencies of mathematical problems, mainly of astronomy, but 
in the latter decades also of physics and of engineering. Some 
of them have already been discussed as special cases of the 
general Abelian integral and its reverse function, as the expo- 
nential, trigonometric, hyperbolic, etc., functions. 
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Functions may be represented by an infinite series of terms; 
that is, as a sum of an infinite number of terms, which pro- 
. gressively decrease, that is, approach zero. The denotation of 
the terms is commonly represented by the summation sign 2. 

Thus the exponential functions may be written, when 
defining, / 
[O=1; |n=1X2X3X4x...xXn, 


= BP Ep By By - 
y Re PO dl ee Ee 
Bee ee Fs Sud (35) 
= a) B eae fr 


which means, that terms — are to be added for all values of n 
fee 


from n=0 ton=o. 
The trigonometric and hyperbolic functions may be written 


/ 


in the form: He Tia Cs ce ee 
/ ae Are 
ne oe qi ms &, antl J Ey he Qa 

sin 2= Soe 5 ae a (—1 Rati.’ (36) 

1 woot... = ue(—1)7—:*. , 
cos x pti io a ) Bn’ (37) 
= La 
sinh «= ~t45t B Hie ae . Pn +i (38) 
cosh 2= 145 SOR ie aes hee TS ee(B9) 


Functions also may be expressed by a series of factors; 
that is, as a product of an infinite series of factors, which pro- 
gressively approach unity. The product series is commonly 
represented by the symbol {T- 

Thus, for instance, the sine function can be expressed in the 
form, 7 


} 2 r2 y2 ie a2 V ’ 


184. Integration of known functions frequently leads to new 
functions. Thus from the general algebraic functions were 
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derived the Abelian functions. In physics and in engineering, 
integration of special functions in this manner frequently leads 
to new special functions. 

For instance, in the study of ae propagation through space, 
of the magnetic field of a conductor, in wireless telegraphy, 
lightning protection, etc., we get new functions. If i=f () 
is the current in the conductor, as function of the time #, at a 
distance x from the conductor the magnetic field lags by the 
time L=s, where S is the speed of propagation (velocity of 
light). Since the field intensity decreases inversely propor- 
tional to the distance z, it thus is proportional to 


r(t-3) 


pe Se 


me de ee 


If the current is an alternating current, that is, f(t) a 
trigonometric function of time, equation (42) leads to the 
functions, 


(43) 


If : the current is a direct current, rising as exponential 
function of the time, equation (42) leads to the function, 


etdx 


i iqpemaianmiineaaniad ton tpg 


ee ee ee ae ee ee oe dai aaah so Cimlarpn ed nesta ee MINK? Hey; 
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Substituting in (48) and (44), for sinz, cosa, e* their 
infinite series (21) and (18), and then integrating, gives the 
following: 


fsin ty x3 oot ; 
i x So Bede 77 ee ey 


COS x x? a eS. 
ie —dzx =log x— op au 56 t my gis Fudd) 


oan 
fF —ie = log getetyp + Te 


For further discussion and tables of these functions. see 
“Theory and Calculation of Transient Electric Phenomena and 
Oscillations,” Section III, Chapter VIII, and Appendix. 


185. If y=f (x) is a function of z, and AG (x)dx = f(x) 


its integral, the definite integral, Z= ah f(x)dz, is no longer 


a function of x but a constant, uf 


Z=$(b)—$(a). ° 
For instance, if y=c(x—n)?, then 


Z = fete n)dx= ao 4 


and the definite integral is 
b. C iz 
z= { c(e—n)Pdx = 5 {(b—n)?— (a—n)?}. 

This definite integral does not contain z, but it contains 
all the constants of the function f (x), thus is a function of 
these constants c and n, as it varies with a variation of these 
constants. 

In this manner new functions may be derived by definite 
integrals. 

Thus, if 

AN, Ce ere). | We nL Saaisg (by Od (AON 


is a function of z, containing the constants u,v... 
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The definite integral, 
b 
a= feu, 0... rs, eee 


is not a function of x, but still is a function of u, v..., and 
may be a new function. 
186. For instance, let 


ye te og 6 Ge pee 
then the integral, 


L(t) = fu)= feel, > 2 unleeeeee 
0 


is a new function of u, called the gamma function. 
Some properties of this function may be derived by partial 
integration, thus: 


ruti=urw J) tule dk ely ee 


if n is an integer number, 


/ . 


T'(u) =(u—1)(u—2). . .Cu—n)I'(u—n) (51) 
and since 

chan ee eg eer eRe meh 
if w is an integer number, then, 

rwebei*” 2. =. 


C. Exponential, Trigonometric and Hyperbolic Functions. 
(a) Functions or REAL VARIABLES. 


187. The exponential, trigonometric, and hyperbolic func- 
tions are defined as the reverse functions of the integrals, 


dx d 
a. Ua | log %; ete ces ey Be 


and: Fe ei ay PEM | fs aM oo eaeep ray 


b u= ( A -are sin x; d 56 
Viste 2 


APPENDIX A. 307 


‘A Soe. 


and: x=sin u,~ . 


Vie ee pewter wer Woes (58) 


ek —s+ 
c. w= { 5= log! 1+27—z}; . J os (59) 


et — aa 4 


we rinh aa te oso) 60) 


and t= 


ay A 
Senshi ecwesive (61): 


Vite=—S 


From (57) and (58) it follows that 
eine ecoss es ee (62) 

From (60) and (61) it follows that 
od eh ee is Pte sty pene (G5) 


Substituting (—x) for x in (56), gives (—w) instead of u, 
and therefrom, 
sin (—u) =—sin u ae he (64) 


Substituting (—u) for w in (60), reverses the sign of z, 
that is, 
sinh (—u)=—sinh u. ” ein ee ACS) 


Substituting (—x) for x in (58) and (61), does not change 
the value of the square root, that is, 


eOs(=uy=—cosu, Vv . . x 1: (66) 
cosh (—u)=coshu,V¥. . . . . (67) 


Which signifies that cos u and cosh u are even functions, while 
sin u and sinh u are odd functions. 
Adding and subtracting (60) and (61), gives 


e£"=coshutsinhu.Y. . . . . (68) 


—— 
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(b) Functions oF IMAGINARY VARIABLES. R 


"A 
188. Substituting, in (56) and (59), <= —jy, thus y=]2, gives 


dx dz 
56. Sat) Wygges = 59.) w= | Se; 
ae eg la aa V1+2 
L=sin U; ¢=sinh u=— —-- = 
V1+22=cos u; V14+2?= cosh w=; 
i | 
hence, 7u = = hence, 7u= er v : 
See 
y= Soh y a eteee é wv sae er 


(re 
Viv p eriu J ewe 
V+ =cosh ju=—5—; V1l—y=cos ju; . « 


Resubstituting x in both 


Kees 5 : vo 
‘ sinh ju ei4#— eM wet gin? 
f=sin y= a = ore email w= — = (71) 
U nts: wa 
V1—2?=cos u=cosh ju / VI+2=cosh u=— = 
gut e-iu ; y 
Fig ae " =cosju. . (72) 


Adding and subtracting, 


we aves cient ania 
e=™=cos ut] sin w=cosh ju+tsinh ju 
. ~ . Lae e . 
and e+4=cosh w+sinh u=cos juFjsin ju. ”. . (73) 
(c) FuNcTIONS OF CoMPLEX VARIABLES 


189. It is: 
eutiv— eu etiv— (eos y+] sin v); Vv. Pes 
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? : : , RL Say 
sin (w+jv) =sin u cos jv+cos usin jv * 


—y @-? Vi (75) 
=sin ucosh’y +jcosu ah Vs = ‘ Lu 
cos(u+jv) = COS U COs ju sin usin jv v 
. ain ; Suelo aes, J (ope si j (76) 
=cos ucosh vF jsin wsinh v= 5 “COS UF J—F U; | 
: ni ' eutiv_ .—uFiv pies all 
sinh(wu+7v) = = cosv+ “inv 
] 2 2 a (77) 
=sinh u cos v+] cosh wu sin 0; 
cosh(wu +72) eae aeaaren S cos + 
.OS = ; — =— os sinv 
: 2 2 i (78) 
=cosh u cos v+7 sinh wu sin v; 


etc. 


(d) RELATIONS. 


190. From the preceding equations it thus follows that the 
three functions, exponential, trigonometric, and hyperbolic, 
are so related to each other, that any one of them can be 
expressed by any other one, so that when allowing imaginary 
and complex imaginary variables, one function is sufficient. 
As such, naturally, the exponential function would generally 
be chosen. 

Furthermore, it follows, that all functions with imaginary 
and complex imaginary variables can be reduced to functions 
of real variables by the use of only two of the three classes 
of functions. In this case, the exponential and the trigono- 
metric functions would usually be chosen. 

Since functions with complex imaginary variables can be 
resolved into functions with real variables, for their calculation 
tables of the functions of real variables are sufficient. 

The relations, by which any function can be expressed by 
any other, are calculated from the preceding paragraph, by 
the following equations: 
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oy: een ee 
e+%=cosh u+sinh u=cos juF] sin JU; 
Pr Me Lea 
e+” —ccos vt) sin v=cosh qv Se] sinh Jv; (a) 
eutir — 4 (cos v-+] sin v), 
sinh ju ei¢— e7 in 
ee 
j 2] 
Muy pereaeee exh Sept: 
sin jv=]7 sinh v=] moe (b) 
sin (u+;v) =sin u cosh v+7 cos wsinhv ¥ 
SUE es Niemi 
Re sin uUtj—3 COS U; 
oo Stee haz 
cos u=cosh ju= > ‘ 
: ei? 4 ete 7, 
cos jv=cosh vy =——=—_; 
J ies (c) 
cos (u+jv) =cos u cosh vj sin u sinh v 
ev — ‘Sa gu He, ‘ 
5) SUF] 5) sin U; 
: eu—e—™% sin Ju 
sinh u=——,— = sd Par 
2 ) 
oe eer 
sinh jv=j7 sin v=— aire 
[oq D } (d) 
sinh (u+jv) =sinh u cos v +) cosh u sin v 
eu— eu “eo ene. 
= 008 DE] ra ei 
eu emt : 
cosh u= —=cosju; ~ 
.; ev + evi 
cosh jv =cos vy =——~—_ 
2 (e). 
cosh (w+jv) =cosh u cos v+j sinh w sin v 
eu eu ; eu eu f 
= (08 0-9 sing), 
5) Ss vz) 5) sin v 
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And from (5) and (d), respectively (c) and (e), it follows that 
sinh (u4£jv) =jsin (4v—ju) = +jsin (vtju); ) v 

cosh (u+jv) =cos (uF ju). | pees. 

Tables of the exponential functions and their logarithms, 


and of the hyperbolic functions with real variables, are given 
in the following Appendix B. 


APPENDIX B. 


TWO TABLES OF EXPONENTIAL AND HYPERBOLIC 
‘ FUNCTIONS. 


TABLE I, 


e—* 


€=2.7183, log e=0.4343. 
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EXPONENTIAL AND HYPERBOLIC FUNCTIONS. 


€= 2.718282 ~ 2.7183, 


log ¢-=0.4342945 ~ 0.4343. 


cosh g=4tfe+2+e—7}, sinh g=4{e+* — 7}. 
4log 
x |loget+® | et? |log e~79 e+7 cosh z| sinh zz] 2 
0 0 0 0 

(coe Nar PERU Re sy fag 
0.001/0.000434 435 0. .00000]0 .00100|0.001 
0.002/0.000869 434 0. 9980091 .60000 0.00200}0 .002 
0.003)0.001303 434 0.997001 .00000]0 .00300]0 .003 
0.004|0.001737 0. -00001/0 .00400]0 .004 

————_| 434 OE ee 
0.005/0.002171 0.995011 .00001}0.00500|0 .005 

———_| 485 — 
0.006/0 .002606 434 0 .9940291 .00002]0 .00600|0 .006 
0.007|0 .003040 434 0.9930291 .00002]0 .00700|0 .007 
0.008)0 .003474 435 0 .9920391 .00003]0 .00800]0 .008 
0.009|0.003909 0.99104f1 .00004/0 .00900]0 .009 
———_|—————__| 434 —_— 
0.010)0.004343 0. 9900591 .00005]0..01000}0.010 
0.012)0.005212 0. 9880791 .00007]0.01200|0.012 
0.014|0.006080 0.9861091 .00010/0.01400]0.014) _ 
0.016|0.006949 0.984131 .00013]0.01600|0.016 
0.018}0.007817 0.982169 .00016/0.01800|0.018 
10 .020/0 .008686 0. 9802091 .00020}0 .02000]0 .020 
0.025|0.010857 0.975311 .00031/0.02500]0 .025 
0.030/0.013029 0.970451 .00046]0 .03000]0 .030 
0.035|0.015200 0.9656181 .00062]0.03500}0.035 
0.040/0.017372 0. 9607981 .00080]0 .04001}0.040 
0.045]0.019543 0. 9560091 .00102/0.04502/0.045 
0.050|0.021715 0.951231 .00125!0.05003]0.050 
0.06 |0.026058 0.941761 .00180|0 .06004}0.06 
0.07 |0.030401 0.9323991 .00245/0.07006]0 .07 
0.08 |0.034744 0.9231 291 .00321,0.08008]0 .08 
0.09 |0.039086 0.9139391 .00405/0.09011)0.09 
0.10 |0.043429 0.9048491 .00500/0.10016]0.10 
0.12 |0.052115 0.8869291 .00721/0.12028)0.12 
0.14 |0.060801 0. 8693691 .00982/0.14046/0.14 
0.16 |0.069487 0.852141 .01283)/0.16069/0.16 
0.18 |0.078173 0.835271 .01624|0.18097)0.18 
0.20 |0.086859 i : 0.8187391 .02006 0.20134 0.20 


e+ 9-001 — 1 901000494, 


e— 9-001 — 999900049, 
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Taste I]—Continued. 


EXPONENTIAL AND HYPERBOLIC FUNCTIONS. 


a log e+? log e~* ete e~2 cosh x sinh z x 
0.20 | 0.086859 | 9.913141 1.22140] 0.81873 1.02006 0.20134 | 0.20 
0.25 | 0.108574 | 9.891426 1.28403] 0.77880 1.03142 0.25261 | 0.25 
0.30 | 0.130288 | 9.869712 1.34986] 0.74082 1.04534 0.30457 | 0.30 
0.35 | 0.152003 | 9.847997 1.41907| 0.70469 1.06188 0.35719 | 0.35 
0.40 | 0.173718 | 9.826282 1.49183] 0.67032 1.08108 0.41076 | 0.40 
0.45 | 0.195433 | 9.804567 1.56831] .0. 1.10297 0.46534 | 0.45 
0.50 | 0.217147 | 9.782853 1.64870 : 0.52108 | 0.50 
0.6 0.260577 | 9.739423 1.82212) 0.54881 0.62666 | 0.6 
0.7 0.304006 | 9.695994 2.01375} 0.49659 0.75858 | 0.7 
0.8 0.347436 | 9.652564 2.22554} 0.44933 0.88811 | 0.8 
0.9 0.390865 | 9.609135 2.45960} 0.40657 1.02657 | 0.9 
1.0 0.434294 | 9.565706 2.71828] 0.36788 1.17520 | 130 
b2 0.521153 | 9.478847 3.32011} 0.30119 1.50946 | 1.2 
1.4 0.608012 | 9.391988 4.05520] 0.24660 1.90430 | 1.4 
1.6 0.694871 | 9.305129 4.95304| 0.20190 2.375b0 | h.0 
1.8 0.781730 | 9.218270 6.04965} 0.16530 3.44218 | 1.8 
2.0 0.868589 | 9.131411 7.38906} 0.138534 3.62686 | 2.0 
2.5 1.085736 | 8.914264 J 12.1825 0.082085 6.0002 2.5 
3.0 1.302883 | 8.694117 J 20.0855 0.049797 10.0178 3.0 
3.5. 1.520030 | 8.479970 § 33.1154 0.030197 16.5426 3.5 
4.0 1.737178 | 8.262822 J 54.5983 0.018316 27 . 2900 4.0 
4.5 1.954325 ,; 8.045675 — 90.0170 | . 0.011109 45.0030 4.5 
5.0 2.171472 | 7.828528 §148.413 0.006738 74.203 5.0 
6 2.605767 | 7.394233 403.428 0.002479 loo1 BIA 6 
7 3.040061 | 6.959939 91096.63 0.000912 —|7 
8 3.474356 | 6.525644 §2980.96 0.000335 ='+2 8 
9 3.908650 | 6.091350 §8103.08 0.000123 for x>6 9 

10 4.342945 | 5.657055 §22026.5 0.0000454 10 
12 5.211534 | 4.788466 162755] 0.0000061 12 
14 6.080123 | 3.919877 1202610; O 
16 6.948712 | 3.051288 8886120) 0. 
18 7.817301 | 2.182699 — 65660000} 0 
20 8.685890 | 1.314110 9485166000] 0.00000000! 
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INDEX 


A 
276 
Abelian integrals and functions, p05 
Absolute number, 4 
value of fractional expression, 49 
of general number, 30 
Accuracy, loss of, 281 
of approximation estimated, 200 
of calculation, 279 
of curve equation, 210 
of transmission line equations, 208 
Addition, 1 
of general number, 28 
and subtraction of trigonometric 
functions, 102 
Algebra of general number or com- 
plex quantity, 25 
Algebraic expression, 294 
function, 75 
Alternating current and voltage vec- 
tor, 41 
functions, 117, 125 
waves, 117, 125 
Alternations, 117 
Alternator short circuit current, ap- 
proximated, 195 
Analytical calculation of extrema, 
152 
function, 294 
Angle, see also Phase angle. 
Approximation calculation, 280 
by chain fraction, 208¢ 
Approximations giving (1 + s) and 
“(1 — s), 201 
of infinite series, 53 
methods of, 187 
Arbitrary constants of series, 69, 79 
Area of triangle, 106 
Arrangement of numerical calcula- 
tions, 275 
Attack, method of, 275 


B 


Base of logarithm, 21 
Binomial series with small quanti- 
ties, 193 
theorem, infinite series, 59 
of trigonometric function, 104 
Biquadratic parabola, 219 


C 


Calculation, accuracy, 279 
checking of, 291 
numerical, 258 
reliability, 271 
Capacity, 65 
Chain fraction, 208 
Change of curve law, 211, 234 
Characteristics of exponential curves, 
228 
of parabolic and hyperbolic curves, 
223 
Charging current maximum of con- 
denser, 176 
Checking calculations, 293a 
Ciphers, number of, in calculations, 
282 
Cirele defining trigonometric func- 
tions, 94 
Coefficients, unknown, of infinite 
series, 60 
Combination of exponential func- 
tions, 231 
of general numbers, 28 
of vectors, 29 
Comparison of exponential and hy- 
perbolic curves, 229 
Complementary angles in trigono- 
metric functions, 99 
Complex imaginary quantities, see 
General number. 
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Complex, quantity, 17 
algebra, 27 
see General number. 
Conjugate numbers, 31 
Constant, arbitrary of series, 69, 79 
errors, 186 
factor with parabolic and hyper- 
bolic curves, 223 
phenomena, 106 
terms of curve equation, 211 
of empirical curves, 234 
in exponential curves, 230 
with exponential curves, 229 
in parabolic and hyperbolic 
curves, 225 
Convergency determinations of 
potential series, 215 
of series, 57 
Convergent series, 56 
Coreless by potential series, 213 
curve evaluation, 244 
Cosecant function, 98 
Cosh function, 305 
Cosine-amplitude, 299 
components of wave, 121, 125 
function, 94 
series, 82 
versed function, 98 
Cotangent function, 94 
Counting, 1 
Current change curve evaluation, 
241 
of distorted voltage wave, 169 
input of induction motor, ap- 
proximated, 191 
maximum of alternating trans- 
mission circuit, 159 
Curves, checking calculations, 293b 
empirical, 209 
law, change, 234 
rational equation, 210 
use of, 284 


D 


Data on calculations and curves, 271 
derived from curve, 285 
Decimal error, 293b 


Decimals, number of, in calculations, 
282 
in logarithmic tables, 281 
Definite integrals of trigonometric 
functions, 103 
Degrees of accuracy, 279 
Delta-amplitude, 299 
Differential equations, 64 
of electrical engineering, 65, 78, 86 
of second order, 78 
Differentiation of 
functions, 103 
Diophantic equations, 186 
Distorted electric waves, 108 
Distortion of wave, 139 
Divergent series, 56 
Division, 6 
of general number, 42 
with small quantities, 190 
Double angles in trigonometric 
functions, 103 
peaked wave, 255, 260, 266 
periodicity of elliptic functions, 


trigonometric 


299 
scale, 289 
E 
e, 21 
Efficiency maximum of alternator, 
162 


of impulse turbine, 154 
of induction generator, 177 
of transformer, 155, 174 
Electrical engineering, differential 
equations, 65, 78, 86 
Ellipse, length of are, 301 
Elliptic integrals and functions, 299 
Empirical curves, 209 
evaluation, 233 
equation of curve, 210 
Engineering differential equations, 
65, 78, 86 
reports, 290 
Equilateral hyperbola, 217 
Errors, constant, 186 
numerical, 293b 
of observation, 180 


: 
i 


INDEX 


Estimate of accuracy of approxima- 
tion, 200 
Evaluation of empirical curves, 233 
Even functions, 81, 98, 305 
periodic, 122 
harmonics, 117, 266 
separation, 120, 125, 134 
Evoiution, 9 
of general number, 44 
of series, 70 
Exact calculation, 281 
Exciting current of transformer, 
resolution, 137 
Explicit analytic function, 294 
Exponent, 9 
Exponential curves, 227 
forms of general number, 50 
functions, 52, 297, 304 
with small quantities, 196 
series, 71 
tables, 312, 313, 314 
and trigonometric functions, rela- 
tion, 83 
Extrapolation on curve, limitation, 
210 
Extrema, 147 
analytic determination, 152 
graphical construction of differen- 
tial function, 170 
graphical determination, 147, 150, 
168 
with intermediate variables, 155 
with several variables, 163 
simplification of function, 157 


F 


Factor, constant, with parabolic 
and hyperbolic curves, 223 
Fan motor torque by potential ser- 
jes, 215 
Fifth harmonic, 261, 264 
Flat top wave, 255, 260, 265, 268 
zero waves, 255, 258, 261, 265 
Fourier series, see T'rigonometric 
series. 
Fraction, 8 
as series, 52 
chain-, 208 
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Fractional exponents, 11, 44 
expressions of general number, 49 

Full scaie, 289 

Functions, theory of, 294 


G 


Gamma function, 304 
General number, 1, 16 
algebra, 25 
engineering reports, 291 
exponential forms, 50 
reduction, 48 
reports on engineering matters, 
292 
Geometric scale of curve plotting, 
288 
Graphical determination of extrema, 
147, 150, 168 


H 


Half angles in trigonometric func- 
tions, 103 
Half waves, 117 
Half scale, 289 
Harmonics, even, 117 
odd, 117 
of trigonometric series, 114 
two, in wave, 255 
High harmonics in wave shape, 255, 
269 
Hunting of synchronous machines, 
257 
Hyperbola, arc of, 61 
equilateral, 217 
Hyperbolic curves, 216 
functions, 294 
curve, shape, 232 
integrals and functions, 298 
tables, 313, 314 
Hyperelliptic integrals and func- 
tions, 301 
Hysteresis curve of silicon steel, in- 
vestigation of, 248 


I 


Imaginary number, 26 
quantity, see Quadrature number. 
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TIncommensurable waves, 257 
Indeterminate coefficients, method, 
71 
Indeterminate coefficients of infi- 
nite series, 60 
Individuals, 8 
Inductance, 65 
Infinite series, 52 
values of curves, 211 
of empirical curves, 233 
Inflection points of curves, 153 
Impedance vector, 41 
Implicit analytic function, 294 
Integral function, 295 
Integration constant of series, 69, 79 
of differential equation, 65 
by infinite series, 60 
of trigonometric functions, 103 
Intelligibility of calculations, 283 
Intercepts, defining tangent and co- 
tangent functions, 94 
Involution, 9 
of general numbers, 44 
Irrational numbers, 11 
Trrationality of representation by 
potential series, 213 


J 
J, 14 
L 


Least squares, method of, 179, 186 
Limitation of mathematical repre- 
sentation, 40 
of method of least squares, 186 
of potential series, 216 
Limiting value of infinite series, 54 
Linear number, 33 
see Positive and Negative number. 
Line calculation, 276 
equations, approximated, 204 
Logarithm of exponential curve, 229 
as infinite series, 63 
of parabolic and hyperbolic curves, 
225 
with small quantities, 197 


Logarithmation, 20 

of general numbers, 51 
Logarithmic curves, 227 

functions, 297 

paper, 233, 287 

scale, 288 

tables, number of decimals in, 281 
Loss of curve induction motor, 183 


M 


Magnetic characteristic on semi- 
logarithmic paper, 288 
Magnetite arc, volt-ampere charac- 

teristic, 239 
characteristic, evaluation, 246 
Magnitude of effect, determination, 
280 
Maximum, see Hxtremum. 
Maxima, 147 
McLaurin’s series with small quan- 
tities, 198 
Mechanism of calculating empirical 
curves, 237 
Methods of calculation, 275 
of intermediate coefficients, 71 
of least squares, 179, 186 
of attack, 275 
Minima, 147 
Minimum, see Hxtremum. 
Multiple frequencies of waves, 274 
Multiplicand, 39 
Multiplication, 6 
of general numbers, 39 
with small quantities, 188 
of trigonometric functions, 102 
Multiplier, 39 


N 


Negative angles in trigonometric 
functions, 98 

exponents, 11 

number, 4 
Nodes in wave shape, 256, 270 
Non-periodic curves, 212 
Nozzle efficiency, maximum, 150 
Number, general, % 


INDEX 


Numerical calculations, 275 
values of trigonometric functions, 
101 


ra) 


Observation, errors, 180 
Octave as logarithmic scale, 288 
Odd funct’ons, 81, 98, 305 
period c, 122 
harmonics in symmetrical wave, 
117 
separation, 120, 125, 134 
Omissions in calculations, 293b 
Operator, 40 
Order of small quantity, 188 
Oscillating functions, 92 
Output, see Power. 


iP 


w and . added and subtracted in 


trigonometric function, 100 
approximated by chain fraction, 
208c 
Pairs of high harmonics, 270 
Parabola, common, 218 
Parabolic curves, 216 
Paratlelogram law of general num- 
bers, 28 
of vectors, 29 
Peaked wave, 255, 258, 261, 264 
Pendulum motion, 301 
Percentage change of parabolic and 
hyperbolic curves, 223 
Periodic curves, 254 
decimal fraction, 12 
_ phenomena, 106 
Periodicity, double, of elliptic func- 
tions, 299 
of trigonometric functions, 96 
Permeability maximum, 148, 170 
Phase angle of fractional expression, 
49 
of general number, 28 
Plain number, 32 
see General number. 
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Plotting of curves, 212 
proper and improper, 286 
of empirical curve, 234 
Polar co-ordinates of general num- 
ber, 25, 27 
expression of general number, 25, 
27, 38, 48, 44, 48 
Polyphase relation, reducing trigo- 
nometric series, 134 
of trigonometric functions, 104 
system of points or vectors, 46 
Positive number, 4 
Potential series, 52, 212 
Power factor maximum of induction 
motor, 149 
maximum of alternating trans- 
mission circuit, 158 
of generator, 161 
of shunted resistance, 155 
of storage battery, 172 
of transformer, 173 
of transmission line, 165 
not vector product, 42 
of shunt motor, approximated, 189 
with small quantities, 194 
Probability calculation, 181 
Product series, 303 
of trigonometric functions, 102 
Projection, defining cosine function, 


Projector, defining sine function, 94 


Q 


Quadrants, sign of trigonometric 
functions, 96 

Quadrature numbers, 13 

Quarter scale, 289 

Quaternions, 22 


R 


Radius vector of general number, 28 

Range of convergency of series, 56 

Ratio of variation, 226 

Rational equation of curve, 210 
function, 295 

Rationality of potential series, 214 
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Real number, 26 
Rectangular co-ordinates of general 
number, 25 
Reduction to absolute values, 48 
Relations of hyperbolic trigono- 
metric and exponential func- 
tions, 309 
Relativeness of small quantities, 188 
Reliability of numerical calculations, 
293 , 
Reports, engineering, 290 
Resistance, 65 
Resolution of vectors, 29 
Reversal by negative unit, 14 
double, at zero of wave, 258, 261 
Reverse function, 294 
Right triangle defining trigonomet- 
ric functions, 94 
Ripples in wave, 45 
by high harmonics, 270 
Roots of general numbers, 45 
expressed by periodic chain frac- 
tion, 208e 
with small quantities, 194 
of unit, 18, 19, 46 
Rotation by negative unit, 14 
by quadrature unit, 14 


Ss) 


Saddle point, 165 
Saw-tooth wave, 246, 255, 258, 260, 
265 
Scalar, 26, 28, 30 
Scale in curve plotting, proper and 
improper, 212, 286 
full, double, half, etc., 287 
Scientific engineering records, 291 
Secant function, 98 
Second harmonic, effect of, 266 
Secondary effects, 210 
phenomena, 234 
Semi-logarithmic paper, 287 
Series, exponential, 71 
infinite, 52 
trigonometric, 106 
Seventh harmonic, 262 


Shape of curves, 212 
proper in plotting, 286 
of exponential curve, 227, 230 
of function, by curve, 284 
of hyperbolic functions, 232 
of parabolic and hyperbolic curves, 
217 
Sharp zero wave, 255, 260, 265 
Short circuit current of alternator, 
approximated, 195 
Sign error, 293c 
of trigonometric functions, 95 
Silicon steel, investigation of hystere- 
sis curve, 248 
Simplification by approximation, 187 
Sine-amplitude, 199 
component of wave, 121, 125 
function, 94 
series, 82 
versus function, 98 
Sine function, 305 
Slide rule accuracy, 281 
Small quantities, approximation, 187 
Special functions, 302 
Squares, least, method of, 179, 186 
Steam path of turbine, 33 
Subtraction, 1 
of general number, 28 
of trigonometric functions, 102 
Summation series, 303 
Superposition of high harmonics, 273 
Supplementary angles in trigono- 
metric functions, 99 
Surging of synchronous machines, 
301 
Symmetrical curve maximum, 150 
periodic function, 117 
wave, 117 


a 


Tabular form of calculation, 275 

Tangent function, 94 

Taylor’s series with small quantities, 
199 

Temperature wave, 131 

Temporary use of potential series, 
216 


amt!’ cbf se 
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INDEX 


Terminal conditions of problem, 69 
Terms, constant, of empirical curves, 
234 
in exponential curve, 229 
with exponential curve, 229 
in parabolic and hyperbolic 
curves, 225 
of infinite series, 53 
Theorem, binomial, infinite series, 
59 
Thermomotive force wave, 133 
Theta functions, 300 
Third harmonic, 136, 255 
Top, peaked or flat, of wave, 255 
Torque of fan motor by potential 
series, 215 
Transient current curve, evaluation, 
241 
phenomena, 106 


Transmission equations, approxi- 
mated, 204 
line calculation, 275 
Treble peak of wave, 262 
Triangle, defining trigonometric 


functions, 94 
trigonometric relations, 106 
Trigonometrical and _ exponential 
functions, relations, 83 
functions, 94, 304 
series, 82 
with small quantity, 198 
integrals and functions, 298 
series, 106 
calculation, 114, 116, 139 
Triple harmonic, separation, 136 
peaked wave, 255 
scale, 289 
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Tungsten filament, volt-ampere 
characteristic, 235 
Turbine, steam path, 33 


U 


Unequal height and length of half 
waves, 268 
Univalent functions, 106 
Unsymmetric curve maximum, 151 
wave, 138 


Vv 


Values of trigonometric functions, 
101 
Variation, ratio of, 226 
Vector analysis, 32 
multiplication, 39 
quantity, 32 
see General number. 
representation by general number, 
29 
Velocity diagram of turbine steam 
path, 34 
functions of electric field, 304 
Versed sine and cosine functions, 
98 
Volt-ampere characteristic of mag- 
netite arc, 239 
of tungsten filament, 235 
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Zero values of curve, 211 
of empirical curves, 233 
of waves, 255 
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